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Preface

Lately, due to the intense investigation processes in economics, ecology, geophysics,
synergy, and geoinformatics there is the necessity for more detailed study of
nonlinear effects, new classes of mathematical models with nonlinear, nonsmooth,
discontinuous, and multivalued dependence between determinative parameters of
problems, control problems for nonlinear processes and fields, and long-range
forecast problems for state functions of solutions for such problems. The Institute
for Applied System Analysis (NAS) of Ukraine carries out fundamental research on
such problems in the following areas:

1. Nonlinear analysis and control for classes of nonlinear geophysics processes and
fields.

2. Properties of solutions of differential-operator inclusions and multivariation
inequalities for Earth Data Analysis.

3. Theory of global and trajectory attractors for infinite-dimensional dynamical
systems.

New qualitative and constructive results concerning properties of state functions
for problems of analysis and control with nonsmooth interaction functions have been
obtained.

Note that there exist classes of real problems with regular interaction functions
that allow non-classical effects (for example equations of hydrodynamic type).
We have also developed an abstract theory of geophysical problems. We propose
the system mathematical instrument including the theory of differential-operator
inclusions and multivariation inequalities for Earth Data Processes, theory of
global and trajectory attractors for infinite-dimensional m-semiflows, methods
for investigation of existence of solutions for control problems. Applying stated
results to real problems, we provide long-range forecasts in cases where only the
abstract theory for solutions is known (processes of piezoelectricity, viscoelasticity,
thermodynamics, hydrodynamics etc.) (Fig. 1).

Moreover, the hypotheses of our theorems are close to the corresponding
necessary conditions and the results of the theorems are close to the maximal
ones. Let us consider the following example: when interaction function loses its
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smoothness it can be easily seen that finite fractal dimension decreases as well. This
fact causes lack of stronger estimates (for example, exponential ones) in particular
cases and lack of exponential attractors in the general case as well, as the loss of
fractal dimension is the governing factor here.

These results again make the following fact very clear: it is impossible to
adequately describe processes and fields with nonlinear and non-smooth interactions
using smoothing techniques and the linearization method. Also, the results stimulate
the development of adequate analogues of such theorems for non-smooth models.

The first two volumes concentrate mostly on development of constructive
methods according to which solutions of general classes of such problems can
be studied. Here we answer the questions concerning the long-time behavior of
such problems. This fact poses new mathematical problems concerning adequate
choice and analysis of a mathematical model (especially problems related to the
smoothness of interaction functions). On the other hand, speaking about control
and optimization problems, there arises a question concerning the choice of such
admissible control sets that would allow more appropriate solution behavior on
corresponding attractors. Therefore the new theory has arisen—the theory of
extremal solutions to differential-operator problems

v +A(y.y)> f (1

Here, according to the method of artificial control, the new parameter is introduced,
and the optimization problem

V' +A(y,u) > f.

Fu,y)=|y—ullw - inf, ue U CW @
takes its place instead of the initial evolutionary inclusion (1). Here W is a functional
class of solutions possessing the necessary physical properties, U C W is a space
of artificial controls.

When problem (1) admits a classical solution in the given class, then it coincides
with the solution of problem (2). Otherwise we have an accurate approximation of
the initial solution, and, in particular, we can study the asymptotical behavior of all
such solutions. Moreover, the results of our investigations are not conditional, unlike
other known similar results (in particular, we apply our results to the 3-dimensional
Navier—Stokes equation).

Our theory supplements well-known results for mathematical models of pro-
cesses with smooth interaction functions. Rejecting smoothness in general cases,
we guarantee general topological properties for attractors, which exist for smooth
models. At the same time, we may lose properties related to estimates of the
attractor dimension, though these properties are not natural ones for smooth models
in general cases.

This book arose from seminars and lecture courses on multi-valued and non-
linear analysis and their geophysical application. These courses were delivered
for rather different categories of learners in the National Technical University of
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Fig. 1 Lorenz attractor (by M.Z. Zgurovsky, P.O. Kasyanov, O.V. Kapustyan, J. Valero,
N.V. Zadoianchuk, 2011)

Ukraine, “Kiev Polytechnic Institute”, Taras Shevchenko National University of
Kyiv, Universidad Miguel Hernandez de Elche, University of Salerno etc. over
10 years. It is meant for a wide circle of mathematical and engineering students.

It is unnecessary to state that the pioneering work of such authors as J.M. Ball,
V.S. Mel'nik, J.-L. Lions, V.V. Obukhovskii, N. Panagiotopoulos, N.S. Papageoriou,
and L.V. Sergienko who created and developed the theory of mentioned problems,
exerted a powerful influence on this book.

We are thankful to D. Gao, V.O. Gorban, .M. Gorban, N.V. Gorban,
V.I. Ivanenko, O.M. Novikov, V.V. Obuchovskii, M.O. Perestyuk, A.E. Shishkov
for useful comments.

We are grateful to many students who attended our lectures while we were
developing the notes for this volume.

We express our gratitude to O.P. Kogut and M.M. Perestyuk for their exceptional
diligence in preparing the electronic version of the book and friendly help in
linguistic issues.

We express our special gratitude to Kathleen Cass and Olena L. Poptsova for
technical support in preparing the book.

Finally, we express our gratitude to the editors of the Springer Publishing House
who worked with our books and everybody who took part in the preparation of the
manuscript.
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Kyiv, Ukraine Michael Z. Zgurovsky
Kyiv, Ukraine Pavio O. Kasyanov
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Introduction: Long-Time Behavior of Evolution
Inclusion Solutions in Earth Data Analysis

Constructive and qualitative investigations of nonlinearized mathematical mod-
els have been activated lately. Such models of geophysical and socioeconomic
processes and fields, under the proper interpretation of the derivative, can be
reduced to differential-operator inclusions and multivariation inequalities in infinite-
dimensional spaces. Among such models, we have to assign classes of unilateral
problems, problems on a manifold with boundary and without boundary, problems
with degenerates, objects of optimal control theory and filter theory, free-boundary
problems, problems with delay, etc. Existing results concerned with the qualitative
behavior of solutions of such problems, the theory of global and trajectory attractors
for m-semiflows in infinite-dimensional spaces, chaos theory, and optimal control
for distributed systems are based on nondegeneracy and closedness in corresponding
topologies of the graph of the resolving operator for observable mathematical
model. The proof of these results is the main problem when applying m-semiflows
theory to real problems. Note that such properties of solutions for each equation
are usually checked separately and this check, as a rule, is based on linearity
or monotony of the main part of differential operator appeared in the problem.
On the other hand, energetic extensions and Nemitsky operators for differential
operators appeared in generalized settings of different problems of mathematical
physics, stochastic partial differential equations, and problems with degenerates,
as a rule, have (under corresponding choice of the phase space) common prop-
erties concerned with growth conditions (usually no more that polynomial), sign
conditions, and pseudomonotony. In general case, under such restrictions for
determinative parameters of initial problem, we succeed to prove only the existence
of weak solutions of generated differential-operator inclusion or multivariation
inequality, but not always this proof is constructive one. At the present moment, such
objects have been strongly studied by many authors: Ball J.M., Zgurovsky M.Z.,
Mel'nik V.S., Kasyanov P.O., Kapustyan O.V., Valero J., Zadoianchuk N.V.,
Solonoukha O.M., Borisovich Yu. G., Gelman B.D., Kamenskii M.I., Mishkis A.D.,
Obukhovskii V.V., Kogut P.I., Kovalevsky O.A., Nicolosi Fr., Ansari Q.H., Khan Z.,
Yao J.-C., Aubin J.-P., Frankowska H., E.P. Avgerinos, N.S. Papageorgiou, Barbu V.,
Benchohra M., Ntouyas S.K., S. Carl, D. Motreanu, Hu S., Z. Liu, and others in

Xiii
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[1-12,19-254], etc. At that, unnaturally strict conditions concerned with uniform
coercivity, smoothness, linearity, etc., are considered for interaction functions of ini-
tial mathematical models. So, the adequate weakening of such technical conditions
is undoubtedly an actual problem. It must be noted that when investigating important
functional-topological properties of the resolving operator of differential-functional
inclusions and multivariational inequalities, and validating of high-precision algo-
rithm of search of approximate solutions, there appeared new problems concerned
with the studying of new classes of energetic extensions and Nemitsky operators for
differential operators of initial mathematical models, investigation of the structure
of corresponding phase and extended phase spaces, proof of new theorems of
embedding and approximation, basis theorem for such spaces, generalization of
Fan Ky for multistrategies, and development of noncoercive theory for differential-
operator inclusions with maps of pseudomonotone type. This book is a continuation
of investigations in the sphere of nonlinear and multivalued analysis of distributed
systems in infinite-dimensional spaces. So, the theme of the book concerned with
creation of new theoretical instrument for qualitative and constructive investigation
of a wide range of new, more precise, mathematical models of geophysical processes
and fields with nonlinear, discontinuous, and multivalued interaction function,
generalized solutions of which are solutions of differential-operator inclusions and
evolution multivariation inequalities with noncoercive, in the classic sense, maps of
pseudomonotone type, is an actual problem.

Multivalued dynamical systems have attracted the interest of many authors over
the last years. These systems appear when the Cauchy problem of a differential
equation does not posses the property of uniqueness. Hence, two or more solutions
can exist corresponding to a given initial data. Due to this fact, a classical semigroup
of operators cannot be defined, and other theory involving set-valued analysis is
necessary. It should be noticed that in some cases, we know that we have really
multivalued systems, but in others, we just do not know whether uniqueness holds
or not. Hence, multivalued dynamical systems allow us not to stop when a proof
of uniqueness fails for an equation, and the asymptotic behavior of solutions canbe
studied no matter we have uniqueness or not.

Needless to say that this interest is mainly motivated by important applications
in which this problem appears [1-12, 19-254]. Let us consider some motivational
examples.

Example 1. We consider a linear viscoelastic body occupying the bounded domain
2 inRY (N = 2,3) in a strainless state which is acted upon by volume forces and
surface tractions and which may come in contact with a foundation on the part I'c of
the boundary d£2. The boundary 952 of the set £2 is supposed to be a regular one, and
point data of x € £ is considered in some fixed Cartesian system of coordinates.
We assume that the body is endowed with short memory (cf. [74, p. 158]), that is,
the state of the stress at the instant r depends only on the strain at the instant ¢ and
at the immediately preceding instants. In this case, the equation of state has the next
form:
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0 .
0ij () = bijniern(u) + aijnk Egkh(”)v i,j=1,...,N, (3)

where u: 2 x (0, +00) — R¥ denotes the displacement field, 0 = o (u) is the
stress tensor, and ¢ = e(u) is the strain tensor, & (1) = %(uk,h ~+ up k). The visco-
sity coefficients a;;;x and the elasticity coefficients b;j;x satisfy the well-known
symmetry and ellipticity conditions. The dynamic behavior of the body is described
by the equilibrium equation:

2

0
0ij.j W) + fi = 5uiin £2x(0. +00), “)

where f = { f,-}f\'=1 € Ly(£2;R") denotes the density of body force. We suppose
that the boundary 952 is divided into three parts: I'p, I'y, and I'¢. Exactly, let I'p,
Iy, and I'c be disjoint sets and 92 = TpUTy UTc. We assume that I'c C 982 is
an open subset with positive surface measure (cf. [195, c. 196]). The displacements

u; =0 on I'p x (0, +00), (®)]
are prescribed on I'p, and surface tractions
S; = gijhj = F, (F; = F,(x)) on [y X (0,+OO) (6)
are prescribed on Iy, where F = {F;}, € L,(I'y;R") denotes the vector of
surface traction, S = {S;}/_, is the stress vector on I'y, and n = {n;}"_, is the
outward unit normal to 952.

On ¢, we specify nonmonotone multivalued boundary “reaction-velocity”
conditions (cf. [87, 180, 188, 197] and references therein):

—Sedj (x,@

az) on I'c x (0, 4+00), 7

where j : I'c x RV — R satisfies the next conditions:

1. j(-, £) is a measurable function for each £ € RN and j(-,0) € L,(I'¢).
2. j(x,-) is alocally Lipschitz function for each x € I'¢.

3.3¢ > 0: |Inllgy < (1 + ||E|lgy) Vx € Tc, VE € RV, V€ 0j(x.§),
where for x € I'¢

3j(x,£) = {ne RY | (n,v)gv < jx,&v) Vv e RY}
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is the generalized gradient of the functional j(x, -) at point £ € RV,

jo(x %'V) _ lim j(xv§+lv)_j(xs§)
o E—E0N0 4

is the generalized upper derivative of j(x,-) at point § € R" and the direction
veRY,

Note that all nonconvex superpotential graphs from [188, Chap. 4.6], in particu-
lar, the functions j, defined as a minimum and as a maximum of quadratic convex
functions, satisfy the upper considered conditions on [¢.

For the variational formulation of the problem (3)—(7), we set (cf. [180]): H =
Ly(2;RY), Z = HY(2;RY),V = {v € H'(2;RY) : v; = 0 on I'p}, where
§e(5:1).LetVu,veV

(fo.v)v = /fividx-i-/FiVidU(x),

2 Iy
a(u,v) = /aij11k€ij(u)8ij(v)dX,
2

b(u,v) = /bijhkgij(“)gij(v)dxv
Q

7:Z — Ly(052;RY) be a trace operator, and y*: L,(32;R"Y) — Z* be a conju-
gate operator,

Pue = [updot. € 2. ue LoiRY),
a0
Let us consider a locally Lipschitz functional J : L,(I'c;R") — R,
1) = [ cndow. ze LR
I'c
Then the interaction functions A, A,, and By can be defined by the next relations:

VieZ Ay(z) =7"(0J(y2)),
VM, veV (Alu, V)V — a(u’ V), (Bou, V)V = b(M, V), A()(M) = A]I/l + AZ(“).

If we supplementary have @ > ¢$2|7||% where B is the embedding constant of V'
into Z, & is the constant from the ellipticity condition for a;;, or

Vxelc, VE€RY, Ve dj(x,&) (.&)gy =0,

then from [180], it follows that the next condition hold, true:
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(Hy) V, Z, H are Hilbert spaces; H* = H and we have such chain of dense and
compact embeddings:

VcZcH=H*CZ*CV*.

(H2) foe V™.

(A1) 3¢ > 0:VueV,Vd € A lldllv+ < c(1+ Jully).

(A2) 3o, B >0:VueV,Vd € Ag(u) (d,u)y > a|ul? — B.

(A3) Ao= A+ Ay, where Ay : V — V* is linear, self-conjugated, positive opera-
tor and A, : V7 V* satisfies such conditions:

a. There exists such Hilbert space Z, that the embedding V' C Z is dense
and compact one and the embedding Z C H is dense and continuous one.

b. For any u € Z, the set A,(u) is nonempty, convex and weakly compact
onein Z*.

c. Ay :Z=Z* is a bounded map, that is, A, converts bounded sets from Z
into bounded sets in the space Z*.

d. A, : ZZZ*, is a demiclosed map, that is, if u, — uin Z, d, — d
weakly in Z*, n — +o00,and d,, € Ay(u,) VYn > 1thend € Ay(u).

(B1) By :V — V*is alinear self-conjugated operator.
(By) Jy > 0: (Bou,u)y > y|ull5.

Here, (-,-)y : V* x V — Ris the duality in V* x V, coinciding on H x V with the
inner product (-, -) in Hilbert space H.

Note that from (A4;)-(A3) [180,253], it follows that the map Ay satisfies such
condition:

(A3) Ao : V7 V*is (generalized) Ao-pseudomonotone, i.e.:

a. For any u € V the set Ag(u) is nonempty, convex, and weakly compact
onein V*. L

b. Ifu, »>uweaklyin V,n — +o00,d, € Ao(u,) Vn>1,and lim (d,, u,—
n—oQ

u)y <0,then Vo € V Id(w) € Ap(u) :

lim (dy,u, — )y = {d(@),u—o)y.
n—>+o0o

c. The map Ay is upper semicontinuous one that acts from an arbitrary
finite-dimensional subspace of V' into V*, endowed with weak topology.

Thus, we investigate the dynamic of all weak solutions of the second-order
nonlinear autonomous differential-operator inclusion

Y'(0) + Ao(y' (1) + Bo(y(1)) 3 fo. ®)

as t — oo, which are defined as t > 0, where parameters of the problem satisfy
conditions (Hy), (H>), (A1)—(A3), (B1)—(B>).
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As a weak solution of the evolution inclusion (8) on the interval [z, T], we
consider such pair of elements (u(-), u'(-))T € Lo(z, T: V x V), that for some d(-) €
Ly(z, T; V™)

d(t) € Ao(t/(r)) for almost every (a.e.) 1 € (t,T),
T

T
- / &) (1)) + / (d(0). () vdt
IT T T

+ [ (Bou(t). £(6))vdi = / o 2O)y V2 e CR(nTLV).  ©)

T T

where u’ is the derivative of the element u(-) in the sense of the space of distributions
2*([r, T, V™).

As a generalized solution of the problem (3)—(7) we consider the weak solution
of the corresponding problem (8). This definition is coordinated with Definition 3
from [180].

We have to note that abstract theorems on existence of solutions for such
problems as the problem (8) and the optimal control problems for weaker conditions
for parameters of problems are considered in works [180,241,242,252,253]. Here,
we consider Problem 2 from [180], for which we can (as follows from results of the
given paper) have not only the abstract result on existence of weak solution, but we
can investigate the behavior of all weak solutions as ¢ — oo in the phase space
V x H and study the structure of the global and trajectory attractors.

Example 2. We consider a mathematical model which describes the contact
between a piezoelectric body and a foundation [161]. The physical setting is
formulated as in [161]. We consider a plane electro-elastic material which in its
undeformed state occupies an open bounded subset 2 of R?, d = 2. We agree to
keep this notation since the mathematical results hold for d > 2. The boundary I
of the piezoelectric body 2 is assumed to be Lipschitz continuous. We consider
two partitions of I'. A first partition is given by two disjoint measurable parts I'p
and I'y such that m(I'p) > 0, and a second one consists of two disjoint measurable
parts I, and I, such that m(I;) > 0. We suppose that the body is clamped on I'p,
so the displacement field vanishes there. Moreover, a surface tractions of density g
act on [y, and the electric potential vanishes on I7,.

The body §2 is lying on another medium (the so-called support) which introduce
frictional effects. The interaction between the body and the support is described, due
to the adhesion ar skin friction, by a nonmonotone possibly multivalued law between
the bonding forces and the corresponding displacements. In order to formulate the
skin effects, we suppose (following [188, 198]) that the body forces of density f
consist of two parts: f; which is prescribed external loading and f, which is the
reaction of constrains introducing the skin effects, that is, f = f; + f>. Here, f,
is a possibly multivalued function of the displacement u. We consider the reaction-
displacement law of the form
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—fa(x,t) € 9j(x,t,u(x,t)) in Q,

where O =2 x(0,T), (0,T) denotes a finite time interval, j : O x R> R is
locally Lipschitz function in its last variable and dj represents the Clarcke subd-
ifferential.

The governing equations of piezoelectricity consist (see, e.g. [60, 99, 100, 163])
of the equation of motion, equilibrium equation, constitutive relations, strain-
displacement, and electric field-potential relations. We suppose that the accelera-
tions in the system are not negligible and therefore the process is dynamic.

The equation of motion for the stress field and the equilibrium equation for the
electric displacement field are, respectively, given by

pu" —Divo = pf —yu' in Q,
divD =0in Q,

where p is the constant mass density (normalized as p = 1), ¥ € Lo (£2) is a

nonnegative function characterizing the viscosity (damping) of the medium, o :

Q — Sq,0 = (05),and D : 2 — R, D = (D;),i,j = 1,...,d represent

the stress tensor and the electric displacement field, respectively. Here, S; is the

linear space of second-order symmetric tensors on R? with the inner product and

the corresponding norm o : 7 = chj 7)ij, ||t||§d = 1 : 1, respectively. Recall
ij

also that Div is the divergence operator for tensor valued functions given by Divoe =
(0ij,7) and div stands for the divergence operator for vector-valued functions, that
is, divD = (D,,)

The stress-charge form of piezoelectric constitutive relations describes the
behavior of the material and are following

o= deu) — PE(p) in Q (converse effect),
D = Pe(u) + BE(p) in Q (direct effect),

where &/ : £2 x S; — S; is a linear elasticity operator with the elasticity tensor
a = (ajr), P : 2 x Sq — RY is a linear piezoelectric operator represented by
the piezoelectric coefficients p = (p;jx). i, j,k = 1,...d (third-order tensor field),
2T . 2 xRy — S, is its transpose represented by p! = (pgk) = (prij), and B :
2 xRY — R? is a linear electric permittivity operator with the dielectric constants
B = (Bij) (second-order tensor field). The decoupled state (purely elastic and purely
electric deformations) can be obtained by setting the piezoelectric coefficients
pijk = 0. The elasticity coefficients a(x) = (a;jxi(x)). i, j, k.l = 1,...d (fourth-
order tensor field) are functions of position in a nonhomogeneous material. We use
here notation p” to denote the transpose of the tensor p given pt -v =t : p’v for
T € Sgandv e RY.
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The elastic strain-displacement and electric field-potential relations are given by
1 T .
e(u) = E(Vu 4+ (Vu)') in Q,
E(u) =—-Vg in £2,

where e(u) = (g; (1)) and E(¢) = (E;(p)) denote the linear strain tensor and the

electric vector field, respectively. Here, u : Q — RY, u = (uj),i =1,...,d and
¢ : £2 — R are the displacement vector field and the electric potential (scalar field),
respectively.

Denoting by uy and u;, the initial displacement and initial velocity, respectively,
the classical formulation of the mechanical model can be stated as follows: find a
displacement field u : O — R? and an electric potential ¢ : £2 — R? such that

' —Divo = fi+ fo—yu' in Q (10)
divD =01in Q (11)
o=goeu)+ P Vein Q, (12)

D = Pe(u)— BV¢ in O, (13)
u=0onI'px(0,T) (14)
on=gonIpx(0,T) (15)

¢ =0o0n T, x(0,T) (16)
D-n=0onT}x(0,7) (17)
—fax,t) € 9j(x,t,u(x,t)) in O (18)
u(0) = ug, /(0) = u; in £2, (19)

where n denotes the outward unit normal to I". The above problem with no skin
effects (i.e., with j = 0) and with I'y = @, y(x) = y, y being a nonnegative
constant, has been studied by Cimatti in [60] who obtained existence and uniqueness
of weak solutions by using the Galerkin method and the theory of semigroups. In
[161] itis investigated the dynamic problem (10)—(19) which includes nonmonotone
skin effects. Because of the Clarke subdifferential in (18), the problem will be
formulated as a hemivariational inequality, and then, it will be embedded into a
more general class of second-order evolution inclusions. Due to the multivalued
term in the problem, the uniqueness of weak solutions is not expected.

In [161], it is given a simple one-dimensional example of the multivalued
condition (18) for which superpotential satisfies the hypothesis H(j) of Sect. 4 of
[161].Let j : O xR — R be defined as a minimum of two convex functions, that is,
j(x,t,5) = h(x,t) min{j;(s), j2(s)} for (x,z) € Q ands € R, where h € Lo (Q),
Jji(s) = as? and j>(s) = §(s*> + 1) with @ > 0. Then
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as ifs € (—o0,—1) U (1, +00)
2as ifs € (—1,1)

[a,2a] ifs=1

[—2a,—a] ifs =—1.

dj(x,t,s) = h(x,t) x

The model example can be modified to obtain nonmonotone zig—zag relations which
describe the adhesive contact laws for a granular material and a reinforced concrete,
for example, the stick-slip law and the fiber bundle model law (see [198], Sects. 2.4
and 7.2 of [196] and Sect. 4.6 of [188]).

Another example which satisfies H(j) is a superpotential of d.c. (difference of
convex functions) type, that is, j(s) = ji(s) — j2(s), where ji, j» : R — Rare
convex functions. We refer to Example 13 of [183] for more details.

We now turn to the variational formulation of the problem (10)-(19). We
introduce the spaces for the displacement and electric potential:

V={ve H(2;R)) :v=00n I'p}, (20)
®={peH (R):9=00nT,}
which are closed subspaces of H'(£2;R?) and H'(£2), respectively. Let

H = L,(£2;R?) and # = L,(£2: S,) be Hilbert spaces equipped with the inner
products (u,v)y = [u-vdx, (0,t)» = [0 : vdx. Then the spaces (V, H, V*)
2

form an evolution triple of spaces. On [8, we consider the inner product and
the corresponding norm given by (u,v)y = (e(u), e(v))se, |VlIv = lle(v)|s# for
u,v € V. From the Korn inequality |[v|| ;1 (o:re) < Cle(v) || s# forv € V with C >0,
it follows that || - || ;1 (g.r¢) and | - ||y are equivalent norms on V. Thus, (V. | - [|v)
is a Hilbert space. On @, we consider the inner product (¢, ¥)e = (¢, ¥) 41 (o) for
@, € @. Then (@, | - ||¢) is also a Hilbert space.

Assuming sufficient regularity of the functions involved in the problem
(10)—(19), multiplying (10) by v € V and using integration by parts, we have

(" (). v) + (o (u). () e —/fm-vdF(X) = (i) + £2(1).v) = (v (1) V)
r

forae.t € (0,T). Since, by (15), we have [on -vdl" = [ g(t)-vdI and (18)
r Iy
implies

—/ folx,t) - v(x)dx < /jo(x,t,u(x,t);v(x))dx forae. t € (0,7),
2

2

we obtain

(" (). v) + {y' (1), v) + (o (). (") e + / Ot ulx, 1);v(x))dx > (F(1),v)

2
21
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where

(F(0),v) = (fi(0),v) + /g(t)-vdF for ve V.

I'y

Let ¥ € @. From (11), again by using integration by parts and the condition (17),
we have

—(D.V¥)g = 0. (22)

Now inserting (12) into (21) and (13) into (22), we obtain the following variational
formulation: find u € C(0,T;V) N C'(0,T;V) and ¢ € L,(0,T; H) such that
u" €V, where ¥ = L,(0,T;V*)and

(" (1), v) + (yu (0).v) + (A e(). e(V)) o + (P V@, e(v)) o+

+ [ j%x, t,u;v)ydx > (F(t),v) ae.t, forallveV
2 (23)
(BVO, VY g = (Pe(w),Vyy ae.t, forall Y € @

u(0) = up, t/(0) = u;.

We need the following hypotheses for the constitutive tensors:

H(a) : The elasticity tensor field a = (a;jx;) satisfies a;jx1 € Loo(£2), ajjri =
QAklij, Aijkl = Ajikl, Aijkl = Qijlk and aijkl(x)rijrkg > T Tjj fora.e x € £2 and
all T = (1;;) € Sg witha > 0.

H(p) : The piezoelectric tensor field p = (p;jx) satisfies pijx = pixj € Loo($2).
H(p) : The dielectric tensor field B = (B;;) satisfies B;j = Bji € Loo($2) and
Bij(x)&E; > mﬂ|§|§d forae. x € 2 andall § = (§) € RY with mg > 0.

We define the following bilinear formsa : V x V—>R, b : V x & >R, b7
®xV—>R,andc: P xP—Rby

duy dv;
a(u,v) = /a,jkl(x) auk av dx for u,veV,
2
du; 0
b(%(P):/pz,k(x) i a—(pdx for ueV, ¢eo,
J Xk
de Ju
bT(<p,u)=/pk,,(x) J¢ x for ped, ueV,
8xj
2
W

clp,¥) = /ﬂz,() dx for ¢,y € ®.

Xj
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Then we have

a(u,v) = (Feu),e(v)) foru,vel,
b(u,p) = (Pe),Vo)g forueV, o € @,
b (p,u) = (PVp.e(u))nw foroed, ucV,
c(p. V) = (BVe.Vy)u forg.y € P,
where the elasticity operator o/ : 2 x S; — Sy is given by &7 (x,¢) =a(x)e,
a(x) = (a;jki(x)), the piezoelectric operator & : £2 x Sy —R? is given by
P(x,e) = p(x)e, p(x) = (pijx(x)), the transpose to 2, 2T : 2 x RP — S, is
givenby 27 (x,£) = pT (x)&, pT(x) = (pgk (x)) = (prij), and the electric permit-
tivity operator % : £2 x R? — R is defined by %(x, £) = B(x)&, B(x) = (Bijx))-

Using the above notation, the problem (23) is formulated as follows: find
ueCO,T;V)NCY0,T; H)and ¢ € L,(0, T; H) such that u” € ¥ * and

(" (). v) + (yu' (), v) + a(u(®),v) + b (p(t). v)+
+ [j%x.t.u;vydx = (F(t),v) ae.t, forallveV
el

c(e), ) =b(u(t),y) ae.t, forall y € @
u(0) = uy, u'(0) = uy.

(24)

The problem (24) is a system coupled with the hemivariational inequality for the
displacement and a time-dependent stationary equation for the electric potential.
We need now some auxiliary results and notation.

We remark that under hypotheses H(p) and H(f), for any z € V, there exists a
unique element ¢, € @ such that

c(,,¥) =b(z,¥) forall ¢ €@

and the map C : V — @ given by Cz = ¢, is linear and continuous.
As a corollary, we obtain the following result: if H(p), H(B) hold and u € ¥,
where ¥ = L,(0, T'; V), then the problem

find ¢ € L,(0,T;®) such that
c(p@),¥) =b(u(t),¥) forae.te(0,T), alyecd®

admits a unique solution ¢ € L,(0,7; @) and ||¢||1,0.7;0) < c|ul» with ¢ > 0.
For a.e. t € (0,T), we have ¢(t) = Cu(t), where the operator C is defined in
Lemma 3.1 of [161].

Next, since for every ¢ € @, the linear form v — bT (¢, v) is continuous on V,
so there exists a unique element By € V* such that b (p,v) = (B@.v)y=xy for
allve Vand B € Z(®,V*). We observe that
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blgv) = (PVg.e))or = [ 2TV e 5)
2
:/f@s(v) -Vodx =(Pe(v),Vo)y=b(v,p) forall veV, and ¢ € &.
2

Similarly, we introduce the operator A € .Z(V, V*) such that a(u,v) = (Au, v) for
allu,ve V.

We are now in a position to reformulate the system (24). Since for a fixedu € ¥,
the second equation in (24) is uniquely solvable (cf. Corollary 1 in [161]), we have

bT(p(1),v) = (Bo(t),v) = (BCu(t),v) forallveV andae.r e (0,7).

Thus, the problem (24) takes the form: findu € C(0,T;V)NC (0, T; H) such that
' €Y and

(" (t) + Ru'(t) + Gu(t),v) + [ jO(x,t,u;v)dx > (F(1),v)

2
ae. t, forallveV (26)
u(0) = uo, u'(0) = uy,

where R : H — V*and G : V — V* are given by Rv = yv forv € H and
Gv = Av 4+ BCvforv € V, respectively.

The existence of solutions to the hemivariational inequality (26) will be a
consequence of a more general result provided in [161]. We remark that operators
R and G satisfy such properties: if y € Lo(£2), y > 0, then the operator
R : H — V* defined by Rv = yv is linear continuous and (Rv, v)y+xy > 0 for
all v € V. Under the hypotheses H(a), H(p) and H(f), the operator G : V — V*
defined by G = A + BC is linear, bounded, symmetric, and coercive.

Finally, we obtain the following second-order evolution inclusion: find u €
C(0,T;V)NCY0,T; H) such that u” € ¥* and

W'(t) + R (t) + Gu(t) + dJ(t,u(t)) > F(t) ae. t€(0,7T)

(27)
u(0) = up, u'(0) = uy.

We need the following hypotheses:

H(R) : R : H — V* is alinear bounded operator such that R|, is nonnegative
(i.e., (Rv,v)y*xy > 0forallv e V).
H(G): G € Z(V,V*) is symmetric and coercive operator.
H(J):J :(0,T) x H— Ris a function such that

() J(-,v) is measurable forall v € H.

(ii) J(¢,-) is locally Lipschitz fora.e. t € (0, T).

(iii) |aJ (¢, v)| < c(1 4 |v|) fora.e. t € (0,T) and v € H with ¢ > 0; where
dJ (¢, v) denotes the Clarke subdifferential of J(¢,) at a pointv € H.
(H())ZFE%,M()EV,LHEH.
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In [161], it is proved that if hypotheses H(R), H(G), H(J), and (H)) hold, then
the problem (27) has a solution.

We investigate a long-time behavior of all weak solutions of the problem (27)
under similar, but some stronger (providing a dissipation) conditions. In particular,
we study the structure of the global and trajectory attractors.

Example 3. Let 2 C R? be a bounded domain with a smooth boundary, v > 0. For
y :(0,T)x 82 — R", let us consider the three-dimensional Navier—Stokes problem

ady ’ dy
g—VAJ"F;J’za—xi—f(f,x)—V% (28)
divy =0, 29)
ylg=0. ) =(0.7)x0%. (30)
Y=o = Yo(x), (3D

where f is an inhomogeneity function, p is a pressure.
Auxiliary extremal problem:

ay } dy
- A i = [’ — V . 32
o ”y““;”ax,- ft.x)=Vp (32)
Here the function u : (0, T) x £ — R? belongs to the class of solutions of (28)-
(31) W. For each u € W, problems (29)—(32) have a unique generalized solution.

On solutions of (32), the following extremal problem is posed
J() = |lu— y ()|l — inf. (33)

Under natural conditions, existence of a solution of (29)—(33) is proved using
methods of optimal control theory. If for some u J(u) = 0 < u = y, there exists
a solution for (28)—(31). In Chap. 6 we examine pullback attractors for a class of
extremal solutions of the 3D Navier—Stokes system.

Example 4. We now consider a climate energy balance model proposed in [15,33],
and which has been studied from the dynamical point of view in several works (see.
e.g., [70-72]). The problem is the following:

w_ P4 4 Bue QS(X)BW) + h(x), (1,x) € Ry x (=1, 1),
uy(—=1,1) = u(1,1) = 0, teRy, (34)
u(x,0) = up(x), x e (-1,1),

where B and Q are positive constants, S, # € Loo(—1,1),ug € Ly(—1,1),and B is
a maximal monotone graph in R2, which is bounded, that is, there exist m, M € R
such that
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m<z<M, forallze f(s),s €R. (35

We also assume that
0<S)<Skx)<S;, aexe(-1,1). (36)

The unknown u(¢, x) represents the averaged temperature of the Earth surface,
O is the so-called solar constant, which is the average (over a year and over the
surface of the Earth) value of the incoming solar radiative flux, and the function
S(x) is the insolation function given by the distribution of incident solar radiation
at the top of the atmosphere. When the averaging time is of the order of 1 year or
longer, the function S(x) satisfies (36), for shorter periods, we must assume that
So = 0. The term B represents the so-called co-albedo function, which can be
possibly discontinuous. It represents the ratio between the absorbed solar energy and
the incident solar energy at the point x on the Earth surface. Obviously, B(u(x,t))
depends on the nature of the Earth surface. For instance, it is well known that on ice
sheets B(u(x, 1)) is much smaller than on the ocean surface because the white color
of the ice sheets reflects a large portion of the incident solar energy, whereas the
ocean, due to its dark color and high heat capacity, is able to absorb a larger amount
of the incident solar energy. We point out that this model is the particular case of
(6.5). In fact, we cannot expect to have uniqueness for problem (34) either [15].

Example 5. Mathematical modelling of chemotaxis (the movement of biological
cells or organisms in response to chemical gradients) has developed into a large
and diverse discipline, whose aspects include its mechanistic basis, the modelling
of specific systems, and the mathematical behavior of the underlying equations.
From microscopic bacteria through to the largest mammals, the survival of many
organisms is dependent on their ability to navigate within a complex environment
through the detection, integration, and processing of a variety of internal and
external signals. This movement is crucial for many aspects of behavior, including
the location of food sources, avoidance of predators and attracting mates. The ability
to migrate in response to external signals is shared by many cell populations, playing
a fundamental role coordinating cell migration during organogenesis in embrionic
development and tissue homeostasis in the adult. An acquired ability of cancer
cells to migrate is believed to be a critical transitional step in the path to tumor
malignancy [95].

The directed movement of cells and organisms in response to chemical gradients,
chemotaxis, has attracted significant interest due to its critical role in a wide range
of biological phenomena. In multicellular organisms, chemotaxis of cell populations
plays a crucial role throughout the life cycle.

Theoretical and mathematical modelling of chemotaxis dates to the pioneering
works of Patlak in the 1950s [211] and Keller and Segel in the 1970s [139, 140].
The review article by Horsmann [96] provides a detailed introduction into the
mathematics of the Keller—Segel (KS) model for chemotaxis. This model can be
summarized in the following (general) form [95]:



Long-Time Behavior of Evolution Inclusion Solutions in Earth Data Analysis XXVil

up = V(D)Vu— Aw)Bp)C(Vv)) + f(u),
vi = Av+ug(u) —v, (37

on the domain §2 € R” with prescribed initial data. Unless stated otherwise, we
shall assume zero-flux boundary conditions:

n-(Dw)Vu— A(w)B(v)C(Vv)) =n-Vv =0,

where n is the outer unit normal to 02 and 952 is piecewise smooth. In [95], it is
assumed that the chemical signal acts as an auto-attractant and thus the chemical
kinetics consist of cell-dependent chemical production and linear degradation.
Where applicable, cell proliferation/death is assumed to be independent of the
chemical signal. Due to the specific functional choices for D(u), A(u), B(v),
C(Vv), f(u), and g(u) are given in the table below. In the majority of the models,
C(Vv) is simply given by Vv, and we can define the chemotaxis potential ¢ (v) [23]
to be the antiderivative of B(v) such that

B(v)Vv = Vo).

Model D(u) A(u) B(v) C(Vv) f(u) g(u)
(M1) D u X Vv 0 1
(MZa) D u m Vv 0 1
(M2b) D u % Vv 0 1
(M3a) D u(l-— %) X Vv 0 1
(M3b) D X Vv 0 1
(M4) D LV 0 1
(M5) Du" u X Vv 0 1
1
(M7) D u x T tanh(£72) 0 1
(M8) D u X Vv ru(l—u) 1
where (M 1) is the minimal model
u, = V(DVu— yuVv),
v =Vi4u—v. (38)

(M2a) is one of versions of signal-dependent sensitivity models, the “receptor”
model,

u =V (DVu— s V),

ve =V 4u—v, 39)
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where for ¢ — 0 the minimal model is obtained, and the “logistic”” model

u =V (DVu — XuiiZVv),

v =V 4+ u—v, (40)

where for § — oo the minimal model follows and, for § — 0, we obtain the
classical form of y(v) = 1/v.

(M3a) is one of density-dependent sensitivity models, the “volume-filling”
model,

u, =V (DVu — yu(l — %)Vv) ,
v =V 4u—v, (41)
where the limit of y — oo leads to the minimal model, and

U = V(DVM—XH’;MVV),

ve=Viv+u—v, 42)

where ¢ — 0 leads to the minimal model.
(M 4) is the nonlocal model

u =V (DVM — Xu%pv) ,
v =Viv+u—v, 43)
the nonlocal gradient %pv is defined in Sect. 2.4 of [95] and chosen such that the

minimal model follows for p — 0.
(M5) is the nonlinear-diffusion model

u, = V(DVu'"Vu— yuVv),
vi=Vitu—v, (44)

where the minimal model corresponds to the limit of n — 0.
(M 6) is the nonlinear signal kinetics model

u, =V (DVu— yuVv),

v, = V2 + #‘W -, 45)

which approximates the minimal model for ¢ — 0.
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(M 7) is the nonlinear gradient model
ur = V(DVu— yuF.(Vv),
v =V 4+u—v, (46)

the vector-valued function F, is defined in Sect. 2.7 of [95] and chosen such that the
minimal model follows for ¢ — 0.
(M 8) is the cell kinetics model

uy = V(DVu— yuVv) + ru(l — u),
v =Viv4u—v, @7

which in the limit of zero growth, r — 0, leads to the minimal model.

If properly interpreting the derivative and correspondingly choosing phase
spaces, all models can be reduced to autonomous first-order differential-operator
equation with pseudomonotone type mappings. In this book, we are also present the
results on asymptotical behavior of solutions for such models (see Chap. 2).

Another one application is the Ginzburg-Landau and Lotka—Volterra equation (see
Chaps. 4 and 5).

Other important reason comes from the fact that there exists a gap between
the conditions which are necessary to obtain the existence of solutions and the
conditions that have to be imposed to prove the uniqueness. Therefore, avoiding
uniqueness, we can weaken the conditions imposed on a differential equation and
consider more general situation.

In this book, we deal with autonomous and nonautonomous multivalued dynam-
ical systems, which are usually generated by an evolution equation or inclusion of
the type

du

o+ At.u) =0, u(0) = u, (48)

where for >0 A(t,-) is a function from reflexive Banach space V' into its dual
space V*, or by a differential inclusion

du

- T At,u()) >0, u(0) = uo, (49)

where A is a multivalued map from reflexive Banach space V into its into nonempty
convex closed bounded subsets of V*, (V; H, V*) is an evolution triple [253].
When problem (48) (or (49)) is autonomous one and it possesses a unique
solution for every initial data u, we can define a semigroups of operators S : R4 x
H — H by therule S (¢, ug) = u (¢, uo) , where u (¢, up) denotes the unique solution
corresponding to up € H. This operator satisfies the following properties:

S (0,u0) =up, S+ s,u9) =5(S(s,up)), Vi, s >0.
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The long-time behavior of the semigroup S can be described by the global attrac-
tor, which is an invariant set, usually compact and minimal, attracting uniformly
every bounded set of H. The global attractor, when it exists, is a very important
object for the understanding of the dynamics of a semigroup, as it contains the
dynamics which is permanent with respect to time. At first, a theory of global
attractors for infinite-dimensional dynamical systems was developed in [91, 155],
where the results were applied to retarded ordinary differential equations and the
two-dimensional Navier—Stokes system, respectively. It is worth to point out that the
global attractor can help to explain turbulence in fluids and the mechanisms causing
chaos (see [156,231]), and this is one of the reasons why this theory became popular
very quickly. After that, this theory has been applied to a great number of equations
like reaction-diffusion systems, wave equations, Kuramoto—Sivashinsky equations,
phase-field equations, and many others.

However, if uniqueness in (48) (or (49)) does not hold, then a semigroup cannot
be defined. Nevertheless, we can study the asymptotic behavior of solutions with
the help of a multivalued semiflow given by

u(t) | u(-) isasolution to (48)
G (t,up) =
of a certain class such that u (0) = ug

This map has to satisfy the properties:

G (0, u0) = uo,

G (t +s,u0) C G (t,G (s,u0)), Vt,s > 0.

If, moreover, G(t + s, up) = G(t, G(s, up)), then the multivalued semiflow is called
strict, but this property does not always hold in applications. The main difference in
the definition of the global attractor with respect to the single-valued case is that now
the attractor has to be a negatively invariant set for the semiflow. Positively, semi-
invariance is also obtained in many applications, but this is not always possible to
prove.

We observe that multivalued semiflows have been used by several authors from
time ago (see, e.g., [18, 30, 34, 143, 214, 215, 229]). However, the application to
the study of global attractors is more recent (see [13, 14, 112, 119, 168, 176]).
Chapters 1, 4 and 5 contain the general theory of attractors for multivalued
semiflows as developed in [112,113,119, 168, 170, 176]. We give general sufficient
conditions ensuring the existence of a global attractor and study additional topo-
logical properties as compactness, stability, and connectedness. Also, a theorem on
continuous dependence of the attractor on a parameter is proved, and estimates of
the fractal and Hausdorff dimensions are obtained. We observe that the results of the
cited papers are now completed and improved. For example, the characterization of
the global attractor as the union of all complete bounded trajectories or the result on
stability is new. Also, the conditions leading to the estimates of the dimension are
weakened.
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There exist in the literature other methods to deal with the problem of non-
uniqueness. On the one hand, we have the method of generalized semiflows, which
has been developed in [16, 17,76] (see [39] for a comparison of the two methods).
On the other hand the theory of trajectory attractors has been also fruitfully applied
to treat equations without uniqueness (see [51-53,165,191,219]).

These theories have been applied successfully to a huge number of applications
as differential inclusions (see [2,48,93,94,111,115,141,176,213,218,234,237,238]),
reaction-diffusion equations (see [51,75,102,109, 114,116, 118, 185]), phase-field
equations (see [108, 119, 184]), wave equations (see [16,53]), the three-dimensional
Navier—Stokes equations (see [16,24,53,55,117, 165,219]), the three-dimensional
Boussinesq equations (see [121, 191]), delay ordinary differential equations (see
[42, 44]), lattice multivalued dynamical systems [184], or degenerate parabolic
equations [76].

Although this book is mainly devoted to the theory of multivalued autonomous
dynamical systems, it is interesting to point out that much attention has been paid
over the last years to nonautonomous and stochastic dynamical systems in both the
single-valued case (see, e.g., [22, 35, 36, 40, 43,49, 50, 53, 59, 64-66, 79, 157,217])
and the multivalued case (see, e.g., [37,38,41,45,110,111,119, 120, 177]).

This book consists of two parts. At first part we consider autonomous evolution
inclusions with multivalued pseudomonotone type maps. The first chapter devoted
to the abstract theory of multivalued semiflows, generated by several classes of
evolution mathematical models and control problems with possibly nonlinear
discontinuous or multivalued dependence between determinative parameters of
the problem. At the second chapter, we consider new estimates and functional-
topological properties of resolving operator of autonomous first- and second-order
evolution inclusions with—coercive mappings. At the third chapter, compiling
previous results, we investigate the long-time behavior of all weak solutions for
abovementioned problems with several applications, involving Examples 1-4. We
also consider at this part attractors for lattice dynamical systems with applications
to “reaction-diffusion” type problems (see Chap.4). The second part devoted to
nonautonomous problems. We consider different approaches of examination of
long-time behavior of all weak solutions for non-autonomous evolution inclusions
with—coercive pseudomonotone type mappings with different applications like
reaction-diffusion type systems (Chap. 4), Ginzburg—Landau equation and Lotka—
Volterra system (Chap.S5), and 3D-Navier—Stokes equation (Chap.6). We also
consider new theorems on existence solutions and functional-topological properties
of resolving operators with corresponding geophysical applications (Chap. 7).
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Chapter 1
Abstract Theory of Multivalued Semiflows

Beginning from the pioneering works [39, 52], the theory of global attractors of
infinite-dimensional dynamical systems has become one of the main objects for
investigation. Since then, deep results about existence, properties, structure, and
dimension of global attractors for a wide class of dissipative systems have been
obtained (see, e.g., [7, 38, 54,75, 78]). For the application of this classical theory
to partial and functional differential equations, it was necessary to have global
existence and uniqueness of solutions of the Cauchy problem for all initial data
of the phase space.

However, in many situations concerning systems of physical relevance, either
uniqueness fails or it is not known to hold. In such cases, we cannot define a
classical semigroup of operators, so that another theory involving multivalued maps
is necessary: the theory of multivalued dynamical systems. It should be noticed that
sometimes, the system is really multivalued (example of this cases will be given)
but, in other cases, we just are not able to prove the uniqueness of solutions. Hence,
the theory of multivalued dynamical systems allows us not to stop when the proof
of uniqueness fails due to technical problems, and then, it is possible to study the
asymptotic behavior of solutions no matter we have uniqueness or not. We observe
that there is usually a gap between the conditions that we need to impose to obtain
existence of solutions and the conditions necessary to prove uniqueness. Hence, we
can weaken the conditions imposed on a differential equations and then consider
more general situations.

Thus, there are infinite-dimensional problems whose qualitative behavior cannot
be described by the methods mentioned above. First of all, we should mention the
3D Navier—Stokes system, for which it is not known whether uniqueness of weak
solutions holds or not. On the other hand, although strong solutions are unique, it
is not known whether such solutions exist globally in time or not (global regularity
problem) [35,74,78]. A second class of problems of this type consists of nonlinear
partial differential equations with non-Lipshitz or nonmonotone nonlinear terms,
including reaction-diffusion systems (e.g., the complex Ginzburg—Landau equation
or the Lotka—Volterra system), wave equations, or phase-field equations. For such
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4 1 Abstract Theory of Multivalued Semiflows

problems, uniqueness of solution does not hold in general (see, e.g., [10, 22, 26, 46,
47,49,51,71]). Another class naturally appears when we deal with the wide class
of problems described by evolution inclusions (which include control problems,
several boundary-value problems or variational inequalities). In such problems the
fact that the equation has a multivalued right-hand part usually guarantees the non-
uniqueness of the Cauchy problem (see, e.g., [1,2,31,68-71,79, 80, 84, 85]). Of
course, there exist much more examples of systems for which uniqueness can fail
or it is not known to be true. Among them, we can cite the Euler equation [13, 29,
76], degenerate parabolic equations [32], delay ordinary differential equations with
continuous nonlinear term [20, 37], some kinds of three-dimensional Cahn—Hilliard
equations [72,73], the Boussinesq system [14,67], or lattice dynamical systems [66].

In order to treat such problems (with possible nonuniqueness of Cauchy problem)
at the beginning of 1990s, three methods were proposed:

1. The method of multivalued semiflows.
2. The method of generalized semiflows.
3. The theory of trajectory attractors.

The method of multivalued semiflows [57,63] (see also [4,5] and the book [21])
and the method of generalized semiflows [9] were in fact very close and used the
same idea: to allow nonuniqueness of the Cauchy problem and to consider the set
(or some subset) of its solutions at every moment of time ¢. Hence, a multivalued
analogous of a classical semigroup is considered. The main difference between
them is that in the method of multivalued semiflows, it is considered a multivalued
map from the phase space X onto a nonempty subset of the phase space for
every moment of time (satisfying some properties similar to the classical ones for
semigroups), whereas in the other method, the generalized semiflow is defined as a
set of solutions satisfying some translation and concatenation properties, avoiding in
this way multivalued maps. A comparison between these two theories can be found
in [19]. These approaches appeared to be very useful and productive and allowed
to obtain results about existence and properties of attractors for a wide class of
dissipative systems without uniqueness (see, among others, [9, 10, 18, 20,27, 44—
48,51,63,65,71-73, 83,84, 87]). The main difficulty of the method of multivalued
semiflows is that we have to work with multivalued maps. Of course, in the case of
uniqueness of solutions, all results in the two methods coincide with the classical
ones. It is important to point out that this method for treating nonuniqueness, is in
fact very old, as it was born many years before the theory of attractors for infinite-
dimensional dynamical systems began to be developed in the 1970s. We can find
multivalued semiflows already in the old paper [11] (see [8] for more references on
the history of multivalued semiflows).

The third method is based on the idea of replacing the phase space of the
problem by a specially constructed space of trajectories and considering on it the
single-valued shift semigroup [22,23,55,74]. The notion of trajectory attractor, that
is, the global attractor (defined in the classical way) of the shift semigroup, also
appeared to be very useful for the investigation of nonlinear evolution equations
without uniqueness. In particular, the existence of a trajectory attractor has been
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proved for the 3D Navier—Stokes system [23, 34, 74] (see also [30], where a
combination of these approaches is used), and also for other equations (see, e.g.,
[22,23,41,56,64,67] and also [26]). As pointed out in [9], the disadvantage of this
method is that the direct connection with the natural phase space of the problem
is lost.

In this chapter, by using the theory of set-valued analysis, a qualitative research
on multivalued dynamical systems is developed. First, we define multivalued flows
(m-flow) and multivalued semiflows (m-semiflow) and study their w-limit sets
and global attractors. After that, we make a comparison between the method of
multivalued semiflows and the method of trajectory attractors. These results were
proved in the papers [50,57, 63].

1.1 w-Limit Sets and Global Attractors of Multivalued
Semiflows

Let X be a complete metric space with metric p (-, -); let cly A denote the closure of
Ain X, Ry = [0,00), I" be a nontrivial subgroup of the additive group of the real
numbers R, I’y = I N R, and 2% (P (X), B(X), C (X), K(X)) be the set of all
(nonempty, nonempty bounded, nonempty closed, nonempty compact, respectively)
subsets of X. For the multivalued map (m-map) F : X — 2%, we shall denote
D(F)={xeX|F(x)eP (X))}

Definition 1.1. The m-map G : I' x X — P(X) is called a multivalued flow
(m-flow) if the next conditions are satisfied:

1. G (0,-) = I is the identity map.
2. G (11 +t,x) CG(t,G (tz,x)) , Vb eIVx € X,

where G (¢, B) = UBG(t,x), B CX.
X€

The multivalued semiflow G is called strict if, moreover, G (t +s5,x) =
G (t,G(s,x)), Vt,s € Ry, Vx € X.

Remark 1.1. Them-map G : Iy xX — P(X) is called an m-semiflow if conditions
1-2 of Definition 1.1 hold for any #,,%, € ;.

Definition 1.2. The map x(-): [y — X is said to be a trajectory of the m-semiflow
G corresponding to the initial condition x¢ if x(t + 7) € G(¢,x(7)), Vt,© € T4,
X(O) = Xp.

We shall denote by Z(xo) the set of all trajectories corresponding to xo.
Forx € X, A, B C X weset dist (x, B) = inf,cp {p (x, y)}. The distance from
A to B will be defined by dist (A, B) = sup,c 4 {dist (x, B)}.

Definition 1.3. It is said that the set A C X attracts the set B with the help of the
m-semiflow G if dist (G (t, B), A) — 0 ast — +oo. The set M is said to be
attracting for G if it attracts each B € Z(X).
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For each M C X, we shall denote y," (M) = L>Jt G(t,M) and y* (M) =

)/6F (M).Thesetw (M) = ﬂo ¥~ (M) is called the omega-limit (w-limit) set of M.
>

Fore > 0, B € B(X), the set O.(B) = {y € X | dist(y,B) < €} is an -
neighborhood of B.

Lemma 1.1. The set v (M) consists of the limits of all converging sequences {£,},
where &, € G (t,, M), t, — o0.

Proof. Tt is obvious that y,”lL (M) C y,;L (M) for t; > t,. Then, from the definition
of w (M) and [3, p. 18], it follows that

(M) = lim " (M) = lim y(M).

|

Definition 1.4. The m-semiflow G is called asymprotically upper semicompact if
VB € % (X) such that for some T (B) € Iy, y}L(B) (B) € #(X), any sequence
& €G(t,,B), t, — oo, is precompact in X

Definition 1.5. The set A is said to be negatively semiinvariant if A C G(t, A),
Vt € I'y. Itis called invariant if A = G(¢, A), Vt € I'y.

Lemma 1.2. Let M € % (X) be a negatively semiinvariant set with respect to the

m-semiflow G, which has an attracting set Z. Then M C Z.

Proof. Let O (Z) be an arbitrary neighborhood of Z in X. Then G (t, M) C
O0(Z), ¥t = T (M). Since M is negatively semiinvariant and O (Z) is arbitrary,
wehave M C Z. O

Theorem 1.1. Let the m-semiflow G be asymptotically upper semicompact. Then,
forany B € B (X) such that for some T (B) € I'}, y;'(B) (B)e B(X), w(B)# 0
and it is a compact set in X. If, moreover, Vt € I'y, G (t,) : X — C (X) is upper
semicontinuous, then w (B) is negatively semiinvariant and the minimal closed set
attracting B. Moreover, w (B) is connected if it attracts some connected bounded
set By D w (B) and G (t, x) is connected Nt > to, Vx € X.

Proof. Let B € % (X) be such that 7’74"—(3) (B) € B (X) for some T(B). It follows
from the definition that the set @ (B) is bounded and closed. Let us consider an
arbitrary sequence &, € G (¢,, B), where f, — o0. This sequence is precompact
in X, since G is asymptotically upper semicompact. Hence, in view of Lemma 1.1,
w (B) # 0.

Let us prove that w (B) is compact. Let {y,} be a sequence belonging to w (B).
Then there exist z, € G (z,, B), t, € '}, 1, — 00 as n — 0o, such that ||y, —z, || <
1/n. Since G is asymptotically upper semicompact, we can choose a subsequence
Zm such that z,, — zoin X, zo € @ (B), and p (¥, zm) — 0. Hence, there exists a
converging subsequence y,, — Zo, and then, w (B) is compact.
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Let us now prove that w (B) is negatively semiinvariant. Let £ € w (B). Then
there exists a sequence &, € G (t,, B), such that §, — £ in X, as t, — oo. For
t, > t, we have G(t,, B) C G(t,G(t, — t, B)) and, therefore, &, € G (¢,¢,),
where ¢, € G (t, —t, B). Since the m-semiflow G is asymptotically upper semi-
compact and t, —t — 00 as n — oo, there exists a subsequence {{,,, } such that
tn,, = ¢ € o (B). Thus, without loss of generality, we can consider that §, — &
and {, — ¢ in X. Since G (¢,-) is upper semicontinuous and has closed values,
its graph is closed (see [3, p. 42]). Hence, £ € G (t,w (B)). Finally, w (B) C
G (t,w(B)), VYt € I'y,because £ € w (B) and ¢ € Iy are arbitrary.

The set w (B) attracts B. Indeed, let it not be so. Then we can find a sequence
&n € G (ty,B), t, — 00, such that dist(&,,® (B)) > € > 0. On the other
hand, since G is asymptotically upper semicompact, this sequence has at least one
subsequence converging to some { € w (B). The resulting contradiction proves the
statement.

Let us prove the minimality of w(B). Let F be a closed set which attracts B and
w(B) ¢ F. Then there exist x € w(B), x ¢ F and neighborhoods O, (x), O.(F)
such that O.(x) N O.(F) = @. From Lemma 1.1, it follows that x = lim,_« Y,
where y, € G(t,, x,), x, € B.On the other hand, y, € O.(F), Vt, > T(B), which
is a contradiction. Hence, w(B) C F.

Finally, let us prove that @ (B) is connected if the conditions of the theorem
hold. Let w (B) attracts some bounded connected set B; O  (B). Suppose the
opposite, that is, @ (B) is not connected. Then we can find two disjoint compact
sets £2| and £2, such that w(B) = £2; U £2,. We take € > 0 so small that O, (£2;) N
O (§2,) = @.Insuchacase O, (w (B)) = O, (§£21) U O, (§2,) is an e-neighborhood
of the set w (B). Since w (B) attracts B}, we can find #; € I'; such that G (¢, B;) C
O¢ (w (B)), VYt > t;. It is well known (see [15,33]) that an upper semicontinuous
map with connected values maps any connected set into a connected one. Then
G (11, B)) is connected and belongs completely to one of the sets O (§2;),i =
1,2. Since w (B) is negatively semiinvariant, we have w (B) C G (t;,w (B)) C
G (11, By), which is a contradiction. O

Remark 1.2. Tt follows from the proof of Theorem 1.1 that all the statements of the
theorem (with the exception of the connectivity) hold if the map G (¢,:) : X —
P(X) is not upper semicontinuous but has closed graph.

Remark 1.3. In the single-valued case, we have that any asymptotically upper semi-
compact m-semiflow is an asymptotically compact semigroup (see [54]).

The next propositions are useful to check in applications that an m-semiflow is
asymptotically upper semicompact.

Proposition 1.1. Let the map G (t,) : X — P (X) be compact for some t; €
't \{0}, thatis, VB € #(X), G (t1, B) is precompact in X. Then the m-semiflow
G is asymptotically upper semicompact.

Proof. Let&, € G (t,, B) be an arbitrary sequence, where t, — co. Let B € £ (X)
be such that there exists T (B) € I} for which y;f(B) (B) € #(X). Obviously,
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viF (B) C vf(B), V1 > 1. Hence, y (B) € #(X),if t > T(B). Further, by
using the properties of m-semiflows, we get

yf;ﬂ (B) = SETG (t1 +s5,B) C Sth (t1.G (5. B)) = G (t1.y,F (B))

Since y (B) € Z(X), G(t1, y;" (B)) is precompact and then
Vi (B) € G(11. 7. (B))

is also precompact. Consequently, since for n such that#, > v 4+ 11, §, € yr+ oy (B),
one deduces that from {§, }, we can extract a converging subsequence. O

Lemma 1.3. Let G (¢,-) : X — K (X) be upper semicontinuous Vt € I'y and let
for some t; € I'y \ {0} the map G (t1,-) be compact. Then the map G (t; + t,-) is
also compact for any t € I';.

Proof. Let B € A(X). Obviously G(t;+t, B) C G(¢t,G(t1, B)) C G(t, G(t1, B)).
Since G (¢, -) is upper semicontinuous and has compact values, the set G(¢, G (¢, B))
is compact in X (see [2, p. 42]). Thus the set G(¢ + 1, B)) is precompact. O

Proposition 1.2. Let X be a Banach space with norm || - ||. Let G (¢t,-) = " (t,-) +
K (t,-) be an m-semiflow, where K (ty,-) : X — P(X) is a compact map for some
toe 't \{0}and I'(t,-) : X — P(X) is a contraction on bounded sets, that is,

dist(I" (t,x), [(t,y)) <mi(O)ma(|[x —y|), Vx,y € B e B(X), Vi € I,
(1.1)

where m, : Ry — R is a continuous map and m, : I'y — R is a decreasing map
such thatm, (t) — 0, ast — oo. Then G is asymptotically upper semicompact.

Proof. Let B € % (X) be such that 3T (B) € Iy for which y;'(B) (B) € B(X).
Let us consider an arbitrary sequence N = {§, };il, where &, € G (t,, B), t, — 00,

and prove that N is completely bounded. For a fixed € > 0, we take t; = #; (¢) > 1
such that

-1
my(t) <€ <2m2 (diam y;'(B) (B)))
and decompose N into two sets N = N; U N,, where N = {§, Z‘=1 L <t +
T (B), Ny = ()% tn = 1+ T (B). Since y,7 1 (B) = t>%)(B)G(t+t1, B) C
U )G(tl,G(t,B)) = G(tl,)/;(B)(B)), we have N, C G(tl,y;'(B)(B)). On the

1>T(B
other hand,

viem®= U Ge+wBc |J GG B)
t>T(B)+t1—ty t=T(B)+t1—to

= Gli0. ¥} )41,y (B)) C Glio. v ) (B,
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so that N, C G(t, y;'(B)(B)) as well. Since K (to, y;'(B)(B)) is precompact and

in view of (1.1), diamI’ (tl,y;'(B) (B)) < %, we can find a finite e-net for

VrT+T( B) (B). So, N is completely bounded and by Hausdorff’s theorem it is
precompact. O

Corollary 1.1. Let X be a complete metric space and let the m-semiflow G(t,-) :
X — P(X) satisfy (1.1) but replacing || x — y|| by p(x, y). Then, G is asymptoti-
cally upper semicompact.

Definition 1.6. The set N is called a global attractor of the m-semiflow G if it
satisfies the next conditions:

1. 9 attracts any B € Z (X).
2. M is negatively semiinvariant, that is, ® C G (¢, %), Vi € I'}.

Remark 1.4. In [57, 62], the global attractor was supposed to be closed and
bounded. We have removed these properties because there are systems for which
the minimal global attractor can be unbounded.

Remark 1.5. 1Tt follows from the preceding definition that the next properties hold:

1. For any bounded negatively semiinvariant set A, A C c¢lx (N).

2. If M is bounded, for any closed set Z attracting each B € AB(X), we
have it C Z.Hence, if N is closed, it is minimal among all closed sets attracting
each B € A(X).

Proof. Let M € (X) be negatively semiinvariant. For any e-neighborhood
O, (N)) of N, there exists T such that G(t,M)C O, (M), V¢ >T. Then,
M CG(t,M)C O, (N). Being O, (M) arbitrary, M Ccly (N). The second
statement follows from Lemma 1.2. O

Definition 1.7. The m-semiflow G is called pointwise dissipative if 3By € % (X)
attracting any point x € X.

Theorem 1.2. Let G be asymptotically upper semicompact m-semiflow. Suppose
that G (t,+) : X — C (X) is upper semicontinuous forany t € I'y. If VB € Z(X)
AT (B) € I} such that )/;'(B)(B) € AB(X), then G has the global attractor N
defined by

f= () o®).

BEB(X)

which is locally compact in the sum topology tg. Moreover, for any closed set Z
attracting each B € B(X), X C Z. The space (R, 1g) is Lindeldf.

Proof. Tt follows from Theorem 1.1 that N attracts each B € Z(X). It follows
also that for any closed set Z attracting each bounded set and any B € #A(X),
w(B) C Z.Hence, i C Z. Since each w(B) is negatively semiinvariant, the set )
is also the same one. Indeed,
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nc |J Ge.o®)cGmn
BeB(X)

Since w(B1) C w(By) if By C By, it is clear that ¥ C U2, w(B;), where
Bi = {x € X | |x]| < i}. On the other hand, U2, w(B;) C N. Hence,
US2,w(B;) = ). Each w(B;) is homeomorphic to the space D; = {(x,i) | x €
(B;)}. Hence, accurate to homeomorphisms it = U2, D;, where D; are compact
and D; N D;=@,if i # j (see [86, p. 65]). Each D; is a topological space with the
topology t; induced by X. We consider the family fg = {U C R | U N D; € 7
for any i > 1}, which is a sub-base of a topology 7g in . tg is called the sum
topology. Each set D; is open and closed in (N, tg). Hence, (N, 1) is locally
compact. Indeed, let x € M. Then x € D;, so D; is a neighborhood of x in the
topology tg. Since D; is regular, we can find some open set U(x) € g such that
U(x) C D;. U(x) is a compact neighborhood of x in (), tg). Moreover, since N is
the countable union of compact sets, (N, tg) is Lindelof. It follows also that (N, 7g)
is a normal space. O

Remark 1.6. Let X be an infinite-dimensional Banach space. Then since

%= Jow(B).

i=1

it follows from Baire’s theorem that )t # X . However, we note that it can be dense
in X. Theorem 1.2 remains valid if the map G (¢,-) : X — C (X) is not upper
semicontinuous but has closed graph.

Consider now some theorems which state the existence of compact attractors for
m-semiflows.

Theorem 1.3. Let G be a pointwise dissipative and asymptotically upper semicom-
pact m-semiflow. Suppose that G (t,-) : X — C (X) is upper semicontinuous for
anyt € I'1. If VB € #(X), 3T (B) € I'y such that y;'(B)(B) € B(X), then G
has the compact global attractor R. It is minimal among all closed sets attracting

each B € B(X).

Proof. In view of Theorem 1.1, VB € # (X), the w-limit set w (B) is non-empty,
compact, and negatively semiinvariant, and it is the minimal closed set attracting
B. We set B; = O, (Bg), where ¢; > 0 is some fixed number and By is the
set which attracts each point x € X. Let # =w (B;). Let us prove that ) is
a global attractor. Let B € #A(X), x € w(B), be arbitrary. It is clear that
there exists 7 (x) € [} such that G (T,x) C Bj. On the other hand, since
G(t,-) : X — P(X) is upper semicontinuous, there exists an open neighborhood
O(x) such that G(T (x), O (x)) C By. Further, from the covering U,e,(5)O(x) of

. . B
the compact w (B), we can extract a finite subcovering O(w(B)) = U:'(= 1) O (x;),

X; € w (B). For each point x;, the next inclusions hold G(t + T(x;), O(x;)) C
G(1.G(T(xi), O(xi))) C G(t, B)) C O (w(By)), Vi = T(e2, By). Hence,
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G(t,0(w(B)) C O (w(B1)), Vi = T(e2, Br) +1

where 7 = max{T (x;)}. Further, Ve >0, 3T (e, B) such that G(t, B) C O.(w(B)),
Vt>T(e, B), and O(w (B)) contains some € (B)-neighborhood Oy (w(B)) of
the set w(B). Then G(¢,B) C Ogp)(w(B)) C O(w(B)), Yt > T(e(B),B)
and therefore G(t, B) C O, (w(B1)), Yt > T(e(B), B) + T (€2, B)) +7. Hence,
 (By) attracts any B € # (X). It follows from Theorem 1.1 that 3 is compact and
negatively semi-invariant. The minimality of ) follows from Remark 1.5. O

Theorem 1.4. Let Vt € I'y, G(t,) : X — C(X) be an upper semicontinuous
map. If there exists a compact set K C X such that VB € %(X)

dist(G(t, B),K) — 0 as t — oo, (1.2)

the m-semiflow G has the global compact attractor 8 C K. It is the minimal closed
set attracting each B € B(X).

Proof. Let B € Z(X). We shall prove that o(B) # @ and w(B) C K. Since

w(B) = lim; o ;7 (B) (see Lemma 1.1), it follows from (1.2) that w(B) C K.
It remains to prove that w(B) # @ if B # @. Lett, — oo and &, € G(t,, B).
In view of (1.2), there exists a sequence {, € K such that p(&,,,) — 0. Since
K is compact, from the sequence {,}, we can extract a converging subsequence
{n,, = ¢ € K. Consequently, { € w(B). By definition, the set w(B) is closed and
then compact. Let us prove that w(B) is negatively semiinvariant. Let £ € w(B).
Then there exists &, € G(t,, B) such that §, — £ ast, — oo. For ¢, > t, we have
G(t,,B) C G(t,G(t, — t,B) and then &, € G(¢,¢,), where {, € G(t, —t, B).
On the other hand dist(G(t, — ¢, B), K) — 0 as t, — oo. Hence, there exists a
sequence {a,}, a, € K, such that p(¢,,a,) — 0 as n — oo. Taking a subsequence
if necessary, we have ¢, — ¢ and @, — ¢ in X. Therefore, we can put §, — £,
¢y — Cand &, € G(¢,¢,). Since the map G(¢, ) is upper semicontinuous and has
closed values, it is closed (see [3, p. 42]). Therefore, we have £ € G(¢,{). Since
and t € Iy are arbitrary, we obtain w(B) C G(t,w(B)), Vt € I'y.

We set i = w(K). This set is a global attractor of G. We must prove the
attracting property. Assume the opposite, that is, for some B € #(X), 3¢ > 0
such that

limsup dist(G(t, B), ) = 2¢ >0
—>00
In such a case, there exist f, — oo and &, € G(t,, B) such that dist(§,, N) > e,
Vt, > T. On the other hand, there is no loss of generality in assuming §, — £ in K.
Hence, £ € w(B) C N. The resulting contradiction proves the attracting property.
The minimality of ) follows from Remark 1.5. O

Remark 1.7. In Theorems 1.3, 1.4 if G(t; + t2,x) = G(t1,G(f2,x)), Vx € X,
Vi), t € Iy, then X = G(t,N), YVt € I'y.
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Proof. We know that R C G(¢,M), V¢ € I'y. Let us prove the inverse. For any
t,t € I'y, we have

G(t.%) C G(t.G(r.N)) C G(t + 7. N)

For any e-neighborhood O, (N) of N, there exists 7" such that G(t +t, R) C O, (N),
Vt > T. Since O, (N) is arbitrary, we have G(¢,R) C cly (N) = NR. Hence,
N=G@EN), Vt el |

Theorem 1.4 remains valid if the map G (t,-) : X — C (X) is not upper
semicontinuous but has closed graph. Is Theorem 1.3 valid if the map G (¢,-) :
X — C (X) is not upper semicontinuous but has closed graph? This statement is
misleading, as in such a case we need an extra assumption, namely, that the semiflow
G is strict.

We have:

Lemma 1.4. The statement of Theorem 1.3 holds if x — G (t,x) is not upper
semicontinuous but has closed graph and G is a strict semiflow.

Proof. Inview of Theorem 1.1 and Remark 1.1 forany B € % (X), the omega-limit
set w (B) is nonempty, compact, and negatively semiinvariant and it is the minimal
closed set attracting B.
Since G is pointwise dissipative, there exists a bounded set B attracting every
x € X. Let
By ={y € X :dist(y.B) <e}.

where ¢ > 0 and dist (-,-) is the Hausdorff semidistance. Then By is pointwise
absorbing, that is, for any x € X, there exists T (x) such that G(¢, x) C By, for all
t > T. We have to check that for every bounded set B, we have

o (B) Cw(By).

From this, it follows easily that i = w (By) is a global compact attractor, as @ (By)
is negatively semiinvariant and attracts every B € % (X ). By Remark 1.5, we know
also that w (By) is minimal among all closed sets attracting each B € #(X).

Suppose that y, € G (ty, x,), t, — 00, X, € B, y, — y,and y ¢ w (By).
We shall obtain a contradiction. Since G (¢, x,) C G (% G (%, x,,)), there exist z,
such that y, € G (%,z,) andz, € G (%, x,). Passing to a subsequence we get

Zn —> 2.

We can choose T (z) such that

G (t,2) C Bp, VYVt > T.

Then we take &, such that y, € G (% —T.&,), &, € G (T.z,). Since G is a strict
semiflow, we have
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t
EVI S G (En +T7xn) ’
and then (up to a subsequence)
& — §.

But the graph of G is closed, so £ € G (T, 2).
Then £ € By and &, — & imply

En € By, Vn > ny.
Hence, y, — y, v € G (& — T, By), so that

Y € o(By).
8]

When the semiflow G is not strict, the result is also true if we assume that G has
an absorbing bounded set By. This means that for any bounded set B, there exists
T (B) such that G (¢, B) C By , for all ¢+ > T. This property is obviously stronger
than being pointwise dissipative.

Lemma 1.5. The statement of Theorem 1.3 holds if x — G (t,x) is not upper
semicontinuous but has closed graph and G has a bounded absorbing set.

Proof. In this case, the results follows easily by taking R = w (By). Indeed, in view
of Theorem 1.1 and Remark 1.1, the omega-limit set w (By) is nonempty, compact,
and negatively semiinvariant, and it is the minimal closed set attracting By. Also,
w (By) attracts every bounded set B as for any & > 0, there exists 7 (¢, B) such that

G(t,BycG(t—-T((B),G(T(B),B))CG(t—T(B), By C O:(w(By)),

ift > 7 (g, B), where O;: (w (By)) is an e-neighborhood of w (By) . By Remark 1.5,
we know also that o (By) is minimal among all closed sets attracting each B €
B(X). O

Let us consider now the connectivity of the global attractor. We shall follow the
method used in [36] for the single-valued case.

Definition 1.8. The m-semiflow G : Ry x X — P(X) is said to be timecontinuous
if it is the union of continuous trajectories, that is,

G(t,x0) = {x(1) [ x() € Z(x0), x(-) € C(Ry . X)},Vxo € X

Theorem 1.5. Let us suppose that the conditions of Theorems 1.3 or 1.4 are
satisfied. Assume also that G is a time-continuous m-semiflow with connected values
such that G(t, + t;) = G(t1,G(t2, x)), V1,1, € I'y, Vx € X. If the space X is
connected, then the global attractor R is connected.
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Proof. We suppose that the attractor ) is not connected. Then we can find two non-
empty compact disjoint sets A; and A, such that 4, U A, = N and O.(A4;) N
Oc(Ay) = @, for some € > 0. Let us define the next disjoint sets

Xi={xeX|G(t,x)CON(A;), ¥Vt >T(x)}, i =1,2.

If we prove that X; U X, = X and that X; and X, are nonempty open sets, then we
obtain a contradiction, since we have supposed X to be connected.

First, let us show that X; U X, = X. Let x € X be arbitrary. There exists
T > O such that G(¢, x) C O.(N), V¢t > T. Since G has connected values, G(T, x)
belongs to one of the sets O.(A;). Consider the set G([T, +00), x) = U;>7G(t, X).
It is clear that for each continuous trajectory x(-) corresponding to x, the set
x([T, +00)) = U;>rx(t) is connected and then it is completely contained in
O¢(A;). Hence, since G is time continuous, G ([T, +00), x) C O(A4;). Therefore,
X =X, U X,

Next, we shall show that the sets X; are nonempty. We shall prove that
@# A C X;,i = 1,2. Since N is invariant (i.e., G(t,N) = N), using the same
argument as before, we have that for any x € 4;, G([0, +00), x) C A4;.

Finally, we shall prove that X; and X, are open sets. Let x € X; and B be
a bounded neighborhood of x. There exists 7 > 0 such that G(¢, B) C O(N),
Vt > T. As the map G (7, -) is upper semicontinuous, there exists a neighborhood
U C B of x such that G(T,U) C O.(A;). Arguing as before for each y € U, we
get G(t,U) C O (A;),Vt = T.Hence, U C X;. Since x is arbitrary, X; is open.

O

Remark 1.8. In [77], was proved the connectivity of the global attractor in the case
when the multivalued map G : Ry x X — 2% is upper semicontinuous with respect
to {t,x} € R4 x X.In [36], an example of a discontinuous attractor is given.

Theorem 1.6. Let us suppose that the conditions of Theorems 1.3 or 1.4 are
satisfied. Assume also that G has connected values and that

R C B ep(X),

where B is connected. Then the global attractor N is connected.

Proof. Suppose that ) is not connected. Then there exist two open sets A, A, such
that X N A, #@,mm/‘lz#ﬂ,mCA1UA2,aHdAlﬂA2:ﬂ.

Since the map x — G(¢, x) is upper semicontinuous and has connected values,
G(t, By) is a connected set. Indeed, if G (¢, By) were not connected, then there would
exist open sets U; and U, with Uy N U, = @ such that G(¢, By) N U; # @,i =1,
2, and G(t, B;) C Uy U U,. Denote M; = {x € B; : G(t,x) C U;}. Since
G (t, x) has connected values, My U M, = B;. We can see that M| N M, = @ and
M; # @ fori =1, 2. Since x — G(t, x) is upper semicontinuous, M; are open sets
fori = 1, 2 (see [42, p. 37] or [3, p. 40]), which contradicts the fact that B is a
connected set.
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From % C G(¢t,M) C G(¢, Bi), we have {G(t, B))} N A} # 0, {G(t, B))} N
Ay # (. But A} U A, does not cover G(t, By) for any t > 0. Thus, there exist
& € G(t,, By), where t, — +00, such that §, & A; U A,. As G is asymptotically
upper semicompact, we obtain that the sequence {£,} has a converging subsequence
and its limit & belongs to w(B;) C N but does not belong to A; U A,, which is a
contradiction. O

Remark 1.9. In Theorem 1.6, it is crucial to assume that the map G (t, -) is upper
semicontinuous.

Let D C X be a Hausdorff topological space. We shall denote the closure
of ACD in D by clpA. The set K C D is called (X, D)-attracting if VB €
A(X), AT(B) € I+ such that G(t,B) C D, VYVt > T(B), and for any
neighborhood O(K) of K (in D), there exists 7 € 'y such that G(¢, B) C O(K),
Vi>T.

The set K C D is called X-absorbing if VB € #(X), 3T (B) € '} such that
G(t,B) C K, YVt > T(B).

Definition 1.9. The set N is called a (X, D)-attractor for the m-semiflow G if it is
(X, D)-attracting and negatively semiinvariant.

Theorem 1.7. Let foranyt € I't\{0}, G(¢,-) : X — P(D), and let there exist an
X -absorbing set K C D. Suppose also that K is compact in D and bounded in X .
Assume, moreover, that VS C K

ClDG(Z,S) C G(I,CZDS), Vt e F+

and also that the set {y € X | G(¢,y) N {yo}: # 0y N K is compactin D, Vyy € D.
Then the m-semiflow G has the global (X, D)-attractor N, which is compact

in D and bounded in X. It is the minimal closed set (in D) which attracts any
B € B(X).

Proof. Forany B € #(X), 3T(B) € I'; such that G(t, B) C K, Vt > T(B).
We set B = w(K) = N clpyF(K), where 1y = T(K). We shall prove that R is
=1

a global (X, D)-attractor. It is clear that 1 € Z(X) if it is nonempty. Let us prove
that R is nonempty, compactin D and (X, D)-attracting. We note that c/py " (K) is
compactin D for any 7 > 7y and then 3 is nonempty and compactin D. Since G (¢ +
T(B),B) C G(t,G(T(B), B) C G(t, K), in order to prove the attracting property,
it is sufficient to obtain that ) attracts K. Suppose that i does not attract K, that is,
there exists an open neighborhood O () such that VT, 3¢ > T for which G (¢, K)N
(D\O(M)) # @. Then there exist nets t, — o0, & € G(t,, K) N (D\O(N)) =
G(ty, K) N (K\O(N)) such that & — & in D. Since § € clpyF(K), YT > 0,
we have £ € 9. On the other hand, £ € clp(K\O(N)) = K\O(N), which is a
contradiction. It remains to prove that )i is negatively semiinvariant. Let us prove
first the next equality
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0 G clpy (K) = Gt 0 clpy (K) (1.3)
=10

Let £ € ﬂ G(t clpy(K)). Then VYt > 1y, 3x, € clpy(K) such that § €
G(t, x;). Let 7o — 00. We can assume that x,, — x in D, x € fi. Hence, x,, €
{y € X | G(t,y) > &} and, on the other hand, x,, € clpy;F(K) C K, that
is, x;, € {y € X | G(t,y) > &} N K. In view of the compactness of this set
xe{ye X |G y) &} thatis, £ € G(t,x) C G, N) = G(¢, ﬂ chyj’(K)).
Hence, ﬂ G(t clpyF(K)) C G(t, ﬂ ch)/j'(K)) Since the inverse inclusion is

0bV10us (1 3) holds. Hence, we have
G, N) = G(t, ﬂ cZDy:'(K)) = ﬂ G(t cZDy (K))
D ﬂ chG(t Vs T(K)) = ﬂ ch U G(t,G(s, K))

o n ClD U G(t+s,K)= ﬂ+ ClD)/r (K) =
>t

=1

Let Z C D be (X, D)-attracting. Then for any neighborhood O(Z), there exists
T such that R C G(¢,N) C O(Z),Vt > T.Hence, R C clpZ. Therefore, N is
the minimal closed set attracting each B € Z(X). O

Remark 1.10. If D = X, then N is a global compact attractor of the m-semiflow
G. This result was proved in [4].

Remark 1.11. If in Theorem 1.7, G(¢; + 1, x) = G(t1,G(t2,x)), Vi1, € T4,
Vx € X, then the global attractor 3 is invariant.

Proof. We know that ® C G(¢,), V¢t € I';. Let us prove the inverse. For any
t,t € I'y, we have

G(t,N) C G, G(t,N) CGEt+17,N)

For any neighborhood O (M) of N in D, there exists T such that G(¢ + 7, N) C
OM), YVt > T. Since O(N) is arbitrary, we have G(¢,0N) C clpN = N. Hence,
N=GE,N), Ve e I'y. O

Proposition 1.3. Suppose that the conditions of Theorem 1.7 hold. Assume also
that the set K is connected in D and that G(t,”) : K — P(D) is upper
semicontinuous and has connected values for each t > 0 (with respect to the
topology of D). Then the global attractor R is connected in D.

Proof. Let % be not connected. Then N = A; U A,, where A; are compact sets in
D, and there exist neighborhoods O(A4;), O(A;) such that O(4;) N O(4,) = 0.
The set O(NM) = O(A1) U O(Az) is a neighborhood of N. There exists T such
that G(¢, K) € O(M), Yt > T. It is well known (see the proof of Theorem 1.6
or [15,33]) that an upper semicontinuous map with connected values maps any
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connected set into a connected one. Hence, G (¢, K) belongs completely to one of the
sets O(A;). Therefore, X C G(¢,|) C G(¢, K) C O(A;), which is a contradiction.
O

Lemma 1.6. Let G(¢t,-) : X — C(X) be an upper semicontinuous m-semiflow
and let D C X with continuous injection. If the set K is compact in D and
G(t,K) C D, Yt € I} then the last two conditions of Theorem 1.7 hold, that
is, clpG(t,M) C G(t,clpM), VM C K, and{y € X | G(¢t,y) > yo} N K are
compactin D, Yy, € D.

Proof. Let §€ € c¢lpG(t, M). Then there exist nets x, € M, & € G(t,x4)
such that & — & in D. Since c¢lpM is compact in D, there is no loss of
generality in assuming x, — x in D and x € c/pM. Since G(¢,-) : X — C(X)
is upper semicontinuous, G(f,-) is closed in X (see [3, p. 42]). Hence, as the
injection D C X is continuous, we have § € G(¢,clpM). Let us consider now an
arbitrary element yo € D. The inverse image of yo, G~ '(yo) = {y € X | G(t,y) >
Yo} is closed in X, because G(t, -) is upper semicontinuous (see [3, p. 40]). Hence,
G~ '(yo) is closed in D and then G~ (¢, yo) N K is compactin D. O

Remark 1.12. Theorems 1.1, 1.3, 1.4, and 1.7 generalize to the multivalued case
similar results in the single-valued case (see [7,40,53, 54]).

Remark 1.13. In [77] were proved some theorems concerning existence of attrac-
tors for multivalued semigroups. However, the author does not assume the semi-
group to satisfy the property G(#; + 2, x) C G(t1, G(f2)). Hence, it is not possible
in this case to obtain that the global attractor is negatively semiinvariant.

1.2 Comparison Between Trajectory and Global Attractors
for Evolution Systems

We have seen in the introduction to this chapter that there are three methods for
studying the asymptotic behavior of solutions of differential equations without
uniqueness of solutions: the method of multivalued semiflows, the method of
generalized semiflows, and the theory of trajectory attractors.

It is quite natural and interesting to make a comparison of the method of
trajectory attractors with the method of multivalued semiflows. In the case of
uniqueness of solutions, some results about the relationship between trajectory and
global attractors for semigroups can be found in [25, 26].

The aim of this section is to give a complete comparison between the approach
of multivalued semiflows and the approach of trajectory attractors in the useful case,
that is, when uniqueness of the Cauchy problem does not hold. Also, we apply the
general results to reaction-diffusion equations and the nonlinear wave equation.
These results are borrowed from [50].
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1.2.1 The Main Definitions

Let E, Ey be Banach spaces, E € E, with continuous embedding (it is possible
that E = Ej), and let

W = Loo(R; E) N C*(R; Ey),
Wt = Loo(Ry; E) N C(Ry; Eo)

We note that if f(-) € W™, then f(-) € C°(Ry; E) and

/Ol < 1/ | Loo i), Y1 = 0.

Let K be some set of solutions of an evolution system (usually we shall work with
evolution equations in partial derivatives) satisfying the following properties:

(K1) Kt cwt.
(K2) Forany z € E there exists ¢(-) € K such that ¢(0) = z.
(K3) ¢:():=9(-+1)€ KT, VT >0

It is important to notice that we do not assume any concatenation or continuity
properties for the elements from K as in the definition of generalized semiflows
[9]. Let us consider the translation semigroup {7'(¢)},, given by

T(t)e() =g(-+1).Vo()e K.

From (K 3), we obtain
THKt c KT, Vi=>o.

We note that
£:() = f()in C°(Ry; Ey) <
f,() = f(-)in C([0, M]; Eo),YM > 0.

If Iy, is the operator of restriction on [0, M], and [1; is the operator of restriction
on [0, 400), then

Y is compact in C'(Ry; Ey) <
Iy Y is compact in C([0, M]; Ey),VM > 0.

As before, for an arbitrary metric space Y, we denote by disty (A, B) the Hausdorff
semidistance from the set A to the set B, defined by

disty (A, B) = sup gnlfg ola,b),
€

a€A

where p(-, -) is the metric in Y.
We will use now the notation and definitions introduced in [26].
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Definition 1.10. The set U C K™ is called a trajectory attractor (with respect to
the space of trajectories K T in the topology C'*°(R; Ey)), if:

1. U is compact in C'(R; Ey) and bounded in Lo (R ; E).

2. U isinvariant, thatis, 7(t)U = U, YVt > 0.

3. U is an attracting set, that is, for every set B C K™, bounded in Loo(R4; E),
we have that for any M > 0,

dl'slc([o’M];Eo)(nM T(Z) B, Iy U) — 0, (1.4)

ast — o0o.

Definition 1.11. The function ¢(-) € W is called a complete trajectory for K, if
i) e KT,V heR,

where ¢, (s) = @(s + h).
Let K be the union of all complete trajectories for K .

Theorem 1.8. [26] If there exists an attracting set P C K™, which is compact in
C°(Ry; Ey) and bounded in Loo(Ry; E), then there exists a trajectory attractor
U C P and

U =I11K. (1.5)

As before, let us denote by P(E) (B(E), C(E)) the set of all nonempty (nonempty
bounded, nonempty closed) subsets of E. The following theorem is proved in a
similar way as in the previous section, where the particular case £ = Ej is
considered (see also [47,51]). We consider a multivalued semiflow G : Ry x E —
P(E) as given in Definition 1.1 of the previous section.

Definition 1.12. The set A C E is called a global (E, Ey)-attractor for G, if:

1. Ais compactin Ej and bounded in E;
2. ACG(t,A), YVt >=0.
3. For every bounded B C E

distg,(G(t,B),A) > 0, t — oo.

Of course, the global (E, Ey)-attractor is unique and the minimal closed set (in Ey)
attracting every bounded set of £. We put

o(B) = (el ((J G, BY).

5>0 t=s

It is wellknown (see Lemma 1.1) that y € w(B) if and only if there exist ¢, / oo
and &, € G(¢,, B) such that
& — yin E.
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Theorem 1.9. Let the m-semiflow G have an attracting set By, which is bounded
in E and compact in Ey. That is, for every B € B(E), we have

distg,(G(t, B), By) = 0, t — oo.

Also, let for anyt > 0 the map Ey > z+— G(t,z) C E¢ have closed graph.
Then G has the global (E, Ey)-attractor

A= U o(B) = w(By).

BeB(E)

If, moreover, the m-semiflow G is strict, then A is invariant, that is, A = G (t, A),
forallt > 0.

On the other hand, if A is a global (E, Ey)-attractor for G, then G is asymp-
totically compact, that is, for every t, /' oo, B € B(E), an arbitrary sequence
&, € G(t,, B) is precompact in Ey. Also, if, additionally, for any t > 0 the map z —
G(t,z) has closed graph in A C Ey (in the sense thatifz, - z€ A, yp >y € A
in Eo, where y, € G(t,z,), imply y € G(t,z2)), then A = Upegyw(B) = w(A).

Proof. First, forany B € B(E), the set w (B) is nonempty negatively semiinvariant,
compact in Ey and bounded in E. Also, it is the minimal closed set (in Ey)
attracting B.

Take a sequence &, € G(¢, B). Then

distg, (§,, Bo) — 0

and the compactness of By implies that &, is a precompact sequence in Ej. Hence,
o (B) is nonempty. Also, as it is obvious that w (B) C By and w (B) is a closed set
in Ey, we obtain that @ (B) is compact in E( and bounded in E.

The facts that w (B) is negatively semiinvariant and the minimal closed set (in
E)) attracting B can be proved in the same way as in Theorem 1.1.

Itis clear thenthat A = |J w(B) C By attracts every bounded set of E and
BeB(E)
is bounded in E. Also, it follows easily that A C G (¢, A) and that it is minimal. Let
us prove that A C w (By). Indeed, since

w(B)CG(t,ow(B)) C G(t,By),
we have

distg, (o (B),o (By))
= diStE() (G (Zv BO) , W (BO)) -0

as t — oo, and the result follows. Therefore, A = w (By), so that A is compact
in E().
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The invariance of A if the semiflow is strict is proved exactly in the same way as
in Remark 1.7.

Finally, arguing as in the first part of the theorem it is easy to show that for any
B € B (E) the set w (B) is non-empty, compact in Ey and the minimal closed set
(in Ej) attracting B. Also, since w (B) C A, the fact that the graph of G(¢,-) is
closed in A C E, implies that w (B) is negatively semi-invariant. It follows then
that 4 = Ugepx)w (B) = w (A) is also a (E, Eo)-global attractor, and as the

global (E, Ey)-attractor is unique, we have A = A.

1.2.2 Main Results

Now, let KT be some set of solutions of an evolution system satisfying properties
(K1)-(K3) given in the previous section. Then we can correctly construct the
followingmap G : Ry x E +— P(E):

G(t,2) = {p(t) : ¢() € KT, ¢(0) = z}. (1.6)

Lemma 1.7. The map G, defined by (1.6), is an m-semiflow.

Proof. According to (1.6), for every £ € G(t + s,z) we have £ = ¢(f + ), where
() € Kt, ¢(0) = z.So ¢(s) € G(s,z). Let us consider v(-) = T(s)p(-) =
@(- + ). From property (K3), we obtain v(-) € KT and v(0) = ¢(s). So v(t) =
ot +s5) =& € G(t,v(0)) = G(t,9(s) C G(t,G(s,2)). On the other hand, it is
obvious that G(0,z) =z, Vz€ E. O

Remark 1.14. By the way we have proved that (¢t + 5s) € G(t,¢(s)), ¥V ¢(-) €
KT, Vt,s>0

Remark 1.15. It does not follow that the m-semiflow G is strict, as the concatena-

tion function
v(t), 0 <t <s,

9(r) =
o) u(t—s), ©>s,

where v(-),u(-) € KT, v(s) = u(0) can be in general a function not belonging
to K.

The following result generalizes Corollary 2.1 in [26] to the multivalued case.
Theorem 1.10. Let U C K™ be a trajectory attractor in the space of trajectories

K™ in the topology C'**(Ry; E¢) and the following condition holds:

for every B € B(E), the set
B ={p() e KT |¢(0) € B} (1.7)
is bounded in Loo(R4; E).
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Then the m-semiflow G, defined by (2), has the global (E, Ey)-attractor A and
A=U(0). (1.8)

Proof. It is enough to prove that the set A, defined by (1.8), satisfies the conditions
of Definition 1.12.

U is bounded in Ly (R4; E), which implies the existence of C > 0 such
that ||u||Loo(R+;E) < C, VY u(-) € U, and then, ||u(t)||y < C,V t > 0. Hence,
lu(0)||z < C, so that A is bounded in E.

As U is compact in C'°(R; Ey), so A = U(0) is compact in Ej.

Let £ € A be arbitrary, so that § = u(0), where u(-) € U = T(¢)U. Hence, there
exists ¢(-) € U such that u(-) = T (¢t)p(-) = ¢(t + -), and then,

§ =u(0) = o) € G(r.9(0)) C G(t. A).

It follows that

ACG(t,A),Vt=>0.
Let B € B(E) be arbitrary. Then the corresponding set B C KT from (1.7) is
bounded in L (R4; E), so

dl'Sl‘C([O,I];EO)(HlT(Z‘)PB’, HlU) — 0, t = oo.

Thus, .
distg, (T (t)B|s=0, U(0)) - 0, t — oo,
and, finally,
distg,(G(t, B), A) - 0, t — oo.
It means that G has the global (E, Ey)-attractor A = U(0). O

Remark 1.16. In Theorem 2.1 from [26], the formula A = U(0) was established
in the multivalued case for a different type of global attractor, which is defined as
the minimal set attracting the sections B(t) of every set of trajectories B C K™,
bounded in Lo (Ry; E).

Corollary 1.2. Since U is invariant, we have A = U(0) = U(t), Vt > 0.

Theorem 1.11. If U is a trajectory attractor and A is a global (E, Ey)-attractor,
then U(0) C A.

If, moreover, A is invariant, that is A = G(t, A), ¥V t > 0 (in particular, this
holds if G is a strict m-semiflow), then U(0) = A.

Proof. Arguing as in the proof of Theorem 1.10, we can deduce that the set A=
U(0) is bounded in E, compact in Ey, and A C G(¢, A) for all ¢+ > 0. From the
definition of global (E, Ey)-attractor, we have

distg, (G(t, A), A) > 0, ast — oo.
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So A= U(0) C A.
Let A be invariant and let us consider the set

B ={p() € KT |0(0) € 4}.

Then ¢(t) € G(t,A) = A,V ¢ > 0, V ¢() € B. So, the set B is bounded in
Lo (R4; E), and arguing as in the proof of Theorem 1.10, we get

distg,(T(t)Bls=o, A) = 0, 1 — o0.

Therefore, 3
distg,(G(t, A),A) = 0, t — oo.

Then A C A and, finally, A = A = U(0). O
Now, we give an example which shows the importance of condition (1.7).

Example 1.1. Let E = E; = R4 and let us consider the following differential
inclusion
i(r) < (1) +2, (1.9)

or equivalently
i(t) € (—oo, u*(t) + 2]. (1.10)

The function u(+) is called a solution of (1.10) if it an absolutely continuous function
and satisfies (1.9) almost everywhere.
We define

KT = {u(-) is a solution of (1.10), u(-) € Leo(R4),
u(t) > 0,and for any t > 0, we have
u(t +1t) =0, Vt>supu(s)}.

s>t
Then we immediately obtain that for any u(-) € K,

ut) =0, Vi = |ufo = supfu)].
>0

Moreover, K™ C WT and K™ # @, because 0 € K. Let us verify conditions
(K2), (K3).
For any uy € R, there exists u(-) € K such that u(0) = ug. For example,

—t 4+ uo, t€[0,ug,
1) =
M( ) 0, t>uy.
Indeed, u(:) is a solution, u(-) € Loo(Ry), |u|lse = o, and for any v > 0, we get
ut +1t)=0,Vt>supu(s) = u(r).

S>T
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Finally, for all 7o > 0 and all u(-) € KT, we have v(-) = u(- + 19) € KT, as
v(-) is a solution, v(-) € Loo(R4), v(¢) > 0 and for any t > 0, we have v(¢ + 1) =
ut + v+ 1) =0,V1t >supu(s + o) = supv(s).

§>T s>T
So, K satisfies conditions (K1)—(K3). Further, for any set B C K, bounded
in Loo(R4), we can find a constant ¢ > 0 such that |u|, < ¢, ¥V u(-) € B. So,
u(t) =0, VYt > c, and then for any M > 0, we have

max |T(t)u(s) — 0] = max |u(s +1)| =0,
s€[0,M] sE€[0,M]

for all t > c. Therefore, U = {0} is a trajectory attractor in the space of trajectories
KT,
On the other hand, the set

() € K* 1 u(0) = up)
is unbounded in Lo (R4 ) for every ug > 0 (in particular, condition (1.7) does not

hold!). Indeed, if for every N > u, we consider the following absolutely continuous
function

1 1 1
T, fE[O,M—O—N,
o

U()

0, t>N,
then we have that uy (0) = ug, uy(-) is a solution, uy(-) € Loo(R4), un(t) > 0,
lun|loo = N, and
1 1
N, T €E [O’u_()_ﬁ]’
I}lZaTXLtN(S) =uy(t)>N-—-1, 1€ Luio - ﬁ,N],
0, 7> N.

So, forany T > 0, we have uy (t + t) = 0, V ¢ > supuy (s), and, therefore,
S>T

uyn(-) € {u(-) € KT :u(0) = up},

but [|uy | o — 00, as N — oo.
If wetake ty = % oo, thenforéy = un(ty) € G(ty, up), we have Ey — o0,
and from the second part of Theorem 1.9, we deduce that G has no global attractor.

Theorem 1.12. Let A be a global (E, Ey)-attractor of the m-semiflow G, defined
by (1.6), and let the following condition holds:
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for any {@,(-)} C K Tsatisfying
¢n(0) = ¢o € Ain Ej.
there exists p(-) € KT, ¢(0) = ¢, (1.11)
such that for some subsequence
on(t) = @) in Ey, Yt > 0.

Then the formula
U=1I;+{p()eK : ¢(0) e A} =1+ K (1.12)

defines a trajectory attractor in the space of trajectories K.
Proof. We shall split the proof in several lemmas.

Lemma 1.8. The second equality in (1.12) is true. Moreover, for any ¢ € K, we
have that ¢(t) € A, foranyt € R.

Proof. Note that for every ¢(-) € K, we have ¢(-) € W, so that there exists ¢ > 0
such that ||¢(s)||[g < ¢,V s € R.Then B = (g ¢(s) is bounded in E. Moreover,
foranyt > 0,5 € R, ¢(:) € K,

¢(s +1) = ¢;(t) € G(t,95(0))
= G(1.9(s)) C G(1, B).

Then as A attracts B, for any T € R and any € > 0, one can choose s and ¢ such that
distg,(¢(t), A) = distg,(o(s + 1), A) < e.

So, p(tr) € A, V © € R. In particular, ¢(0) € A. Therefore, the second equality in
(1.6) is true. O

Now, we prove that the set U is nonempty and bounded.

Lemma 1.9. The set U, defined by (1.12), is nonempty and bounded in
Loo(R+;E)~

Proof. Let z € A be arbitrary. We note that condition (1.11) implies that the graph
of G (¢,-) is closed in A C Ey. Then from the second part of Theorem 1.9, z €
w(A). So there exist &, € G(t,, A) such that £, — z in Ey. Therefore, there exist
@u(-) € KT, for which ¢, (t,) = &, and ¢, (0) € A.

Let us consider ¥ (-) = @,(- + 1,) € K*. Then ¥°(0) — z in Ey, so that from
(1.11), there exists ¥°(-) € K™ satisfying ¥/°(0) = z such that up to a subsequence
Yo(t) — ¥O(1), ¥t > 0. Since ¥°(t) = @, (t + t,), by Theorem 1.9 ¥°(¢) € A,
forallt > 0.

Further, we consider 1//,1 () =@u(- +t,—1)) € K*t.Ast,—t; — oo, the sequence
¥ 1(0) = @, (t, — 11) has a subsequence converging to some element of A. Thus, by
(1.11), there exists ¥'(-) € K such that for some subsequence ¥/ (1) — ¥ (1),
Vit >0,and ! (t) € A, ¥V ¢t > 0. Also, from the equality
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Uit +n)=v>@1), V>0,

we have
Yl +n)=v°(1). Vi=0.

Arguing inductively we obtain that for any k > 1, there exists a function ¥/ (-) €
K7 such that y*(¢) € A4, forany ¢ > 0, and

Y+ = tm) = YN0, Y2 0,
For any ¢ € R, we put
V() == Yr (4 1) 1 =~
Then ¥ (+) is correctly defined, as for t > —1y,
VN A+ ) = TN B e ) = 90+ ).

So ¥ () € C'(R; Eg) and from y*(t) € A, V¢t > 0, we have that () € A,
V t € R. In particular, ¥ (-) € W.

Moreover, for any i1 € R, there exists #; such that # + #; > 0. Hence, for any
s > 0,wehave s + h > —t; and Y, (s) = Y (s +h) = ¥*(s + h + ). Thus,
My () = T(h + t;)y*(-) € KT and ¥ (-) are a complete trajectory such that

V(0) =y @) = v (o) = ... = ¥°(0) =z.So K # @and U # 0.
Finally, by Lemma 1.8, for all ¢(-) € Kand 7 € R, we have ¢(t) € A, so that U
is bounded in Lo (R4; E). O

Let us prove now the compacity of U in C'*(R; Ep).
Lemma 1.10. The set U is compact in C'* (R4 ; Ey).

Proof. Let {¢,(-)} C U be arbitrary. Then {¢,(0)} € A is precompact in Ey, so
that passing to a subsequence ¢,(0) — ¢ € A in Ey. Thus, from (1.11), there
exists ¢(-) € K1 with ¢(0) = ¢ such that ¢,(1) — ¢(t), for any ¢ > 0. Since
@n (), 9(-) € C°(Ry; Ep), according to Theorem 2.2 in [9], we can deduce that
on(-) = @()in C([8, M]; Eo), VY 8§ > 0, M > §. (In fact, the trajectories in Theorem
2.2 from [9] are assumed to satisfy also the concatenation property, but in the proof,
this fact is not used.).

Now we shall use again some arguments borrowed from [9] in order to prove that
for t, — 0, we have ¢, (t,) — ¢o. If it is not true, then there exist & > 0, N(e) and
a subsequence such that

l@n(tn) — @0l £, = &,
and
len(0) = @oll £, < &.if n = N.
As @, () € C°°([0, 00); Ey), there exist s, € [0, 1,] such that ||@,(s,) — oz, = &.
But {¢,(-)} C U, sothat {¢,(s,)} C Aisprecompactin £, and up to a subsequence
¢n(sy) = z € A in Ey. Therefore,
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lz—eollz, = e. (1.13)

Let us consider v,(-) = T(s,)e,(-) € KT, for which v,(0) — z in Ey. Then
there exists ¥(-) € K with ¥(0) = z such that v, (1) = @u(s, + 1) — ¥ (1)
in Eo, for any + > 0. But for all # > 0, we have ¢,(s, +t) — ¢(t) in Ey, so
o) = y(t), Yt > 0,and due to the continuity of ¢(-) and ¥ (-) on [0, co), we have
©(0) = ¢ = ¥ (0) = z. This is a contradiction with (1.13).

Thus, for any sequence {¢,(-)} C U, there exists ¢(-) € KT such that for some
subsequence ¢,(-) — ¢(-) in C'°(Ry: Ep). As ¢,(t) € A, ¥ t > 0, we have
() e A, ¥t >0.

Let us prove that ¢(-) = T4y (), where ¥ (-) € K. Since ¢,(-) € I1+K, there
exists ¢, (-) € K such that ¢,(t) = ¢,(t), V t > 0. It follows from Lemma 1.8 that
@n(t) € A, forall t € R. Then in a similar way as in Lemma 1.9, one can prove the
existence of ¢_(-) € KT such that, up to a subsequence,

@n(t—1) > @o_1(t)in Ey, V1t >0,
and, moreover, ¢(f) = ¢—1(t + 1), V¢t > 0, o_1(t) € A, Vt > 0. Arguing
inductively, we obtain that for any k > 1, the existence of a function ¢p_;(-) € K +
such that, up to a subsequence,

@n(t —k) = ¢ (t) in Eg,V 1 >0,
and, moreover, p(t) = p_x(t + k), Vt >0,¢_(t) € A,Vt >0, and

okt +k)=¢p41(t +k+1), Vi>—k.
So, we can correctly define the following map
V() == @i (t + k), ift > —k.

We have ¥(t) € A,V t € R, so that ¥ (-) € W. Also, as for any & € R, there exists
k such that h +k > 0, we have s + h > —k, Vs > 0, and Y, (s) = ¥ (s + h) =
¢—i(s + h + k). Thus,

Myyn() = T(h+k)p—i() € KF

and, moreover, ¥ (s) = ¢(s), Vs > 0. So, ¢(-) = [T+ (), where ¢ (-) € K.
The compacity of U in C'°°(R; Ey) is then proved. O

We shall prove now that U is an attracting set.
Lemma 1.11. Forany B C K™, boundedin Loo(Ry; E), we have that (1.4) holds.
Proof. Let B C K be bounded in Lo (R ; E). We shall prove that
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diStC([O.M];EO) (ITyT (t) B,I[TyyU) — 0, ast — oo.

By contradiction suppose the existence of ¢ > 0, M > 0 and sequences #, — oo,
vy () € B such that

diStC([OleéEo) (HMVn (tn +).1IyU) > & Vn. (1.14)

We note that B C K™ is bounded in Lo, (R4: E), so that there exists ¢ > 0
such that ||v (t)||; < ¢, forallt > 0, v(-) € B. Since v, (t,) € G (t,,v, (0)) C
G (ty, B.), where B, = {v € E : ||v||p < c}, it follows from Theorem 1.9 that up
to a subsequence v, (f,) — z € A.

Then arguing exactly in the same way as in the proof of the compacity of U,
we obtain that ¢, (-) = v, (t, 4+ -) converges in C ([0, M];Ry), for any M > 0,
to some ¢ (-) € K*. Moreover, ¢ () = Iy (-) for some ¥ (-) € K. Hence,
¢ (-) € U, which contradicts (1.14). O

As a consequence of Lemmas 1.8-1.11, we obtain that U C KT is compact in
C°°(R4; Eo) and bounded in Lo (R4 E). Moreover, it is an attracting set in the
sense of Definition 1.10 and equality (1.12) holds. Therefore, from Theorem 1.8
and formula (1.5), we have that U is a trajectory attractor in the space of trajectories
K. The theorem is proved. O

Now, we give an example which the shows the importance of condition (1.11).

Example 1.2. Let us consider again the differential inclusion
() < u’(1) + 2,
with E = Ey = R, but now, we choose KT in the following way:

K* = {u(-)is a solution, u(-) € Loo(Ry),
u(t) > 0, and for any T > 0, we have

u(t +1) <1, vVt > u(r)}.

In particular, u(t) < 1, V¢ > u(0). Then we have K™ # @, because u(t) = 0
belongs to K. Moreover, for any uy € R, there exists some u(-) € K. For
example,

—t + up, t € [0, uo],

0, > uo,

u(t) =

such that u(0) = uo. Finally, for any 7o > 0 and u(-) € K, we have that v(-) =
u(- + 19) is a solution, v(-) € L*°(R4), v(t) > 0, and for all T > 0,

vit+t)=ult+t+1) <1, Vt>ulr+ 1) =v().
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Then K7 satisfies conditions (K1)—(K3), and we can construct an m-semiflow G
by the formula (1.6). This m-semiflow has the global attractor A = [0, 1]. Indeed,
A = [0, 1] is compact, and A C G(¢, A), as for any uy € A = [0, 1], the function
u(t) = ug belongs to K. Let B C Ry be an arbitrary bounded set. Then for some
¢ > 0,wehaveuy < c,if ug € B, and then u(t) € [0,1], V¢t > up, Y u(-) € K+
such that u(0) = uy, implies that

u(t) € 0,1], Vi > c.

Hence,
G(t,B) C A, Vit >c.

Then from Definition 1.12, we deduce that A is a global attractor for the
m-semiflow G.
Condition (1.11) does not hold. Indeed, let us put for up = 1 € A, and for any
N > 1,
gt + %), t1ef0,2—1],
uy(t) = _1—%#"‘ e relz—+.1]

1-5+5°
O’ t 2 1’

where ay =1g(5 — %). Then uy(0) = 1 € A and uy (-) is a solution. It is easy to
check that for any 7 > 0, we have t + un(t) > 1,s0uy(-) € K7*.But

b4 -7
uN(—)zocN-—l—>oo, as N — oo,
4 1 + 5

FNE]

so that there is no function u(-) € K*, with u(0) = 1, such that for some subsequence
uN(%) — u(%), as N — oo, and then condition (1.11) does not hold.

Let us prove that there is no trajectory attractor in the space of trajectories K.
For this purpose, it is enough to prove that there exist sequences t, /" 0o, {¢,(-)} C
K™, where the last one is bounded in L (R.), such that the sequence {7 (t,,)@, (-)}
is not precompact in C([0, M) for some M > 0.

Let us consider for n > 2 the following periodic functions with period 2:

1, telo1],
ou(t) = —nt+1+n, 1€[l,1+1]
B == NN | ) §

Then for any ¢ > 0, we have ¢,(¢) € [0, 1], so that {¢,(-)} is bounded in Loo(R4).
Also, ¢, (+) is a solution, so it belongs to K *. Further, for 7, = 2n, we have

V(1) i = T () @n () = @u(- + 2n) = @u(*).

Let us prove that {v, ()} is not precompact in C([0, 2]). We note that from
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[ () — @u(s)| = nft —s],

forany z,s € [1,1 + %], it follows that the sequence ¢, (-) is not equicontinuous.
Then the result follows from the Ascoli—Arzela compactness criterion.
Therefore, there is no trajectory attractor in the space of trajectories K .

1.2.3 Some Model Applications

1.2.3.1 Reaction-Diffusion Equations

Let us consider the problem

D) — g Aut, x) — f(u(t,x)) + h(x),
(t,x) € (0, 400) x 2, (1.15)
“(t7x)|x€352 =0, M(O, X) = I/l()(x),

where a > 0 is a constant, £2 C R” is a bounded open subset with smooth boundary
02, f € C(R), h € Ly(£2), and the following condition holds: there exist
Cy, C, >0, @ >0, p> 2such that for all u € R, we have

| fw)] < Ci(1 + ulP™h),
fuu > alu|? — C,. (1.16)

We shall define a weak solution of (1.15) as a function from
L0, +o00; Hy (£2)) N LY*(0, +00; L, (£2))

which satisfies the equation in (1.15) in the sense of scalar distribution on each
interval (0, 7). It is known [25] that for every uy € L,($2), problem (1.15) under
conditions (1.16) has at least one weak solution with u(0) = ug, and each weak
solution belongs to

C([0, +-00); L2(£2)).

It is proved in [51] (see also [46] for the more general case of reaction-diffusion
systems) that for each weak solution of (1.15), the following estimates hold:

WO < WOPe™ + S + 1), Vi 20, (117)

where | - | is the norm in L,(§2) and the positive constants §, C3 depend only on
the constants of problem (1.15). Moreover, for every sequence of weak solutions
{t"(-)}, with u" (0) — ug in L,(£2), there exists a subsequence (denoted again by
u") and a weak solution u(-), u(0) = u, such that
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u"(t) — u(t)in L,(82), V¢t > 0. (1.18)

We denote
E = Ey= Ly(£2),

and let KT be the set of all weak solutions of problem (1.15). From [51] (see also
[46]), the m-semiflow G, defined by (1.6), has the global (E, E)-attractor A, which
is invariant, stable, and a connected subset of the phase space E.

From (1.18), we obtain that condition (1.11) of Theorem 1.12 holds, so that
there exists a trajectory attractor U in the space of trajectories K in the topology
Cl°°(R4; L,(£2)), which is given by formula (1.12). Moreover, by Theorems 1.10
or 1.11, we have A = U(0).

We note that in [22], it is proved the existence of a trajectory attractor in the space
of trajectories K™ with respect to a suitable local weak convergence topology of the
space

ng 0,400 E)N L’Z"C (0, 4o00; HOl (£2))
ML (0, +-00: L, (£2))
N{v|odve Lf]"C(O, +o00; H7"(£2))},
r=1/2—-1/p, 1/p+1/qg = 1.
Hence, our result concerning the trajectory attractor is sharper. Moreover, we have
established the relation A = U(0).

We note that in [46,49], it is considered a system of reaction-diffusion equations
instead of a scalar equation. Under some conditions rather similar to thatin (1.16), it
is proved the existence of a global compact invariant connected attractor in the phase
space E = Eg = (L,(£2))?. Arguing in the same way as before, we can prove in this
more general case the existence of a trajectory attractor in the space of trajectories
K in the topology C'*(R: (L,(£2))?), which is given by formula (1.12). Also,
U(0) = A. Again, this result is sharper than the one in [22].

Also, in [46,49], the result on the existence of the global attractor is applied to the
complex Ginzburg-Landau equation and to the Lotka—Volterra system. We obtain
that our result about the trajectory attractor is also true for these equations under the
same conditions used in that papers.

(1.19)

1.2.3.2 Hyperbolic Equation with Dissipation
Let us consider the problem

Uy + yu, = Au— f(u) + h(x),
(t,x) € (0, 400) x £2, (1.20)
u(t, x)|vese = 0, u(0,x) = up(x),

where y > 0, £2 C R” is a bounded open subset with smooth boundary 952, n > 3,
f € C(R), h € Ly(£2), and the following condition holds: there exists C > 0
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such that for any u € R,

| f(w)] < C( + |u|7=2),

liminf L% > —},,
lul>o0 M

(1.21)

where A; > 0 is the first eigenvalue of —A in H,.

We shall denote by |-|, (-,+) and |||, ((-, -)) the norm and scalar productin L,($2)
and H| (£2), respectively.

The phase space of problem (1.20) is the space

E = Ey = Hy(2) x Ly(R2).

u(+)
L[o‘jf (0, 400; E), which satisfies the equation in (1.20) in the sense of scalar
distribution on each interval (0, 7"). It is known [10] that for every ¢y € E, problem
(1.20) under condition (1.21) has at least one weak solution with ¢(0) = ¢,, and
each weak solution belongs to

We shall define a weak solution of (1.20) as a function ¢(-) = (u() ) €

C¢([0, +00); E).

Also by Theorem 3.6 in [10], we have that for each weak solution of (1.20) the
following estimate holds:
(O + lu(®)]> < Crllu ) + [u(0) || =
+C(1+1h»). V1 =0,

(1.22)

where the positive constants C;, C, depend only on the constants of problem (1.20).
Moreover, for every sequence of weak solutions {¢"(-)} with ¢"(0) — ¢ in E,
there exists some subsequence (denoted again by ¢") and a weak solution ¢(-), with
©(0) = @y, such that

¢"(t) > p@)inE, Vt>0. (1.23)

Let KT be a set of all weak solutions of problem (1.20). From [10], the m-semiflow
G, defined by (1.6), has a global (E, E)-attractor A, which is invariant, stable, and
a connected subset of the phase space E.

From (1.23), we obtain that condition (1.11) of Theorem 1.12 holds, so there
exists a trajectory attractor U in the space of trajectories K in the topology
C'°(R4; E), which is given by formula (1.12). Also, by Theorem 1.10 or 1.11,
we have A = U(0).

We note that in [23], under different conditions than the ones in (1.21), the
existence of a trajectory attractor in a specially constructed space of trajectories
was proved. If we consider similar arguments as in [23] under condition (1.21),
then we can obtain the existence of a trajectory attractor in the space of trajectories
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Kt = {(p(-) = ( u(()) )} with respect to a suitable local weak-star topology of the
U

Space
L¢(0, +00; E) N {0%u € LI2(0, +00; HT1(2))}.

Hence, we have obtained a sharper result concerning the trajectory attractor.
Moreover, we have established the relation A = U(0).

References

1. Arrieta JM, Rodriguez-Bernal A, Valero J (2006) Dynamics of a reaction-diffusion equation
with a discontinuous nonlinearity. Internat J Bifur Chaos doi:10.1142/50218127406016586
2. Aubin J-P, Cellina A (1984) Differential inclusions. Springer, Berlin
3. Aubin J-P, Frankowska H (1990) Set-valued analysis. Birkhauser, Boston
4. Babin AV (1995) Attractor of the generalized semigroup generated by an elliptic equa-
tion in a cylindrical domain. Russian Academy of Sciences. Izvestiya Math. doi:10.1070/
IM1995v044n02ABEH001594
5. Babin AV, Vishik MI (1985) Maximal attractors of semigroups corresponding to evolutionary
differential equations. Math Sbornik 126:397-419
6. Babin AV, Vishik MI (1986) Maximal attractors of semigroups, corresponding to evolution
differential equations. Math USSR Sb doi:10.1070/SM1986v054n02ABEH002976
7. Babin AV, Vishik MI (1989) Attractors of evolution equations. Nauka, Moscow
8. Balibrea F, Caraballo T, Kloeden PE, Valero J (2010) Recent developments in dynamical
systems: Three perspectives. Int J Bifur Chaos doi:10.1142/S0218127410027246
9. Ball JM (1997) Continuity properties and global attractors of generalized semiflows and the
Navier—Stokes equations. J Nonlinear Sci. doi:10.1007/s003329900037
10. Ball JM (2004) Global attractors for damped semilinear wave equations. DCDS.
doi:10.3934/dcds.2004.10.31
11. Barbashin EA (1948) On the theoy of generalized dynamical systems. Moskov Gos Ped Inst
Uchen Zap 135:110-133
12. Barbu V (1976) Nonlinear semigroups and differential equations in Banach spaces. Editura
Academiei Noordhoff International Publishing, Bucuresti
13. Bessaih H, Flandoli F (2000) Weak attractor for a dissipative Euler equation. J Dyn Differ
Equat. doi:10.1023/A:1009042520953
14. Birnir B, Svanstedt N (2004) Existence and strong attractors for the Rayleigh-Bénard problem
with a large aspect radio. Discrete Contin Dyn Syst. doi:10.3934/dcds.2004.10.53
15. Borisovich AV, Gelman BI, Myskis AD, Obukhovskii VV (1986) Introduction to the theory of
multivalued maps. VGU, Voronezh
16. Brezis H (1972) Problemes unilateraux. J Math Pures Appl 51:377-406
17. Brezis H (1984) Analisis funcional. Alianza Editorial, Madrid
18. Caraballo T, Langa J, Valero J (2002) Global attractors of multivalued random dynamical
systems. Nonlinear Anal doi:10.1016/S0362-546X(00)00216-9
19. Caraballo T, Marin-Rubio P, Robinson JC (2003) A comparison between two the-
ories for multi-valued semiflows and their asymptotic behavior. Set Valued Anal.
doi:10.1023/A:1024422619616
20. Caraballo T, Marin-Rubio P, Valero J (2005) Autonomous and non-autonomous attractors for
differential equations with delays. J Differ Equat doi:10.1016/j.jde.2003.09.008
21. Cheban D, Fakeeh D (1994) Global attractors of the dynamical systems without uniqueness.
Sigma, Kishinev



34

22.

23

24.

25.

26.

27.

28.

29

30.

31.

32.

33.
34.

35.

36.

37.
38.
. Hale JK, Lasalle JP (1972) Theory of a general class of dissipative processes. J Math Anal

39

40.

41.

42.

43.

44,

45.

46.

47.

48.

1 Abstract Theory of Multivalued Semiflows

Chepyzhov VV, Vishik MI (1996) Trajectory attractors for reaction-diffusion systems. Topol
Meth Nonlinear Anal 7:49-76

. Chepyzhov VYV, Vishik MI (1997) Evolution equations and their trajectory attractors. J Math

Pure Appl. doi:10.1016/S0021-7824(97)89978-3

Chepyzhov VV, Vishik MI (1997) Trajectory attractors for evolution equations. C R Acad Sci
Paris 321:1309-1314

Chepyzhov VYV, Vishik MI (2002) Attractors for equations of mathematical physics. American
Mathematical Society, RI

Chepyzhov VYV, Vishik MI (2002) Trajectory and global attractors for 3D Navier—Stokes
system. Mat Zametki doi:10.1023/A:1014190629738

Cheskidov A, Foias C (2006) On global attractors of the 3D Navier—Stokes equations. J Differ
Equat. doi:10.1016/j.jde.2006.08.021

Chueshov ID (1993) Global attractors of nonlinear problems of the Mathematical Physics. Russ
Math Surv. doi:10.1070/RM1993v048n03ABEH001033

. Constantin P (2007) On the Euler equations of incompressible fluids. Bull Am Math Soc

44:603-621

Cutland NJ (2005) Global attractors for small samples and germs of 3D Navier—Stokes
equations. Nonlinear Anal. doi:10.1016/j.na.2005.02.114

Diaz JI, Hernandez J, Tello L (1997) On the multiplicity of equilibrium solutions to a
nonlinear diffusion equation on a manifold arising in Climatology. J Math Anal Appl.
doi:10.1006/jmaa.1997.5691

Elmounir O, Simonolar F (2000) Abstracteurs compacts pur des problemes d’evolution sans
unicité. Annales de la Facult € des Sciences de Toulouse Série 6 IX:631-654

Fedorchuk VYV, Filippov VV (1988) General topology. MGU, Moscow

Flandoli F, Schmalfuss B (1999) Weak solutions and attractors for three-dimensional Navier—
Stokes equations with nonregular force. J Dyn Differ Equat doi:10.1023/A:1021937715194
Foias C, Temam R (1987) The connection between the Navier—Stokes equations, dynamical
systems and turbulence theory. In: Directions in partial differential equations. Academic,
New York, pp. 55-73

Gobbino M, Sardella M (1997) On the connectedness of attractors for dynamical systems.
J Differ Equat. doi:10.1006/jdeq.1996.3166

Hale JK (1977) Introduction to functional differential equations. Springer, New York

Hale JK (1988) Asymptotic behavior of dissipative systems. AMS, RI

Appl. doi:10.1016/0022-247X(72)90233-8

Haraux A (1988) Attractors of asymptotically compact processes and applications to nonlinear
partial differential equations. Comm Part Differ Equat 13:1383-1414

Hetzer G (2001) The shift-semiflow of a multivalued equation from climate modeling.
Nonlinear Anal doi:10.1016/S0362-546X(01)00412-6

Hu S, Papageorgiou NS (1997) Handbook of multivalued analysis, volume I: Theory. Kluwer,
Dordrecht

Iovane G, Kapustyan OV (2006) Global attractors for non-autonomous wave equation without
uniqueness of solution. Syst Res Inform Technol 2:107-120

Kapustyan AV, Melnik VS (1999) On global attractors of multivalued semidynamical systems
and their approximations. Dokl Akad Nauk 366:445-448

Kapustyan AV, Valero J (2000) Attractors of multivalued semiflows generated by differential
inclusions and their approximations. Abstr Appl Anal 5:33-46

Kapustyan AV, Valero J (2006) On the connectedness and asymptotic behavior of solutions of
reaction-diffusion systems. J Math Anal Appl doi:10.1016/j.jmaa.2005.10.042

Kapustyan AV, Melnik VS, Valero J (2003) Attractors of multivalued dynamical processes
generated by phase-field equations. Int J Biff Chaos doi:10.1142/S0218127403007801
Kapustyan OV, Valero J (2007) Weak and strong attractors for 3D Navier—Stokes system.
J Differ Equat. doi:10.1016/j.jde.2007.06.008



References 35

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

Kapustyan OV, Valero J (2009) On the Kneser property for the Ginzburg—-Landau equation and
the Lotka—Volterra system with diffusion. J Math Anal Appl. doi:10.1016/j.jmaa.2009.04.010
Kapustyan OV, Valero J (2010) Comparison between trajectory and global attrac-
tors for evolution systems without uniqueness of solutions. Int J Bifur Chaos.
doi:10.1142/50218127410027313

Kapustyan OV, Mel’'nik VS, Valero J, Yasinsky VV (2008) Global atractors of multi-valued
dynamical systems and evolution equations without uniqueness. Naukova Dumka, Kyiv
Ladyzhenskaya OA (1972) Dynamical system, generated by Navier—Stokes equations. Zap
Nauch Sem LOMI 27:91-115

Ladyzhenskaya OA (1990) Some comments to my papers on the theory of attractors for abstract
semigroups. Zap Nauchn Sem LOMI 188:102-112

Ladyzhenskaya OA (1991) Attractors for semigroups and evolution equations. University
Press, Cambridge

Malek J, Necas J (1996) A finite-dimensional attractor for three dimensional flow of incom-
presible fluids. J Differ Equat doi:10.1006/jdeq.1996.0080

Malek J, Prazak D (2002) Large time behavior via the method of I-trajectories. J Differ Equat
doi:10.1006/jdeq.2001.4087

Melnik VS (1994) Multivalued dynamics of non-linear infinite-dimensional systems. Preprint
94-71, Acad Sci Ukraine

Melnik VS (1995) Families of multi-valued semiflows and their attractors. Dokl Ross Akad
Nauk 343:302-305

Melnik VS (1995) Multivalued semidynamic systems and their attractors. Dokl Akad Nauk
Ukraini 2:22-27

Melnik VS, Valero J (1996) On multivalued dynamical systems which are deliveried by
evolution inclusions. In: Proceedings of the nonlinear oscillations conference, Praga, 9-13 Sept
1996, pp. 139-142

Melnik VS, Valero J (1997) On attractors of multivalued semidynamical systems generated by
evolution inclusions. Dokl Ross Akad Nauk

Melnik VS, Valero J (1997) On attractors of multivalued semidynamical systems in infinite
dimensional spaces. Preprint, Universidad de Murcia 5:45

Melnik VS, Valero J (1998) On attractors of multivalued semiflows and differential inclusions.
Set Valued Anal. doi:10.1023/A:1008608431399

Mielke A, Zelik SV (2002) Infinite-dimensional trajectory attractors of elliptoc boundary-value
problems in cylindrical domains. Russ Math Surv doi: 10.1070/RM2002v057n04ABEH000550
Morillas F, Valero J (2005) Attractors for reaction-diffusion equations in RY with continuous
nonlinearity. Asymptot Anal 44:111-130

Morillas F, Valero J (2009) A Peano’s theorem and attractors for lattice dynamical systems. Int
J Bifur Chaos. doi:10.1142/50218127409023196

Norman DE (2001) Chemically reacting fluid flows: Weak solutions and global attractors.
J Differ Equat doi:10.1006/jdeq.1998.3500

Otani M (1977) On existence of strong solutions for % + oy (u@) — 0w () > f ().
J Fac Sci Univ Tokio Sect IA Math 24:575-605

Otani M (1984) Nonmonotone perturbations for nonlinear parabolic equations associ-
ated with subdifferential operators, periodic problems. J Differ Equat. doi:10.1016/0022-
0396(84)90161-X

Papageorgiuou NS, Papalini F (1996) On the structure of the solution set of evolution inclusions
with time-dependent subdifferentials. Acta Math Univ Comenianae 65:33-51

Rossi R, Segatti A, Stefanelli U (2008) Attractors for gradient flows of non convex functionals
and appplications. Arch Rational Mech Anal. doi:10.1007/s00205-007-0078-0

Schimperna G (2007) Global attractors for Cahn—Hilliard equations with nonconstant mobility.
Nonlinearity. doi:10.1088/0951-7715/20/8/010

Segatti A (2007) On the hyperbolic relaxation of the Cahn-Hilliard equation
in 3D: Approximation and long time behaviour. Math Models Meth Appl Sci.
doi:10.1142/50218202507001978



36

74.

75.
76.

7.

78.

79.

80.

81.

82.

83.

84.

85.

86.
87.

1 Abstract Theory of Multivalued Semiflows

Sell GR (1996) Global attractors for the three-dimensional Navier—Stokes equations. J Dyn
Differ Equat. doi:10.1007/BF02218613

Sell GR, You Y (1995) Dynamics of evolutionary equations. Springer, New-York

Shnirelman A (1997) On the nonuniqueness of weak solution of the Euler equation. Comm
Pure Appl Math L:261-1286

Shuhong F (1995) Global attractor for general nonautonomous dynamical systems. Nonlinear
World 2:191-216

Temam R (1988) Infinite-dimensional dynamical systems in mechanics and physics. Springer,
New York

Tolstonogov AA (1992) On solutions of evolution inclusions I. Siberian Math
J. doi:10.1007/BF00970899

Tolstonogov AA, Umanskii Yal (1992) On solutions of evolution inclusions II. Siberian Math
J. doi:10.1007/BF00971135

Valero J (1994) Attractors of both semidynamic systems and evolutionary inclusions. Dokl
Akad Nauk Ukraini 5:7-11

Valero J (1995) On attractors of evolutionary inclusions in Banach spaces. Ukrainian Math
J. doi:10.1007/BF01059043

Valero J (2000) Finite and infinite dimensional attractors of multivalued reaction-diffusion
equations. Acta Math Hung. doi:10.1023/A:1006769315268

Valero J (2001) Attractors of parabolic equations without uniqueness. J Dyn Differ Equat.
doi:10.1023/A:1016642525800

Vrabie II (1997) Compactness methods for nonlinear equations. Pitman Longman, London
Willard S (1970) General topology. Addison-Wesley, MA

Yamazaki N (2004) Attractors of asymptotically periodic multivalued dynamical systems
governed by time-dependent subdifferentials. Elec J Differ Equat 107:1-22



Chapter 2
Auxiliary Properties of Evolution Inclusions
Solutions for Earth Data Processing

A great number of collectives of mathematicians, mechanicians, geophysicists
(mainly theorists), engineers goes in for qualitative investigation of nonlinear math-
ematical models of evolution processes and fields of different nature, in particular,
problems deal with the dynamics of solutions of non-stationary problems. Far from
complete list of results concern the given direction is in works [4,5,7,9-17, 19].
The last results deal with the studying of multivalued, in general case, dynamics
of solutions of mathematical models with nonlinear, nonsmooth, nonmonotonic
interaction functions as a rule are based on the theory of global and trajectory
attractors for m-semiflows of solutions [4,21,24,37]. At that, properties for solutions
of considered evolution problem concern with dissipativity of system and closedness
(in certain sense) of resolving operator [4, 10, 11,21, 24,32,36,37]. Note that such
properties of solutions for each equation are usually checked separately. At that
we succeed to consider problems with linear main part of differential operator
appeared in problem [4, 10, 11, 32, 37]. On the other hand, energetic extensions
and Nemytskii operators for differential operators appeared in generalized settings
of different problems of mathematical physics, problems on a manifold with
boundary and without boundary, problems with delay, stochastic partial differential
equations, problems with degenerates, as a rule have (as corresponding choice of the
phase space) common properties concern growth conditions (usually no more that
polynomial), sign conditions, pseudomonotony [14,16,19,22,25,41,42]. In general
case as such restrictions for determinative parameters of a problem we succeed to
prove only the existence of weak solutions of differential-operator inclusion, but not
always this proof is constructive [14,16,19,22,25,41,42]. Hence, the problem of the
existence of trajectory and global attractors and investigation of their structure for
weak solutions of differential-operator equations in infinite-dimensional spaces with
interaction functions of pseudomonotone type is actual one. Here we consider some
additional properties of solutions for the first and second order autonomous evolu-
tion inclusions with pointwice pseudomonotone multivalued maps. This properties
are connected with dissipation and closuredness of graph for resolving operator. The
results of this chapter are borrowed from [6, 8, 13, 15, 18,21,23,24,28,29,40,43].

M.Z. Zgurovsky et al., Evolution Inclusions and Variation Inequalities for Earth 37
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2.1 Preliminaries

At first let us consider constructions, presented in [41,42].

At an analysis and control of different geophysical and socio-economical
processes it is often appears such problem: at a mathematical modelling of effects
related to friction and viscosity, quantum effects, a description of different nature
waves the existing “gap” between rather high degree of the mathematical theory
of analysis and control for non-linear processes and fields and practice of its using
in applied scientific investigations make us require rather stringent conditions for
interaction functions. These conditions related to linearity, monotony, smoothness,
continuity and can substantially have an influence on the adequacy of mathematical
model. Let us consider for example some diffusion process. Its mathematical model
has the next form:

yi—Ay+ f(y) =g, x) in 2x(;T),
=0, 2.1)

y|r=T =)o,

here n > 2, £2 C R”" is a bounded domain with a rather smooth boundary, —oco <
T<T < +o00,g:2x(t;T) - R, yo: £ — R are rather regular functions,
f : R — Risan interaction function, y : £2 x (t; T) — R is an unknown function.
It is well known that if f is a rather smooth function and satisfies for example the
next condition of no more than polynomial growth:

Ap>1, Fe>0: [f(s)<c(+]|s]”") VseR, (2.2)

then problem (2.1) has a unique rather regular solution. Let us consider the case
when f is continuous and initial data and external forces are nonregular (for
example yo € L(£2), g € Ly(82 x (r;T))). Then, as a rule, we consider the
generalized setting of problem (2.1):

Y @)+ A(y@®) + B(y(t)) = g(t) forae. te(r;T), 2.3)

y(T) = o, '
here A : Vi — V{* is an energetic extension of operator “—A”, B : V, — V' is
the Nemytskii operator for F, V; = H{ (£2) is a real Sobolev space, V> = L ,(£2),
V¥ = HY(£2), V' = Ly(£2), q is the conjugated index, y’ is a derivative of an
element y € Lo(t,T; V1) N L,(tr,T;V>) and it is considered in the sense of the
space 7*([t: T, V¥ + V55).

A solution of problem (2.3) in the class W = {y € Ly(t,T;V1) N
L,(t,T; Vz)iy’ € Ly(t,T;V*) + Ly(r,T; Vy)} refers to be the generalized
solution of problem (2.1).

To prove the existence of solutions for problem (2.1) as a rule we need to add
supplementary “signed condition” for an interaction function f, for example,
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Fig. 2.1 The monotone
multivalued map

Ja,8>0: f(s)s>als|P —B VseR. 2.4

But we do not succeed in proving the uniqueness of the solution of such problem
in the general case. Note that technical condition (2.4) provides a dissipation too.
We remark also that different conditions for parameters of problem (2.1) provide
corresponding conditions for generated mappings A and B.

Problem (2.3) is usually investigated in more general case:

Y+ y) =g (2.5)
y(©) = yo,

here o/ : X — X* is the Nemytskii operator for A + B,
A (y)() = A(y(1)) + B(y(1)) forae. 1€ (r:T), ye€X,

X = Lyt.T: V)N Ly(r.T:Va), X* = Ly(r. T: V) + Ly(z. T: V).

Solutions of problem (2.5) are also searched in the class W = {y € X‘y’ € X*}.

In cases when the continuity of the interaction function f have an influence on
the adequacy of mathematical model fundamentally then problem (2.1) is reduced
to such problem (Fig.2.1):

yi—Ay+ F(y)3g(x,t) in Q=8x(:7T),
Y|ag =0 (2.6)
y|r=T = Yo,

here
F(s) =[f(s). &), f(s) = tli:mf(t), fs) = Ef(l), s €R,
[a,b] = {aa + (1 —Ol)b|0l € [0, 1]},

—00 <a<b < +oo.
A solution of such differential-operator inclusion

y 4+ (y)> g,
¥(®) = 0. @7)
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is usually thought to be the generalized solution of problem (2.6). Here </ :
XZX*,

o (u) ={pe X*|p(t) € A(u(t)) + B(u(t)), forae.t € (r;T)}, u € X,

A : Vi — V/* is the energetic extension of “ — A” in H} (), B : Vo — C,(V,*) is
the Nemytskii operator for F:

B(v) = {z € V;'|z(x) € F(v(x)) forae. x € 2}, ve V.

Taking into account all variety of classes of mathematical models for different
nature geophysical processes and fields we propose rather general approach to
investigation of them in this book. Further we will study classes of mathematical
models in terms of general properties of generated mappings like .o7.

Let us consider some denotations and results, that we will use in this book. Let
X be a Banach space, X* be its topologically adjoint,

()y: X*xX —>R

be the canonical duality between X and X *, 2% “bea family of all subsets of the
space X*,letA: X — 2X" be the multivalued map,

graphd = {(§:y) € X" x X [§ € A(»)},

DomA = {y € X |A(y) # 0}.

The multivalued map A is called strict if DomA = X. Together with every
multivalued map A we consider its upper

[A(). €]+ = sup (d,§)x
deA(y)

and lower

[40).81- = inf (d.£)

support functions, where y, & € X. Let also

AW+ = sup |ldlx«. [AW)I-= inf [d|x«, [9]+=9]-=0.
deA(y) deA(y)

For arbitrary sets C, D € 2% we set

dist(C, D) = supding le—d|y«, du(C,D) = max{dist(C,D),dist(D,C)}.
eeC d€

Then, obviously,

AW+ = du(A(y).0) = dist(A(y). 0),  [[A(y)]- = dist(0, A(y)).
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Together with the operator A : X — 2% " let us consider the following maps

sk * sk
cod: X -2 and ToAd:X — 2%,

defined by relations

(coA)(y) = co(A(y)) and (30 A(y)) =50 (A(y))

*
respectively, where co (A(y)) is the weak star closure of the convex hull co(A(y))
for the set A(y) in the space X *. Besides for every G C X

(c04)(G) = | J(cod)(y), (@64)(G) = | @ ).

yeG yeG

Further we will denote the strong, weak and weak star convergence by —, 1), Sor
—, —, — respectively. As C, (X ™) we consider the family of all nonempty convex
closed bounded subsets from X *.

Proposition 2.1. /41, Proposition 1.2.1] Let A,B,C : XZX*. Then for all
y,v,v1, 2 € X the following statements take place:

1. The functional X > u — [A(Y), u]+ is convex, positively homogeneous and
lower semicontinuous;
2. [A(y).vi + vl = [AD) i+ + [A(0), v+,
[A(Y).vi +val- = [A(Y). vi]- + [A(p). v2]-,
[A(Y).vi +valy = [AD). vl + [A(). va]-
[A(y).vi +val- < [A(). vily + [A(Y). vl
3. [A(y) + B(y).vl+ = [A(y).v]+ + [B(y). v]+,
[A(Y) + B(y),v]- = [A(»),v]- + [B(y), V]
4. [AW) vl = AW 1+ [vllx,
[AG). v = 1AO)I-Ivilx;

5140 s = 140, 04D - = 1AW
A ], = [m(ym} TAG) . = [m(ym} :

+ —
6. [A(y) = B+ = [ A+ = IBODH- 1,
14() = B3 = [AD)- = 1 BO)+

7.d €coA(y) & VYwelX [AY), o]+ = (d,w)x;

8 du(A(y). B(y)) = [IIAW) [+ = 1B+,

du(A(y), B(y) = [IlIADI+ = 1BO)+1,
where dy is Hausdorff metric;

9. dist(A(y) + B(y). C(y)) = dist(A(y), C(y)) + dist(B(y).0),
dist(C(y). A(y) + B(y)) = dist(C(y). A(y)) + dist(0. B(y)).
du(A(y) + B(y).C(y)) = du(A(y). C(y)) + du(B(y).0);
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Fig. 2.2 The “—"-coercive ¥y
multivalued ma
ultivalu p yeA(x)

10. Forany D C X* and bounded E € C,(X™)
*
dist(D, E) = dist(co D, E).

*
Proposition 2.2. [41, Proposition 1.2.2] The inclusion d €co A(y) holds true if
and only if one of the following relations takes place (Fig. 2.2):

either [A(y),v]+ = (d,v)x VvelX,
or [A(y),v]- <{d,v)x VvelX.

Proposition 2.3. [41, Proposition 1.2.3] Let D C X and a(-,-) : D x X — R.
For each y € D the functional X > w +— a(y,w) is positively homogeneous,
convex and lower semicontinuous if and only if there exists the multivalued map
A: X — 2X" such that D(A) = D and

a(y,w) =[A(y),wl+  Vy € D(A4), weX.

Proposition 2.4. [41, Proposition 1.2.4] The functional || - ||+ : C,(X*) — R4
satisfies the following properties:

L{0}=4 & |A4]+=0,
2. |led|+ = lell[All+, Vo R, AeC(X7),
3. 1A+ Bll+ = [[All+ + I1Bll+ VA.B € C(X™).

Proposition 2.5. [41, Proposition 1.2.5] The functional | - |- : C,(X*) — R4
satisfies the following properties:

1.0ecA & |A|-=0
2. |aAll- = |e||A]-, VYa eR, A€ C(X7"),
3. A+ B|- < |lAll- + |Bl- VA, B e C(X¥).

Let us remark that any multivalued map 4 : X — 2% " naturally generates upper
and, accordingly, lower form:

[AQ).ols = sup (dow)y.  [AQ).0)- = inf (d.w)y, y.oeX.
deA(y) deA(y)
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Thus, together with the classical coercivity condition for operator A:

(A(). y)x

— 400, as [¥llx — +o0,
Iyllx

which ensures the important a priori estimations, arises +-coercivity (and, accord-
ingly, —-coercivity):

[A(Y), Y]+

— +00, as [¥llx — +oo.
Ivllx

+-coercivity is much weaker condition than —-coercivity.

2.2 Pointwise Pseudomonotone Maps

In this section we consider Nemytskii operator properties for classes of pseu-
domonotone multivalued maps, considered in [20] (see paper and references
therein). This properties we obtain, analyzing Theorem proofs from [20]. At that we
consider weaker properties for operators connected with measurability and obtain
stronger results, that we use in further sections.

For evolution triple (V, H, V*),! p > 1 we consider a multivalued (in the general
case) map A : V7 V*. We suppose

(A1) v — A(v) is a pseudomonotone map such that

(a) A(u) € Cy(V*) Yu € V, ie. the set A(u) is a nonempty, closed and
convexone forallu € V;
(b) If u; — uweaklyin V and d; € A(u;) is such that

Tim . R <
jBToo(d]’M’ u)y <0,

then
lim (d;,u; —w)y > [Au),u—w]- Yo € V.
Jj—>+o0
(A2) E|C1 >0: 1
[A@)|l+ <11+ llully) Yue V;

IThat is, V is a real reflexive separable Banach space embedded into a real Hilbert space H
continuously and densely, H is identified with its conjugated space H™, VV* is a dual space to
V. So, we have such chain of continuous and dense embeddings: V C H = H™* C V™ (see, for
example, [42]).
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Fig. 2.3 The “+-coercive yeA(x)

multivalued map, but not
“—”_coercive \

o

(A3) Fcz,c3 >0
[A(), u]- > ca|lully —c3 Yue V.

We consider a reflexive separable Banach space V, such that V; C V' with dense
and continuous embedding. Therefore, we have the chain of continuous and dense
embeddings (Fig.2.3):

Ve CVCH=H"CV*CV},

where V.* is dual space to V. Letus set: S = [t,T], —co <t < T < 400,9 > 1:
1,1

—+-=1,

p g

X =L,(S:V), X* = L,(S:V*), Xo = L,(S:V,). X = L,(S:V}").

W={yeX|yeX*, Wo={yeX|y eX}}

Lemma 2.1. Under above conditions for any y € X

Ay) =1{g € X*| g(t) € Ay(1)) fora.e. t € S} # 0.

Moreover,
30, >0: AW+ =T+ ylIE ") ¥y e X; (2.8)

3C2.C3 > 0: [A(y).y]- = G|yl — C3 Vy € X. (2.9)

Proof. Let y € X. Then there exists a sequence of “step functions” [16, Chap.IV]
{¥ntn=1 C X such that

Yn — yin X, (2.10)
forae.t €S y,(t) »> y(t) in V, n - +oo. (2.11)

We remark that
yu(t) = ag, forae. t € Ag,,
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wheren > 1,k =1,...,m,, m, € N, Ay, is measurable set, Ay, N 4;, = 0,
k#], UAkn—S akneV
Let for n>1,k=1,....,m, dq, € A(ax,) be an arbitrary. For any n > 1

we consider a “step functlon” d, € X* such that d,(t) = di,, forae.t € Axp,
k=1,m,.

Thus Vn > 1 forae.t € S d,(t) € A(y,(¢)). In virtue of Condition (A42)
and (2.10) we obtain that up to a subsequence {d,, }k>1 C {dn}»>1 forsomed € X*
the next convergence is fulfilled:

dy, — d weakly in X*, k — 4o0. (2.12)

To finish the proof of Lemma 2.1 it is sufficiently to show that d € /f(y).
From (2.11) and Condition (A2) it follows that for a.e. t € S

(d,(t), yu(t) — y(t))y — 0, n > +o00. (2.13)

As V is separable Banach space then there exists a countable dense system of
vectors {v;};>1 C V.
We finish the proof into several steps.

Step 1.  In virtue of the pseudomonotony of A4, from (2.11), (2.13) it follows that

forae.t € SVj>1 lim (d,(¢), y.(t) —w;)v

n—+00

= lim (d,(1),y(t) —w;)y = [A(y(1)), y(t) — w;]-. (2.14)

n—-+o00o

Step 2. Due to Conditions (A2) and (A3) it follows that Vn, j > 1, fora.e.s € S
(dn(8), yu(8) = @)y = 2l ya @] = es = (L + [y @17 D llej v

Now using Young’s inequality, we can obtain

P
-1
el @I s v < callyn @I + ¢, lloj el p™'q 7 .

Letting

71’

Cqj = C1||w] v + 62 “wl ”P

clpp_lq%p +c3 >0,
we finally get

Vn,j >1, forae.t €S (d,(s), ya(s) —w;)v > —ca ;. (2.15)
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Step 3. From (2.10) and (2.12) we have that V¢, € S, 1 < 12,

19}

/(dnk(S),ynk(S) —wj)yds — /(d(S),y(S) —wj)yds. (2.16)

n

Step4. In virtue of (2.10), (2.12), (2.15), (2.16) and Fatou’s lemma V; > 1,
VieS,Vh>0:t+heS, weobtain

t+h t+h
[ @136 = jhvds = tim [ 1,606 05} vds

t

t+h
> lim [(dn (8), yn (8) —wj)v+ca jlds—cs jh
k—+o00 ’
t+h
> / B [y (5): o (5) — ) )v+eslds—cah
k——+o00
t+h
- / Hm (dy (5). (s) — ;) vds.
k—+o00

t

Because of Vg € L(S)

h

%/qo(s +)ds — @(-)in L{(S), h \ 0,
0

we have:

forae.t €S, Vj > 1 (dt).y() —w;)y = lim (d (). y(t) —w;)v

k—+o00

> [A(y(©), y(1) — w;]-.

Step 5. In virtue of {y(#) —w;} ;> isdensein V fora.e.t € S we finally obtain

that d(t) € A(y(¢)) forae.t € S, ie.d € A(y).
The proof of (2.8), (2.9) is trivial [20].

Lemma 2.2. Under the above listed conditions, if y, — y weakly in W,
{dptns1 C X* 1 dy(t) € A(yn(2)) forae.t € S,¥n > 1, and

m (dmyn_y)X 50,

n—-+00



2.2 Pointwise Pseudomonotone Maps 47

Fig. 2.4 The weakly y
—”-coercive multivalued peA(x)
map
A /\ fa /\ X
we have

,dim_ (dn (@), yu (1) — y(1))v]dr = 0. (2.17)
N

Proof. We define /[(y) ={ge X" |gt) e A(y(t)) forae.t € S}, y € X. From
Lemma 2.1 the set /[(y) is nonempty. It is clear that /f(y) is a closed and convex
set, i.e. A(y) : X — C,(X*) (Fig.2.4).

Lety, — yin W,,d, € /[(y,,) Vn > 1, and we suppose that

im (dy,y, — y)x <0. (2.18)

n—-+o00

First we prove (2.17). We note that there is a set of measure zero, ¥; C S such that
fort ¢ X, we have that

d,(t) € A(y,(¢)) for all n > 1.

Similarly to [20, p. 7] we verify the following claim.
Claim: Let y, — y weakly in W, and let ¢ ¢ X;. Then

lim (d, (1), ya(t) — y(1))v = 0.

n—+00

Proof of the claim. Fix t ¢ X and suppose to the contrary that

lim (du(2), ya(t) = y())v <0. (2.19)

n——+o00o

Then up to a subsequence {d,, , Yn, }k>1 C {dy, Yu}n>1 We have

(dnk([)s Ynk(t) —y@®))y = lim (d,(t), y.(t) — y(®))y <O0. (2.20)

lim
k—+o00 n—+00

Therefore, for all rather large k, Conditions (A2) and (A3) implies

2y O] = e3 < 1A@m O+ 1y @lly < ex(X+ [y DI DIy @l
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which implies {||y,,(1)|lv}x>1 and consequently {||dy, (¢)|lv+*}r>1 are bounded
sequences. {||d,, (¢)||v*}k>1 is bounded one independently on 7y in virtue of the
assumption that A : V — C,(V*) is bounded map and we just showed that
Nyu @O1lv k=1 is bounded sequence. In virtue of the continuity of embedding
Wy C C(S;V})) we obtain that y,, (1) — y(¢) weakly in V* and in virtue of
boundedness of {y,, (#)}«>1 in V' we finally have

vVt € S\X| yu, (t) = y(t) weaklyin V, k — +o0. (2.21)
The pseudomonotony condition for A4, (2.19)—(2.21) implies that

lim (dy (1), ya (1) — y(O))v = [A(y(@)), y(1) — y ()]~

n—-+00

=0> lim (d, (1), y.(t) = y(®))y.

n—+00

We obtain a contradiction.

The claim is proved.

Now we continue the proof of the lemma. It follows from the claim that for a.e.
t € S, in fact forany ¢ ¢ X, we have

lim (d,(t), ya(t) — y(t))y = 0. (2.22)

n——+o00o

@ 9

Now also from the -coercivity condition, (43),if w € X

(dn (1), yu (1) = (D)) = 2|y @I = c3 = (1 + [y 1) D) @)y
forae. t € S\ 2.

Usingp—1= §, the right side of the above inequality equals to

P
llyn Iy =3 =l O lo@lly = cillo@lly.

Now using Young’s inequality, we can obtain a constant c(c;, ;) depending on
c1, ¢z such that

)a )
cllynOly lo@lly < 7||yn(f)||§ + lw®Il - e(e1, e2).
Letting ¢4 = max{c; + ‘7}; c(er, ) + %} it follows that

(du(0), yu(t) — 0(@))y = —cs(1 + [0(@)||}) forae. 1 € S. (2.23)
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Letting @ = y, we can use Fatou’s lemma and we obtain

T
lim [ [(du(0). yu (@) = y(O)y + ca(l + [y O)[})]d1

n—-+o00

T T

z/ lim [{d,(t), ya(1)—y(@))v + ca(1+]ly @) I])]d1 zm/(1+||y(t)ll‘&)dt-

n—+o00
0

Therefore,

0> m (dn,)’n—)’)xi h_m (dn(t)7yn(t)_y(t)>th

n—>+00 n—+o0

= lim (dyye— ¥)x z/ lim (dy (1), yu(t) — y(0))ydt = O,

n—>+00 n——+00

showing that
lim (dy, yn —y)x = 0. (2.24)

n—+00

From (2.23),

V=1Vt ¢ 50 < (d,(t), ya(t) = y(0)y = ea(1+ [ly@)7),

where a= = max{0, —a}, for a € R. Thanks to (2.22) we know that for a.e.

t, {d,(t), y,(t) — y(@))y > —¢ for all rather large n. Therefore, for such n,

(dn(t)vyn(t) - y(t»l_/ =< g if (dn(t)vyn(t) - y(t»V < 0 and (dn(t)a yn(t) -

y®)y = 0, if (dy(),y.(t) — y(t))y > 0. Therefore, 1ir_|I_1 (du(t), yu(t) —
n—>-1+00

¥(t))}, = 0 and we can apply the dominated convergence theorem and conclude that

lim [ (dy (1), ya (1) — y(0))y = /ngrf (dn(2), yn (@) — y(0))ydt =0

n——+o00 00

N S

from (2.22). Now by (2.24) and the above equation we have

lim_ [ {dy (1), yu (1) = y(0)) 7 dt

n——+o00o

T
lim [ [(d,(t), ya(t) — y(@))v + (du(t), ya () — y(1)),1dt

n—+00
0

= lim (d,,y,—y)x =0.

n—-+00
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Therefore,
(dn(t), yo(t) — y(t))vldt = 0.

lim |
n—+00
S

The lemma is proved.

Lemma 2.3. Under the conditions of Lemma 2.2 we additionally have that up to a
subsequence {y,, , dn, Yk>=1 C {Yn,dn}n>1 forae. t € S y, (t) — y(t) weakly in
V,and (d,, (t), yun, () — y(@))v = 0, k — +o0.

Proof. Let y, — y weakly in Wy, {dy}u>1 C XS :d,(t) € A(y,(t)) forae.t € S
Vn > 1 and

lim (dn), yn —y)x <0.

n—-+o00

In virtue of Lemma 2.2 we obtain

lim / (), yu() — y(O))vldt = 0. (2.25)
S

Due to the continuous embedding W, C C(S; V.*) we have
vVt €8 y,(t) = y(t) weakly in V.5, n — +o0. (2.26)
From (2.25) it follows that 3{d,,, , yu, }k>1 C {dn. Yn}n>1 such that
forae.t € S (dy, (t), yn, ) —y(t))y = 0, k = +o0.

Let ¥y C S be a set of measure zero such that for t ¢ X d,,, yn, (¢), y(¢) are
well-defined Vk > 1 d,, (t) € A(y,,(t)) Yk > 1 and

(dn (1), yu, (1) = y(O))y — 0, k — o0.
In virtue of Conditions (A1) and (A3) we obtain
Vig D k=1 dim (el O - e —a + O HIyoly) <0.
k—>+o00
Thus Vi ¢ X,
im [y, (OI) < cler, e e3, p)(1+ [y @7
k—-+o0

Therefore, due to (2.26) we obtain that for a.e. t € S y,, (1) — y(¢) weakly in V,
k — 4o0.

Lemma24. Letp > 1, A:V — C,(V*) satisfies Conditions (A1), (A2) and
(A3). Then A : X — C,(X™*), A(y) = {g € X*|g(t) € A(y(t)) forae. t € S},
y € X, is pseudomonotone on W .
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Proof. Lety, — y weakly in Wy, d, € A(y,) Vn > 1and Kll (dn, yn—y)x=<0.
n—>1+0oo

We need to show that for all w € X there exists g(w) € A (y) such that

lim (d,,y, —w)x > (g(w),y —w)x.

n—>+o00
Suppose on the contrary that for some w € X

lim (d,, y, — w)x < [A(Y),y — o]-. (2.27)

n—+00

On the other hand in virtue of Lemmas 2.2 and 2.3 we have that 3{d,,,. Y, }x>1 C
{dn ,» Vn }nzl SuCh that

lim (dy,y, —w)x = lim (dy., Vs —®)x (2.28)
n—>+o00 k—+o00
fora.e. t € S (dy, (t), Y, (t) — y())y — 0, k — 400, (2.29)
fora.e. t € S y,, (t) = y(t) weakly in V, k — +o0, (2.30)
[ 13m0 = 5Ol ldr 0.k — o0, @31)
s
dn, — d weakly in X™*, k — +oo0. (2.32)

As V is separable Banach space then there exists a countable dense system of
vectors {v;} ;=1 C V.
We finish the proof into several steps.

Step 1.  In virtue of the pseudomonotony of A4, from (2.29), (2.30) it follows that

forae.t € S Vj>1 lim (d, (), yn () —w;)y = [A(y()), y () — w;]-,

k—-+o0
(2.33)
where lim (dy,, (1), yn, (1) —w;)y = Lm (d,, (1), y(t) — w;)y.
k—+o00 k—+o00

Step 2. Due to Conditions (A2) and (A3) it follows that Vk, j > 1,fora.e.s € S

(g (5), Y () = @)y = &2l y O] = €3 = @+ [yu OIT Dl v

Now using Young’s inequality, we can obtain

P —
—1 - -1 =z
llyasOIV ojllv < c2llyn@Iy + 6" lloojlivel p™ g7

Letting

=t =z
caj =cillojllv +¢" lojllelp™'q7 + e3> 0,
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we finally get
Vk,j > 1, forae.t €S (dy (s), yu, () — @)y > —ca ;. (2.34)
Step 3. From (2.31) and (2.32) we have that V¢,,1, € S, t; < 1,

/ (o (), Y (5) — )y ds — / (d(s). 7(5) — ;) vds. (2.35)

Step 4. In virtue of (2.31), (2.29), (2.35) and Fatou’s lemma Vj > 1, V¢ € S,
VYh>0:t+h €S, we obtain

t+h

/ (d(s). y(s) — ;) vds

t

t+h
= lim [{dn (8), yni (8) — @) )v + cajlds —ca jh
k—+o00 p
t+h
> / B [(dny (5). Y (5) — @5}y + o/ 1ds — cash
k——+o00
t+h
— [ tim ()36 - 0)vds, (2.36)
k——+o00

t

Because of Vo € L(S)

h
%/(p(s +)ds — ¢(-)in L1(S), h \ 0,
0

we have:

forae. 1 € Sv ijl, (d(t)sy(t) _a)j>V = h_m (dnk(t),J/(t) _wj>V >
k—-+o00
> [Ay (), y () — wj]-.
Step 5. Invirtue of {y(#) —w;};>1 isdensein V fora.e.t € § we finally obtain

that d(t) € A(y(t)) forae.t € S,ie.d € /f(y) and due to (2.31), (2.32), (2.28)
we have
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lim (dy, yp —w)x = {d.y —w)x = [A). y — 0],

n—+00

that contradicts to (2.27).
Lemma 2.4 is proved.

2.3 Auxiliary Properties of Solutions for the First Order
Evolution Inclusions with Uniformly Coercive Mappings

Let us consider the additional properties for the first order autonomous evolution
inclusions.

2.3.1 The Setting of the Problem

For evolution triple (V; H; V*), multi-valued (in the general case) map A : VI V*
and exciting force f € V* we consider a problem of investigation of dynamics for
all weak solutions defined for # > 0 of non-linear autonomous differential-operator
inclusion

Y0+ A@) > f. (2.37)
as t — 400 in the phase space H. Parameters of this problem satisfy the next
properties:

Hy) p=2, feV¥

(H;) The embedding V' into H is compact one;

(A)) 3¢ > 0:Yue V,Vd € A@w) |d]ly= < c(1+ Ju]2);
(A2) Ja,B>0:YueV,Vd € Aw) (d,u)y > alul} —B;
(A3) A:VZV*is(generalized) pseudomonotone, i.e.

(a) Forevery u € V the set A(u) is a nonempty, convex and weakly compact
onein V*;

(b) Ifu, - uweaklyinV,d, € A(u,) Yn > 1 and 11141_1 (dy,up —u)y <0
n—>+0oo
then Vo € V 3d(w) € A(u):

lim (dy,up —w)y = (d(@),u—o)y.
n—+00

Here (-,-)y : V* x V — Ris a pairing in V* x V coincidenton H x V
with the inner product (-, -) in the Hilbert space H .

Remark 2.1. From properties (A|)—(A3) it follows that the map A is u.s.c. from
every finite-dimensional subspace V into V* equipped with the weak topology.
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As aweak solution of evolution inclusion (2.37) on the interval [z, T'] we consider
an element u of the space L ,(t, T; V) such that for some d € L,(t,T; V™)

d(t) € A(y(t)) for almost each (a.e.) 7 € (v, T), (2.38)

T T T
- [€0.aanar+ [@areod = [(reand vi e e Tiv).
' ! ! (2.39)

where g > 1:%4— =1.

1
q
2.3.2 Preliminaries

For fixed t < T let us consider

XI,T = LP(Ty Ty V)s XI*,T = Ll](ts T, V*)s WI,T = {M € anT | M/ € X:T}’

o XerSXp, der(y) ={d € X7 |d(t) € A(y(1)) forae.t € (v, T)},
for € X[y, for(@) = fforae.t € (7, T),

where ' is a derivative of an element u € X, 7 in the sense of the space of
distributions Z([t, T]; V*) (see, for example, [42]). Note that the space W, r is a
reflexive Banach space with the graph norm of a derivative (see, for example [42]):

lullw,r = lullx.r + lu'llxx, . weWer. (2.40)

From Sect.2.2, (Aj)=(A3) it follows that <7 Xt,T::X:T satisfies
properties:
(B1) 3Cy > 0: [[d|lxx, < Ci(1 + |YlI5.,) Yy € Xor, Vd € or(y);
(B2) 3C5,C3 > 0:{d, y)x,, = Collyll}., —C3 Vy € X1, Vd € o 7(y);
B3) oy X2 X :T is (generalized) pseudomonotone on W, r operator, i.e.

(a) For every y € X.r the set o7 r(y) is a nonempty, convex and weakly
compact one in X [;

(b) o 7 is u.s.c. from every finite dimensional subspace X7 into X:T
endowed with the weak topology;

(c) If y, —» y weakly in Wy r, d, € o47(y,) Yn > 1,d, — d weakly in
X} and

E (dns Yn _y>Xr,7- <0

n—-+o00

thend € or(y) Hm (du. yu)x.r ={d.y)x.r-

Here (-,")x,, : Xr*.,T x X;r — R is a pairing in Xr*.,T x X r coincident on
Ly(z,T; H) x X, with the inner productin L,(z, T; H), i.e.
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T
Yue Ly(t,T;H), Vve Xor (u.v)x,, = /(u(t), v(t))dt.

Note also (see [16, Theorem IV.1.17, c. 177]) that the embedding W,r C
C([r, T]; H) is continuous and dense, moreover,

T

Vi€ Wer @()oT) = @(@(@) = [ [0+ @.u0)y Jar.

T

(2.41)
From the definition of a derivative in the sense of Z([t, T]; V*) and equality
(2.39) it directly follows such statement:

Lemma 2.5. Each weak solution u € X, r of differential-operator inclusion (2.37)
on the interval [t, T] belongs to the space Wy p. Moreover,

u + e (u) 3 for. (2.42)

Vice versa, if u € Wy r satisfies (2.42) then u is a weak solution of (2.37) on [t, T].

Properties (B;)—(B3), (H;), [42] provide the existence of a weak solution of
Cauchy problem (2.37) with initial data

y(T) =y (2.43)

on the interval [z, T'] for an arbitrary y, € H. Therefore, the next result takes place:

Lemma 2.6. YVt < T,y, € H Cauchy problem (2.37), (2.43) has a weak solution
on the interval [t, T]. Moreover, each weak solution u € X, of Cauchy problem
(2.37), (2.43) on the interval [t, T] belongs to W, C C([r,T]; H) and satisfies
(2.42).

Remark 2.2. Since W, v C C([z, T]; H), for each weak solution of problem (2.37),
in view of Lemma 2.5, initial data (2.43) has sense.

For fixed T < T we denote
Der(ur) = {u(-) | uis a weak solution of (2.37) on [z, T'], u(r) = u.}, u, € H.

From Lemma 2.6 it follows that 2, 7(u;) # @ and Z;7(u,) C Wer V1 < T,
u, € H.

We complete this section checking that the translation and concatenation of weak
solutions is a weak solution too.

Lemma27. If t < T, u; € H, u(-) € Z.7(u,), then v(-) = u(- + s) €
Dr—sr—sWw) Vs . Ift <t <T,u; € H,u(-) € Dyt (u;) and v(:) € Dy 1 (u(t)), then
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| u(s), s €[r.1],
) =1 ws) s € [ T]

belongs to P, 1 (u:).

Proof. The proof follows from the definition of solution (2.39), Lemma 2.5 and
fromz € Wyr assoonasv € W, u € W, and v(¢t) = u(t). Proving the last
statement we can use the definition of a derivative in the sense Z([t, T']; V*), (2.41)
and [16, Chap.IV] on the density of C'([t1,1]; V) in W,, ,, for 1) < 1.

2.3.3 Supplementary Properties of Solutions

The proof of the existence of compact global and trajectory attractors for evolutional
inclusions and, in particular, equations of type (2.37) as a rule is based on properties
of a family of weak solutions (2.37), related to the absorbing of the generated m-
semiflow of solutions and its asymptotic compactness (see, for example, works [21,
24,36,37] and references there). The next lemma on a priory estimates for solutions
and Theorem 2.1 on dependence of solutions on initial data are “key players” when
investigating the dynamics for solutions of problem (2.37) as t — +o0.

Lemma 2.8. There exist c4,c5,cq,c7 > 0 such that for any finite interval of time
[z, T every weak solution u of problem (2.37) on [t, T] satisfies estimates: Nt > s,
t,s €t,T]

lu()ll7; + cs / lu@)hdE < lu@s)% +cs (1+ 1) ¢ —5),  (2.44)

w17 < lu() e + e (L+ 1 f17+) - (2.45)

Proof. The proof naturally follows from conditions for the parameters of problem
(2.37) and Gronwall lemma.

Theorem 2.1. Let v < T, {u,}u>1 be an arbitrary sequence of weak solutions of
(2.37) on [t, T] such that u,(t) — n weakly in H. Then there exist {uy, }r>1 C
{untn>1 and u(-) € P r(n) such that

Vee (0,T — 1) teglfzg” ltn, (1) —u()||g — 0, k — +o0. (2.46)

Proof. Suppose that conditions of Theorem 2.1 are satisfied. Then in view of
Lemma 2.5 for any n > 1 u,(:) € Wyr C C([r,T]; H). Moreover, from
Lemma 2.8, property (A;) and relation (2.42) we have that

Vn>1 3d, € dpr(u,): u,t)+d,(t)= fforae.te(r,T), (2.47)

3C>0: Vnz1 luglxo, +d ks, + lunlleqerim+ldall s, < C. (2.48)



2.3 Auxiliary Properties of Solutions for the First Order Evolution 57

Hence, due to the continuous embedding W;r C C([r,T]; H) [16, Chap.IV],
properties (Hz) (B;), the compactness of the embedding W, C Lo(7,T; H)
(see [22, Chap. 1]), and the reflexivity of the space W, r with the graph norm of
a derivative (2.40), we obtain that up to a subsequence {u,, , dy, }k>1 C {tn, dp}n>1
for some u € Wy r,d € X[ the next convergence take place:

u,, — uweakly in X, r,

/ / . *
u,, — wweakly in X7 7,

dy, — dweakly in X'/,
uy, — uweakly in C([tr, T]; H),
u,, — uin Lo(t, T; H),
Up, (1) — u(t)in H forae.t € (v,T), k — +oo. (2.49)

Let us complete the proof of this theorem in a few “steps”.

Step 1.  Prove that
Vte (t.T] up(t) = u(t) in H, k — +o0. (2.50)
From Lemma 2.8 it follows that Vk > 1Vt > s, ¢,5 € [1,T]
it O = s 11£ 171 < Mt (N7 — es(L+ 11f 7). 251
Moreover, from (2.49) we have that fora.e. s € (¢, T) forae.t € (s, T)
@) — s+ 1L£ 1707 < lu)IIF —es(U+ 11 £ 17)s.
Sinceue€ Wyr C C([7,T); H), then Vt > s t,s € [7,T]
@) IIF = es(U+11LF 170t < lu)I = es(U+[1Lf17)s. (2.52)
Therefore, functions
Ji(t) = lun, (O — es(L+ [ £ 7)1, (2.53)

J(@©) = lu@I —es( + 11131, (2.54)

are continuous and monotone nonincreasing one on [z, 7.
Moreover, since uy, (t) — u(t) in H fora.e.t € (z,T), then

Ji(t) = J(t), k - +oo forae. t € (r,7). (2.55)
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Show that o
lim Ji(t) < J(1) Vie (7,T). (2.56)
k—4o00

From (2.55) it follows that

Vt € (r,T],Ye > 03t € (z,¢) : |J(f) — J(t)| < eand klirf J(0)=J (7).
— 400

Hence, Vk > 1
Ji() =T =T (@) = JO =T @) = J(O] + |J (@) = J@)] < & + | T (=T (D)].

Therefore, o
Vt e (t,T], Ve>0 lim Ji(t) < J(t) +e.
k—>+o00

Hence (2.56) and, in particular, the inequality

im [, (N7 < lu@)] Vi€ (. T]
k—+o00

are true. From weak convergence uy, (¢) to u(¢) in H as k — 400 Vt € [t,T],
inequality (2.56) and [16, Chap.I] we obtain (2.50).
Step 2.  Show that
W' = for—d. (2.57)

In view of Lemma 2.5 for any k > 1, § € C;°([r, T]; V) we have

- (S/’unk)XI.T + (dnkvg)Xf.r = (fur.§). (2.58)

Passing to the limit as k — +oo in the last relation we obtain

VEe G ([ TLV) —(E u)x., +(d.E)xor = (frr . §).
Therefore, using properties of the Bochner integral, we obtain Vo € C°([r, T'])
YheV

T

T
- / u(s)g'(s)ds.h | = - / (o u(s)) e/ (s)ds

T

T T

- [ (f — d(s). hyvo(s)ds = < / o (s) — d(s)]o(s)ds. h>

T T 174

From the definition of a derivative of an element u € X7 in the sense of
2*([z, T]; V'*) it directly follows relation (2.57).
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Step 3.  Fix an arbitrary ¢ € (0, 7 — ) and show that
d(t) € A(u(t)) forae.t € (t +¢,T), (2.59)

using the pseudomonotony of o7 4.7 on Wy, 7.

Consider restrictions iy, (+), dy, (-), u(-), d(-) to the interval [t +¢, T']. To simplify
the consideration we denote them by the same symbols: u,, (-), d,, (), u(-) and
d () respectively. From convergence (2.49), (2.50) we have that

uy, — uweaklyin Wi, 7,

dy, — d weakly in XT*+£’T,

Viel[t+eT] up(t)— u(t)in H, k - 4o0. (2.60)
Show that )
kBToo(d""’u"" —u)x, 4. =0. (2.61)
Indeed,

T
Vk > 1 / (dy (5)- 1ty (5) — u(s)), ds
+e

T

T

T
= / (/s un, (s) —u(s)) ds — / (1, (5), 1ty (5) — u(s)),, ds. (2.62)
+e

T+e T
From (2.60) it follows that

T

/ (/s un, (s) —u(s))ds — 0, k — +o0. (2.63)
T+e

From (2.41) and (2.60) we obtain that

T
/ (I/l:,lk (S)v M(S) - unk (S))Vds
+e
T

1
— [ 6 = 5 i (O = D (2 4 2) .64

T+e¢

T

T
1
= [ W)y = 5 (WOl = (e +e)) =0, & >+
T+e
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Fig. 2.5 The weakly
“+”-coercive, but not weakly

¥

“—"-coercive multivalued

map A
VA"

Pass to the limit as k — +o0 in (2.62). From (2.63) and (2.64) we obtain (2.61).
So, due to (2.47), (2.60), (2.61) and in view of the pseudomonotony of o7, 4. r
on W, 4. we obtain (2.59).

Step 4. From the arbitrariness of ¢ € (0,7 — t), convergence (2.49), relation
(2.59) and the definition of .o7; 7 it follows that u(:) € Z. r(n).

Step 5. Let us prove (2.46). By contradiction suppose the existence of ¢ > 0,
L > 0 and subsequence {uy; } j>1 C {un, }k>1 such that

yeA(x)

Vizl max (0 = u) =, () o) g = L.

Without loss of generality we suggest that 1; — fy € [t +¢,T], j — +4o0.
Therefore, by virtue of the continuity of u : [t, T] — H, we have

lim g, (1) — u(to)|z = L. (2.65)

Jj—>+o0
On the other hand we prove that
u; (t;) = u(to) in H, j — +oo. (2.66)
Step 5.1.  Firstly let us show that
ug; (t;) — u(fo) weakly in H,  j — +o0. (2.67)

For a fixed h € V from (2.49) it follows that the sequence of real functions
(ttn, (-), ) : [t,T] — R is uniformly bounded and equicontinuous. Taking into
account inequality (2.48) and the density of embedding V' C H we obtain that
up, (t) = u(t) weakly in H uniformly on [z, T'], k — 4-o00. So, we obtain (2.67)
(Fig.2.5).

Step 5.2.  Let us prove that

im g () < [lu(eo) |21 (2.68)
Jj—>+o0

We consider continuous nonincreasing functions Jj i J,j > 1,defined in (2.53),
(2.54). Let us fix an arbitrary &; > 0. From (2.55) and from the continuity of J
it follows that
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ar € (z,1) : lim Ji,(f) = J(@) and |J(F) — J(t0)]| < 1.
j—o>+too

Then for rather large j > 1
Ji; () — J(to) < |Ji; @) = J(O] + [J (@) — J(to)| < |Jx; (@) = J(D)] + &1

Therefore, lim Ji; ;) < J(to) + &;. From the arbitrariness of &; > 0 and
Jj—>+oo

from t; — 1y, j — +00, we obtain (2.68).

Step 5.3. Convergence (2.66) directly follows from (2.67), (2.68) and [16,
Chap.I].

Step 5.4. To finish the proof of the theorem we remark that (2.66) contradicts
(2.65). Therefore, (2.46) is true.

Corollary 2.1. Let t < T, {u,}n>1 be an arbitrary sequence of weak solutions of
(2.37) on [t, T] such that u,(t) — nin H, n — +4o00. Then there exists u(-) €
D1 () and {un, Yik>1 C {ntnz>1 such that u,, — uwin C([t,T]: H), k — +o0.

Proof. The proof is similar to the proof of Theorem 2.1. The main difference is
in the checking of the inequality jETfoo Jk; (tj) < J(t), when ty = 7, t; — 1,
J = 400, {tj}j>=1 C [r,T] (see Step 5.2 from the proof of Theorem 2.1). In this
case Vj > 1 Ji, (t;)—J(v) < Ji; (x) = J (). Since u, (t) — u(r) in H,n — +o0,
then Ji; () — J(t), j — +o0. Therefore, AH Ji; (t) = J(1o).

j—>+too

2.4 Asymptotic Behavior of the First Order Evolution
Inclusions

We note that problem (2.37) arises in many important models for distributed
parameter control problems and that large class of identification problems enter our
formulation. Let us indicate a problem which is one of motivations for the study of
the autonomous evolution inclusion (2.37) [26]. In a subset £2 of R?, we consider
the nonstationary heat conduction equation

ad
B—Jt)—Ay:fin.Qx(O,—i—oo)
with initial conditions and suitable boundary ones. Here y = y(x, ) represents the
temperature at the point x € §2 and time ¢ > 0. It is supposed that f* = f + f
where [ is given and £ is a known function of the temperature of the form

—f(x,1) € 9j(x, y(x,1)) ae. (x,1) € 2 x (0, +00).
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Here dj (x, £) denotes generalized gradient of Clarke with respect to the last variable
of a function j : £2 x R — R which is assumed to be locally Lipschitz in &. The
multivalued function dj(x,-) : R — 2R is generally nonmonotone and it includes
the vertical jumps. In a physicist’s language it means that the law is characterized
by the generalized gradient of a nonsmooth potential ;.

The variational formulation of the above problem leads to the inclusion (6.5)
with, for example, H = L,(2), V = H'(2), A = —A + 9j and it is met, for
example, in nonmonotone nonconvex interior semipermeability problems.

We remark that monotone semipermeability problems, leading to variation
inequalities, have been studied in [15] under the assumption that j(x,?) is a
proper, lower semicontinuous, convex function which means that dj (x, -) is maximal
monotone in R?.

Following the upper presented results under similar conditions to [15,26,30] we
can state not only the existence of solutions for autonomous evolution objects but
also investigate the dynamic of all weak solutions as 7 — 4-0o. We can also consider
other examples from [15,26,30].

2.4.1 Existence of the Global Attractor

First we consider constructions presented in [24]. Denote the set of all nonempty
(nonempty bounded) subsets of H by P(H ) (#(H )). We recall that the multivalued
map G : R x H — P(H) is said to be a m-semiflow if:

(a) G(0,-) = Id (the identity map),

(b) G(t +s,x) C G(t,G(s,x)) Vx € H,t,s € Ry;
m-semiflow is a strict one if G(t + 5,x) = G(t,G(s,x)) Vx € H,t,5s € R;.

From Lemmas 2.7 and 2.8 it follows that any weak solution can be extended to a
global one defined on [0, +00). For an arbitrary yy € H let Z(yo) be the set of all
weak solutions (defined on [0, 400)) of problem (6.5) with initial data y(0) = y.

We define the m-semiflow G as G (¢, yo) = {y() | y() € Z(y0)}-

Lemma 2.9. G is the strict m-semiflow.

Proof. Let y € G(t + s,y0). Then y = u(t + s), where u(:) € Z(yp). From
Lemma 2.7 it follows that v(:) = u(s + ) € Z(u(s)). Hence y = v(t) €
G(t,u(s)) C G(¢,G(s, y0)).

Vice versa, if y € G(¢, G(s, y0)), then Ju(-) € D(yo) v(:) € D(u(s)): y = v(t).
Define the map

@, geos)
€)= v(E —5), & €[s.t +s].

From Lemma 2.7 it follows that z(:) € Z(yo). Hence y = z(t + s) € G(t + s, Yo).
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We recall that the set <7 is said to be a global attractor G, if:

1. & is negatively semiinvariant (i.e. & C G(¢t, &) Yt > 0);
2. 4/ is attracting, that is,
dist(G(t,B), /) - 0, t—> 4+o0 VB e B(H), (2.69)

where dist(C, D) = sup dinlf) llc —d| g is the Hausdorff semidistance;
ceCc d&

3. For any closed set Y C H satisfying (2.69), we have o/ C Y (minimality). The

global attractor is said to be invariant if o7 = G(t,o/) Yt > 0. We prove the

existence of the global attractor.

Theorem 2.2. The m-semiflow G has the invariant compact in the phase space H
global attractor o .

Proof. From Lemma 2.8 it follows that

IR.G>0: Vyoe H oy e Z2(n). 120 [yl < lyolle ™ + R.
(2.70)
Therefore the ball By = {u € H | |lully < +/ R+ 1} is the absorbing set, i.e.
VB € Z(H)3T(B) > 0: YVt > T(B) G(t, B) C By. In particular, from (2.70) it
follows that the set U;>0G(¢, B) is bounded one in H VB € #A(H).

Note also that from Theorem 2.1 it follows that the map G(¢,-) : H — A(H)
takes compact values and it is compact for # > 0 in that sense that it maps bounded
sets into precompact one.

Show that the map uy — G(, up) is upper semicontinuous [2, Definition 1.4.1,
p- 38]. In order to do that it is sufficient to show [3, p. 45], that Vuy € H, Ve > 0
3A5(ug, €) > 0: Yu € Bs(ug) G(t,u) C B.(G(t,up)) = {z € H | dist(z, G(¢,up)) <
e}. If itis not true then there existug € H,& > 0, {8, }n>1 C (0, +00), {up}u>1 C H
such that Vn > 1 u, € Bs, (uo), G(t,un) ¢ Be(G(t,up)) and §, — 0, n —
4o00. Then Vn > 1 Jv,(-) € P(u,): vy(t) ¢ B:(G(t,up)). Since u, — uy in
H, n — 400, then from Theorem 2.1 it follows that v,(z) — v(t) € G(t,u)
in H, n — o0, for some v(-) € Z(up). We obtain contradiction with Vrn > 1
va (@) —v(O)la = e

Thus the existence of the global attractor with required properties directly follows
from results from Chap. 1.

2.4.2 Existence of the Trajectory Attractor

Let us consider the family ¢y = U, ey Z(yo) of all weak solutions of inclusion
(6.5) defined on the semi-infinite interval [0, 4-00). Note that %4 is translation
invariant one, i.e. Yu(-) € 4, Yh > 0 uy(-) € 4, where u;(s) = u(h + s),
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s > 0. We set the translation semigroup {T (h)}n>0, T (W)u(-) = wup(-), h > 0,
ue t/45/4_ on <1/+.

We shall construct the attractor of the translation semigroup {7'(%)},>¢ acting on
H4.On %, we consider a topology induced from the Fréchet space C/°°(R; H).
Note that

ful) = fOinClRy: H) < YM > 01Ty f,(-)
— Iy f() in C([0, M]; H),

where [Ty, is the restriction operator to the interval [0, M] [37, p. 18]. We denote
the restriction operator to the semi-infinite interval [0, +00) by 1.

We recall that the a &2 C C'°(Ry; H) N Loo(Ry; H) is said to be attracting
for the trajectory space . of inclusion (6.5) in the topology of C'°¢(R; H) if for
any bounded in Loo(Ry; H) set B C 4 and any number M > 0 the following
relation holds:

diStC([O,M];H)(HM T(l)gg, Iy 9) -0, t— 4o0. 2.71)

A set % C 5 is said to be trajectory attractor in the trajectory space 74
with respect to the topology of C loc (Ry; H) (see, for example, [37, Definition 1.2,
p.- 197]) if

(i) % is a compact set in C'°“(R4; H) and bounded in Lo (R+; H);
(il) 7 is strictly invariant with respect to {7 (h)}x>0, i.e. T(h)% = % Yh > 0;
(ili) % is an attracting set in the trajectory space .#; in the topology C!°“(R4; H).

Let us consider inclusions (6.5) on the entire time axis. Similarly to the space
C'¢(Ry; H) the space C'°¢(R; H) is equipped with the topology of local uniform
convergence on each interval [-M, M] C R (see, for example, [37, p. 198]). A
function u € C'°“(R; H) N Loo(R; H) is called a complete trajectory of inclusion

(6.5) if Vh € R Tiu,(-) € 4 [37, p. 198]. Let # be a family all complete
trajectories of inclusion (6.5). Note that

VheR, Yu() € X () € H. (2.72)

Lemma 2.10. The set . is nonempty, compact in C'°°(R; H) and bounded in
Lo (R; H). Moreover,

Vy() e, VieR y(t) e, (2.73)

where <f is the global attractor from Theorem 2.2.
Proof.

Step 1. Letus show that # # @. Note that in view of [22, Theorem 3.1.1, p. 329]
and conditions (A1)—(A3), (Hy), it follows that 3v € V: A(v) = f. We set
u(t) =vVt € R. Then,u € & # 0.
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Step 2. Let us prove (2.73). Forany y € 2 3d > 0: ||y(¢)||w < d YVt € R. We
set B = User{y(?)} € A(H). Note that Vt € R, Vt € Ry y(1) = y,—(¢t) €
G(t,y.—(0)) C G(¢, B). From Theorem 2.2 and from (2.69) it follows that
Ve > 03T > 0: Vr € Rdist(y(zr), &) < dist(G(T, B), o/) < ¢. Hence taking
into account the compactness of <7 in H, for any u(-) € #, v € R it follows
that u(r) € <.

Step 3. The boundedness of JZ in Lo (Ry; H) it follows from (2.73) and from
the boundedness of .7 in H.

Step 4. Let us check the compactness of .#" in C/°°(R; H). In order to do that it
is sufficient to check the precompactness and completeness.

Step 4.1.  Let us check the precompactness of .# in C'°¢(R; H). If it is not true
then in view of (2.72), IM > 0: I1) % is not precompact in C([0, M]; H).
Hence there exists a sequence {v,},>1 C [Ip ¢, that has not a convergent in
C([0, M]; H) subsequence. On the other hand v, = IIyu,, where u, € %,
v (0) = u,(0) € o/, n > 1. Since </ is compact in H (see Theorem 2.2), then
in view of Corollary 2.1, I{v,, }k>1 C {vuln>1, In € H, () € Zom(n):
Vv, (0) — nin H, v,, — vin C([0,T];H), k — +oo. We obtained
contradiction.

Step 4.2.  Let us check the completeness of .# in C'°°(R; H). Let {v,},>1 C %,
S Cl”"(R; H):v, > vin C’”"(R; H), n — +o00. From the boundedness of
Jin Loo(R; H) it follows that v € Lo (R; H). From Corollary 2.1 we have that
VM > 0 the restriction v(-) to the interval [—-M, M] belongs to sy (V(—T)).
Therefore, v(-) is complete trajectory of inclusion (6.5). Thus, v € % .

Lemma 2.11. Let of be a global attractor from Theorem 2.2. Then
Vyoeo/ 3Ay()ex : y(0)=yo. (2.74)

Proof. Let yo € <7, u(:) € 2(y9). From (6.17), (2.69) we have that V¢ € R4
y(t) € &. From Theorem 2.2 it follows that G(1, «/) = 7. Therefore,

Vnew e, Igy() € Za6): (1) =n.
For any 7 € R we set
M(l), t eRy,
y(t) =
(Py(—k+l)(t +k),t e[—k,—k +1), k eN.

Note that y € C“(R; H), y(t) € o/ ¥t € R (consequently y € Lo (R; H)) and
in view of Lemma 2.7, y € JZ". At that y(0) = yy.

Theorem 2.3. Let <7 be a global attractor from Theorem 2.2. Then there exists the
trajectory attractor & C K4 in the space 5. At that the next formula holds:

P =T, 4 =M. {ye#|yt) e ViRl (2.75)
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Proof. From Lemma 2.10 and the continuity of operator [Ty : C°“(R;H) —
C'¢(Ry: H) it follows that the set IT4.# is nonempty, compact in C/°¢(Ry; H)
and bounded one in L. (Ry; H). Moreover, the second equality in (2.75) holds.
The strict invariance of I11 % follows from the autonomy of inclusion (6.5).

Let us prove that [T, % is the attracting set for the trajectory space J#4 in the
topology C'*“(Ry: H). Let B C %4 be a bounded set in Loo(Ry: H), M > 0.
Let us check (2.71). If it is not true then there exist sequences f, — +o00, v,(-) € B
such that

Vn >1 diStc([ho];H)(nMvn (ty + ), [y %) > e. (2.76)

On the other hand, from the boundedness B in Lo (R4; H) it follows that 3R > 0:
Vyv() € B,Vt € Ry |v@®)|lg < R. Hence, AN > 1: Vn > N v,(t,) €
G(ty,v4(0)) € G(1,G(t, = 1,v,(0))) C G(1, Bg), where Bg = {u € H | |[ulln <
R}. Therefore, taking into account (2.69) and the compactness of the map G(1,-) :
H — 2%(H) (see the proof of Theorem 2.2) we have that 3{v,, (,,)}x>1 C
nt) =1, Iz € &2 vy (ty,) — zin H, k — +oo. Further, Vk > 1 we set
@k (t) = vy, (ty, +1), ¢ € [0, M]. Note that Vk > 1 ¢x(:) € Dom (Va, (tn,))- Then
from Corollary 2.1 there exists a subsequence {¢x; }j>1 C {@}x>1 and an element
o(-) € Zo.m(2):

ok, > @ inC(0,M];H), j— +oo. 2.77)

At that, taking into account the invariance of .2/ (see Theorem 2.2), V¢t € [0, M]
@(t) € /. In consequence of Lemma 2.11 there exist y(-),v(-) € £ y(0) = z,
v(0) = ¢(M). For any ¢ € R we set

y(2), t <0,
V(1) = | @), 1 €[0,M],
v(it—M), t > M.

In view of Lemma 2.7 ¥ (-) € £ . Therefore, from (2.76) we have:

Vik > 1 |[Hyvu (tn, + ) — Oy Ollcqom;my = llox — ¢llcqo.mmy = &

and we obtain the contradiction with (2.77).
Thus, the set & constructed in (2.75) is the trajectory attractor in the trajectory
space %, with respect to the topology of C'*¢(Ry; H).

2.4.3 Comments

From results of Sects. 2.4.1 and 2.4.2 it follows that the m-semiflow G, constructed
on all weak solutions of (6.5), has the compact invariant global attractor .2 For all
weak solutions of (6.5), defined on semi-infinite interval [0, +00), there exists the
trajectory attractor <. At that

A =20)={0) | yed} ZP =10,
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where 7 is the family of all complete trajectories of differential-operator inclusion
(6.5)in C'“(R; H) N Loo(R; H). Therefore, the equality of global attractors in the
sense of [24, Definition 6, p. 88] as well as [37, Definition 2.2, c. 201] is proved.
Questions concerned with connectedness of constructed attractors in the general
case are opened. Note that approaches proposed in works [24, 37] are based on
properties of solutions for evolutional objects. The approach considered in this work
is based on properties of an interaction function A from (6.5) and properties of phase
spaces.

2.4.4 Conclusion

We investigated the dynamics as ¢ — oo of all global weak solutions defined
on [0, 400) for a class of autonomous differential-operator inclusions with pseu-
domonotone nonlinear dependence between determinative parameters of a problem.
We proved the existence of the global compact and compact trajectory attractors,
investigated their structure and checked the equality of global attractors in the sense
of Definition 6 from [24] as well as in the sense of Definition 2.2 from [37]. Obtained
results allows us to study the dynamics of solutions of new classes of evolution
equations of nonlinear mathematical models of geophysical and socioeconomical
processes and fields with interaction function of pseudomonotone type satisfying
the condition of “no more than polynomial growth” and standard sign condition.

2.5 Auxiliary Properties of Solutions for the Second Order
Evolution Inclusions and Hemivariational Inequalities
for Viscoelastic Processes

Let the next conditions are fulfilled (see Example 1):

(Hy) V, Z, H are Hilbert spaces; H* = H and we have such chain of dense and
compact embeddings:

VcZcH=H*CZ*CV*

(Hy) foeV™

(A1) 3¢ >0:VYueV,Vd € Ao(u) ||d|lv* < c( + |lullv);

(A2) 3o, B >0:YueV,Vd € Ay(u) (d,u)y > a|ul? — B;

(A3) Ay = Ay + Ay, where A} : V. — V™ is linear, selfconjugated, positive
operator, A, : V' V* satisfies such conditions:

(a) There exists such Hilbert space Z, that the embedding V' C Z is dense
and compact one and the embedding Z C H is dense and continuous
one;
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(b) For any u € Z the set A,(u) is nonempty, convex and weakly compact
onein Z*;

(c) Ar: Z _’Z * is a bounded map, i.e. A, converts bounded sets from Z into
bounded sets in the space Z*;

(d) Ay:ZZZ*isademiclosed map,i.e.ifu, — uin Z, d, — d weakly in
Z*,n — 4o0,and d, € Ay(u,) Vn > 1thend € Ay (u);

(B1) By :V — V*is alinear selfconjugated operator;

(By) Jy > 0: (Bou,u)y > y|ull5.
Here (-,-)y : V* x V — Ris the duality in V* x V, coinciding on H x V'
with the inner product (-, -) in Hilbert space H.

Note that from (A;)—(A3), [25, 42] it follows that the map A, satisfies such
condition:
(A3) Ao : VZV* is (generalized) A¢-pseudomonotone, i.e.

(a) For any u € V the set Ag(u) is nonempty, convex and weakly compact one in
V*;
(b) If u, — u weakly in V, n — 400, d, € Ao(u,) Yn > 1 and lim (d,, u, —
n—>oo
u)y <0then Vo € V 3d(w) € Ao(u) :

li_m (dl‘la Uy _w>V = (d(w)7“_w>V;
n—>+00

(c) The map Ay is upper semicontinuous one that acts from an arbitrary finite-
dimensional subspace of V into V*, endowed with weak topology.

Thus, we investigate the dynamic of all weak solutions of the second order
nonlinear autonomous differential-operator inclusion

Y’ (&) + Ao(y'(¢)) + Bo(y(1)) > fo, forae.r>0 (2.78)

ast — +oo, which are defined as ¢ > 0, where parameters of the problem satisfy
conditions (H1), (H2), (A1)—(A3), (B1)~(B2).

As a weak solution of the evolution inclusion (2.78) on the interval [z, T] we
consider such pair of elements (u(-), u'(-))T € Lo(z, T: V x V), that for some d(-) €
Ly(t, T; V™)

d(t) € Ao(u/(t)) for almostevery (a.e.) ¢ € (z,T),
T

T
_ / €O (0)d1 + / (d(0).(0) vt

T

T T
/ (Bou(t). £(1))vdi = / fol@)y VEeCR(nTLV).,  (279)
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Fig. 2.6 Clarkes y
subdlﬁerentlable nonconvex y=|x|-I]
functional
1
X
-1 1

where 1’ is the derivative of the element u(-) in the sense of the space of distributions
7*([t, TI; V™).

As a generalized solution of the problem (3)—(7) we consider the weak solution
of the corresponding problem (2.78). This definition is coordinated with Definition 3
from [25].

We have to note that abstract theorems on existence of solutions for such
problems as the problem (2.78) and the optimal control problems for weaker
conditions for parameters of problems are considered in works [25,38,39,41,42].
Here we consider Problem 2 from [25], for which we can (as follows from results
of the given paper) have not only the abstract result on existence of weak solution
but we can investigate the behaviour of all weak solutions as t — +o0 in the phase
space V x H and study the structure of the global and trajectory attractors. Underline
that results concerning multivalued dynamic of displacements and velocities can be
applied to hemivariational inequalities with multidimensional superpotential laws
(Fig.2.6).

2.5.1 Preliminary Results

Further, without loss the generality, on the space V' we consider the equivalent norm
lully = +/(Bou,u)y, u € V. The given norm is generated by the inner product
(u,v)y = (Bou,v)y, u,v € V. For fixed t < T let us consider

Xer = Lay(x, T:V), X'p=Ly(t.T; V"), Wer={ueX.rlueX]},
Avr : Xer S X, dher(y) =1{d € X[ p|d(t) € Ao(y(?)) forae. 1 € (¢, T)},
Ber i Xer — X[r. Bur(y)(t) = Bo(y(2)) forae. t € (¢, 7T),
for € X po fur(@) = foforae. r € (r,7).
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Note, that the space W, r is the Hilbert space with the graph norm of the derivative
(cf. [41,42)):
lully, = Nl , + 1015, w e Wer. (2.80)

From [25, Lemma 7, p. 516], (A), (A,), (A3)’ it follows that <7, 7 : XerZ X[
satisfies the next conditions:

(V) 3C1 > 0: [ldllxs, < Ci(L+ [¥llx.,) Yy € Xer, Vd € rr();

(N2) 3C5,C3>0:{d, y)x,; = Collylly,, — C3 Vy € Xor, Vd € i 7(y);
(N3) or: XerZS :T is (generalized) w) -pseudomonotone on W, 7, i.e.

(a) For any y € X, the set @7 r(y) is a nonempty, convex and weakly
compact one in X ;

(b) .7 is the upper semicontinuous map as the map that acts from an
arbitrary finite dimensional subspace from X 7 into X, endowed by
the weak topology; '

(¢) If y, —> y weakly in W, r,d, € <, 7(y,) Vn > 1,d, — d weakly in
X}, and

lim (dn, yn = Y)x.7 <0

n—>+00
thend € o r(y)and lim (d,,ya)x.; = (d,y)x, .
n—-4o0

Here (-, -)x,, : X7 x X;7 — Ris the pairing in X}, x X, r coinciding on
Ly(z,T; H) x X, with the inner productin L,(z,T; H), i.e.

T
Yue L,(t,T;H), Vve Xor {(u,v)x,, = /(u(t),v(t))dt.

Note also (cf. [16, Theorem IV.1.17, P. 177]), that the embedding W;r C
C([z, T]; H) is continuous and dense one, moreover

T

Yu,ve Wer  (T),v(T))— (u(z), v()) = /[(u’(t),v(t»v + (v/(t),u(t»v]dt-

T

(2.81)
From the definition of derivative in the sense of Z([t, T']; V*) and the equality
(2.79) it directly follows such statement:

Lemma 2.12. Each weak solution (y(-),y'(-))" of the problem (2.78) on the
interval [t, T| belongs to the space C([t, T]; V) x Wy r. Moreover

V' + o7 (Y) + Ber(y) 3 for. (2.82)

Vice versa, if y(-) € C([t,T;V), y'(-) € W,r and y(-) satisfies (2.82), then
), Y'O))T is a weak solution of (2.78) on [t, T].
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A weak solution of the problem (2.78) with initial data

y(r)=a, y'(t)=>b (2.83)

on the interval [z, T'] exists for any @ € V, b € H. It follows from [25, Theorem 11,
p- 523]. Thus, the next lemma holds true.

Lemma 2.13. Foranyt < T,a € V, b € H the Cauchy problem (2.78), (2.83)
has a weak solution (y, y')T € X.r x X 1. Moreover, each weak solution (y, y')"
of the Cauchy problem (2.78), (2.83) on the interval [t, T| belongs to the space
C([z,T); V) x Wy and y satisfies (2.82).

Remark 2.3. Since W, C C([r, T]; H), initial data (2.83) have sense.

Let us consider the next denotations: £ =V x H, Vo, = (a, b)T eE

. NT 5 .
Der(¢r) = { (y() ) (y.y")" is a weak solution of (2.78) on [r. T]. |

YO ) ly@ =a, y(r)=b

From Lemma 2.13 it follows that 2, r(p;) C C([t,T];V) x Wer C
C([v. T E).

Let us complete the given subsection by checking that translation and concate-
nation of weak solutions is a weak solution too.

Lemma2.14. If t1<T, . € E, ¢(-) € Z;.7(¢.), then Y (-) =¢@(- + 5) € D7
() Vs. Ift<t<T, o, € E, () € Dos(¢.) and ¥ (-) € Dy 17(¢:), then

(o). s e fnil
Y=y s eln.T)

belongs to .. 1(¢-).

Proof. The first part of the statement of this lemma follows from the autonomy of
the inclusion (2.78). The proof of the second part follows from the definition of the
solution of (2.79), Lemma 2.12 and from that fact that z € W, r as soonasv € W,,,
u € W, pand v(t) = u(t), where

v(s), s € [1,1],

X =0 wis). s € [t T]

For the proof of the last we can use the definition of the derivative in the sense
2([t, T]; V*) and the formula (2.81).

2.5.2 Auxiliary Properties of the Resolving Operator

As arule the proof of the existence of the compact global and trajectory attractors for
evolution inclusions and, in particular, inclusions like (2.78) is based on properties
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of family of weak solutions of the problem (2.78) connected to absorbtion of the
generated m-semiflow, closedness of its graph and its asymptotic compactness (cf.
[21,24,36,37] and references therein). The next lemma on a priory estimates and
Theorem 2.4 on dependence of solutions on initial data play the key part when
investigating the dynamic of solutions of the problem (2.78) as t — +o0.

Lemma 2.15. There exists constants cy,ca,c3,¢q4 > 0 such that for any finite
interval [t, T] and for each weak solution (y, y")T of the problem (2.78) on [z, T
the next estimates holds true: Nt > s, t,s € [t,T]

I OF; + IO +a [ 1€l dé (.84

<1y O + 1y + cat = )AL= + 1),

1Y O+ 1y Ol < er(ly" I + 1y ©1F)e™ ™ +es(1+ £ 17+). (2.85)
Proof. The inequality (2.84) obviously follows from Lemma 2.12 and Condition
(A2).

Let us prove now (2.85). We fix an arbitrary finite interval [z, 7] and an arbitrary
weak solution (y, y’)7 of the problem (2.78) on [z, T]. Note that y € C([z,T]; V),
y' € Wyr.Foranyt € [t, T] let us set

Y@ = 3Ol + S O1 + 60/, y@).

2/\1(1

where ¢ = 5790,

> 0, A; > 0 such that the next inequality takes place:

Mllullfy < lluly, VueV. (2.86)
Firstly we check the next inequality

dY(t) _
dt  —

—o1Y(t) +op forae.t e (z,7T), (2.87)

where o) = miT% > 0,00 =B +2ec? + || flI}+ (55 + 26) > 0.

From Conditions (A1), (A;) and the definition of a weak solution of the problem
(2.78) on [z, T'] we have:

dY (1)
dt

(@), ¥ () + (Boy(0), ')y + (" (1), (1) + e[y )1

—ally' Ol = ellyOIF + el y' Ol + 1Lf v+l O llv
+ ellyOllv(c + 1 £ llve) +eclly’ Ollv Iy @llv + B. (2.88)

IA



2.5 Auxiliary Properties of Solutions for the Second Order Evolution Inclusions 73

Note that
l & ’ 2 1 2
YOI yOly = SIVYOR + SOl
2 2
ol + 170 < POV 4y < RO e o) py

aly' O 115+
o+

1A=y Olly < 3
o

Applying considered inequalities to the right part of (2.88), by the help of (2.86) we
obtain:

dY(t)
dt

——(Ily O + 1y OlF) + B+ 26> + [ £+ (% + 2s) . (2.89)

Note that

(O (0).y0)] = 2J_ + Iy OI17). (2.90)

Therefore, from inequalities (2.89), (2.90) we have (2.87).
From (2.87) and Gronwall-Bellman lemma we obtain

Vi<s<t<T Y()<VY(s)e = + (1 + 1L 115+)-

Thus, in view of (2.90), the next inequality takes place:

Vel T] YOI + Iy©l}

\/_+8
J_

Note that v/A| > &, in view of & < ¢ and 21> — 21 + 5 > 0 VA € R, in particular
for A = Aic.

If we set ¢c; =

((Ily Gz + Iy )7 )e 0= + (1 +IAI5 *))-

«/7+s
Vhi—¢

>0, = ay, c3 = 2 .¢; > 0, we obtain the necessary
23]
inequality.

Theorem 2.4. Let © < T, {(un,u,)"}u>1 be an arbitrary sequence of weak
solutions of (2.78) on [t, T] such that u,(v) — u, weakly in V, u,(v) — u

weakly in H. Then there exist {(an%k)T}kzl C {(un,u) Y51 and (u,u)" €
Do ((ur, ul)T) such that
Vee (0,T —7) max_|u, (1) —u' )|z — 0, k — +o0, (2.91)

t€[t+e,T]

Up, (t) = u(t) weakly in V, uniformly on [t,T], k — +o0. (2.92)
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If supplementary (u,(t),u,(v))T = (u;, )T in E, n— + oo, then (u, (), up,
)T = @), () inC([r, T]: E), k — +o0.

Proof. Under conditions of the theorem in view of Lemma 2.12, for any n > 1
@n = (uy,u,)T € C([z, T]; E). Moreover, from Lemma 2.13, 2.15 we obtain that

VYn>113d, € szf,r(u,/l) :
w/(t) + dy(t) + Bouy(t) = f forae.t € (¢, T); (2.93)

3C >0: Vn>1 |u,|lx,, + ||”Z”X1*.r

+ ||”;1||C([r.,T];H) + ||dn||xjjT + llunlleqe vy < C. (2.94)

t
Note that Vn > 1 V1 € [t,T] uy(t) = vu(t) + ry, where v, (1) = [u,(s)ds,

(tep, 1t )T = Q. At that

Vi =1, Yi,s € [0, T] [va(t) = va(s)lly < Clt = s, v, (0) =0. (295

Therefore, from (2.93)—(2.95), continuity of the embedding W;r C C([r,T]; H),
compactness of the embedding W;r C L,(t,T; H), reflexivity of spaces W. r,
X. 7, X}, we have that up to a subsequence {u,,, dy, }x>1 C {Un, dy}n>1 for some
ue C(t. T V), u' e Wyr.,d € X, the next convergences take place:

Vo, = vin C([t, T]; V), up, (t) — u(t) weaklyin V' Vt € [z, T},

/ / : 1 " H *
u, — u weaklyin X7, uw,, — u” weakly in X7,
/

n — 4 weakly in C([z, T]; H),
u,, —u'in Lo(z,T; H), u,, (t) — u'(¢) in H forae. t € (z,T), k — +oo,

nk
(2.96)
where v(-) = u(-) — u,. Let us complete the proof of the theorem in several steps.

dy, — d weakly in X:T, u

Step 1. Show that
W = Jor —d — Brr(u). 2.97)

Indeed, Vk > 1,V € Cg°([r, T]; V)

(¢, ”;k)Xf_r + (dnk’ g)Xf.T + (B‘L'.,T(v"k)’ g)Xf.T
T

4 / (Bottng o £ vdt = (for Oy

T

(2.98)
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Further, let us pass in (2.98) to the limit as k — +00. We obtain:

Ve G ([e. TLV) = (" )x.r +(d.E)x.y
T

- (Bor (). L.y + / (Boutr, E0)ydt = (for: E)x.,-

Thus, using properties of Bochner’s integral, Vo € C°([t, T]) YVheV

T T

— /u’(s)<p’(s)ds,h = —/(h,u/(s))pr/(S)dS

T H T
T

= /(f —d(s) — Bov(s) — Boug, h) go(s)ds

T

T

= </[ft.,T(S)_d(s)_Br,T(“)(S)](p(s)dsv h>

T Vv

Finally, the relation (2.97) follows from the definition of derivative of an element
u' in the sense 2*([t, T]; V™).
Step 2. From (2.96) it follows that 3{¢; } ;> C (7, T) :

e 0+, j — +oo, Vj=1lu, (t+¢;) = u(t+¢;)in H, k — +oo.
(2.99)
Let us fix an arbitrary ¢ € {¢,};>; and show that

d(t) € Ag(/ (1)) forae. t € (t +¢,T), (2.100)

using pseudomonotony of .7, 4.7 on W4, 7.

Let us consider restrictions uy, (+), dy, (), u(:), d(-) on the interval [t 4 ¢, T']. For
the simplicity of suggestions we denote these restrictions by the same symbols:
U, (*), dy, (+), u(-), d(-) correspondingly. From (2.96) it follows that

u,, — u' weakly in Wyior, dy, — d weaklyin X\, 7, k — +o0. (2.101)

Show that
<0 (2.102)

T / /
hm (dnk, M”k —u )Xr+s.T =

k—4o00
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Indeed,

T
Vk > 1 / (Ao (5), 14, (5) — 1 (5)) v ds
+e

T

T

T
- [ o, (5) — i (5))vds + / (Wl (5). 1 (5) — il (5))v s
+e

T+e

T

T
+ / (BOM‘L',nk9 “/(S) - M;k (S)>Vds
+e

T

T
+ /(Bovnk,u’(s) — iy, (5))vds
T+e
=Ly + Ly + Lx+ Lag. (2.103)

From (2.101) it follows that
Ly —>0, k— +oo. (2.104)

In consequence of (2.81), (2.96) and (2.99) we obtain that

T

T
/ / 1
k21 Dy = / (i, (), () vl = 5 (i, (D = e, (7 + &) 1),
+e
T

— 1
lim Iy < / (W (s),u'())vds — = (' (D)3 — W' (x + &) [17) = 0.
k—+o0 2
T+e
(2.105)
In view of (2.95), (2.96) and properties of Bochner’s integral we have that Vk >

1

I35 = (Bottrp , v(T) —v(t + &) — vy (T) + vy, (t + 8))y — 0, k > 4o00.

(2.106)
T
xl = | [ (Bov(s).0/) =i, s
+e :
+||BO||$(V;V*)||Vnk — v||c([r,T];V) -2C - (T — 7T — 8)5 — 0, k — +o0.
(2.107)

Thus, if we pass in (2.103) to the upper limit as k — +o00, in view of (2.104)—
(2.107), we obtain (2.102).
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Further, due to (2.93), (2.101), (2.102) and pseudomonotony of @7 .7 on
W; 4.1 we obtain (2.100).

Step 3. From (2.99), an arbitrariness of ¢ € {¢;};>1, the relation (2.100) and
definition of <7 7 (') we obtain that (u, u")" € D, 7 ((u,,u)").

Step4. From (2.96) it directly follows (2.92).

Step 5.  Let us check (2.91) using the method by contradiction. We suggest that
Je > 0,3L > 0, El{”kj}jzl C {u,,k}kzl :

Vi 2 max @) = Ol = (1) =)l = L.

Without loss of the generality we can guess that t; — #o € [¢,T], j — +4o0.
Therefore, in view of continuity of u’ : [t, T] — H,

im lu (7;) —u'(to) | = L. (2.108)

J—>+oo
On the other hand we show that

u;(/, () — u'(ty) in H, j — +o0. (2.109)

Step 5.1.  Firstly we prove that
ufcj (tj) = u'(t9) weakly in H, j — +o0. (2.110)
For a fixed h € V from (2.96) it follows that the sequence of real functions
(u,,(-),h) : [r, T] — R is uniformly bounded and equipotentionally continuous
one. Taking into account (2.96) and density of the embedding V' C H we obtain
that u,, (t) — u'(t) weakly in H uniformly on [z, T], k — +o0, whence it

follows (2.110).
Step 5.2.  Let us prove that

EE / /
T, ) < o) @.111)
Note that in view of (2.93) and Condition (A4,) we obtain that

Vj = forae € (2. T) 5Ol 01 + 2(Botcs, v, (0}
+||vk, O
.

2
(””k (t)||H + [, ON2) < B+ ||f|(|x £ _
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Similarly,

d _
forae. t € (r,T) E(”M/(Z)”%{ + 2(Bour,v(t))y + [v®)I[}) < B.

Thus, real functions {J; : [t,7] — R|j > 0},
Jit) = ||’4;;, O + v, O + 2(Bottes; . vi; (1) — Bt. (2.112)

Jo@) = [l O + VO + 2(Bous, v(0))y — Bt, t € [t T],  (2.113)

are steadily nonincreasing, continuous and in view of (2.96),
forae. t € (r,T) J;(t) = Jo(t), j — +o0. (2.114)
Let us fix an arbitrary ¢; > 0. From (2.114) and continuity of Jj it follows that
3t e (v.t9) : Jj(1) = Jo(t), j — 400 and |Jo(1) — Jo(to)| < &1.

Then for rather big j > 1 Jj (lj) — Jo(ty) < JJ(ZT) — J()(ZT) + |J()(l-) — Jo(t)| <
|J;(t) — Jo(t)| + 1. From the arbitrariness of &; > 0 we have E_{l Ji(tj) <
J—>T00

Jo(ty). Hence, taking into account (2.96), we obtain (2.111).
Step 5.3.  Equation (2.109) directly follows from (2.110), (2.111) and [16].
Step 5.4.  For the completeness of the proof of (2.91) note that (2.109) contradicts
with (2.108). Therefore, the validity of (2.91) is checked.
Step 6. Supplementary we suggest that
(U (0), ()" — (up, )" in E, k — +o0. (2.115)
Step 6.1. From (2.115) and (2.96) it directly follows that
uy, > uin C([t, T, V), k — +o0. (2.116)
Step 6.2.  For the completeness of this proof it remains to check that

u,, —u' in C([z,T]; H). (2.117)

Let us check (2.117) using the method by contradiction. We suggest that 3L, >
0, Hug; }j>1 C {utn Ja=1

Viz 1w, —dleqrsm = lug, (t;) —u'(t)lln = L. (2.118)

Repeating upper considered suggestions from Step 5 of the proof, taking into
account (2.91), without loss of the generality, we can guess that
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1 — T, u;/_(tj) — /(1) weakly in H, j — +00;

lim g, )~/ @ln = L (2.119)

Jj—>+o0

Let us consider a sequence of steadily non-decreasing continuous functions

{Jj}j>o0. defined in (2.112), (2.113). Since Vj > 1 J;(t;) — Jo(r) < J;(z) —

Jo(7), then in view of (2.96) we obtain that @ Ji(t;) < Jo(r) and,
J—>T00

therefore, @ ||u§(/_(tj)|| u < ||/ (z)||n. The last inequality together with
j—>+o0

(2.119) contradicts with (2.118). The theorem is proved.

2.6 Auxiliary Properties of Solutions for the Second Order
Evolution Inclusions and Hemivariational Inequalities
for Piezoelectric Fields

Now we consider a mathematical model which describes the contact between
a piezoelectric body and a foundation (see Example 2). For evolution triple
(V; H; V™), linear operators R : H — H, G : V — V™ and locally Lipschitz
functional / : H — R we consider a problem of investigation of dynamics
for all weak solutions defined for ¢ > 0 of non-linear second order autonomous
differential-operator inclusion:

W'(t) + Ru'(t) + Gu(t) + 0J(u(t)) 30 ae. t>0. (2.120)

We need the following hypotheses:.

H(R) R: H — H is alinear symmetric such that 3y > 0 : (Rv,v)y = y||v||%{
Vve H;

H(G) G : V — V*is linear, symmetric and 3cg > 0 : (Gv,v)y > cg|v|%
YveV;

H(J) J : H — Ris a function such that

(i) J(-) is locally Lipschitz and regular [12], i.e.

e For any x,v € H, the usual one-sided directional derivative J'(x;v) =
lim LEFM=I0) ey
t\O0 ! ’
e Forallx,ve H,J (x;v)=J°(x;v), where J°(x;v)= E\ M,
y—=>x,1\0
(i) Je1 > 0: [0J )|l =< er(1 + |vllw) ¥v € H;
(iii) Jcp > 0:

[DJ (), V- > =A|v% —c2 VveH,
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where 0J(v) = {p € H|(p,w)y < J°(v;w) Yw € H} denotes the Clarke
subdifferential of J(-) at a point v € H (see [12] for details), A € (0,1,),
A > 0:cg|vln = M5 Vv e Vs

(Ho) V is a Hilbert space.

The phase space for Problem (2.120) we define Hilbert space E =V x H.
Let —oo <7 < T < +o00.

Definition 2.1. The function (u(:), u'(-))T € Loo(t, T; E) is called a weak solution
for (2.120) on (z,T), if there exists d € L,(t,T; H), d(t) € dJ(u(t)) for a.e.
t € (tr,T),suchthat Viy € V,Vn e C°(z, T)

T

T
_ / WO ) ()di+ / [ (0) W) + W) W)+ (d(0) ) ] n(0)di = 0,

T

We consider a class of functions WTT = C([t, T]; E). Further y, ¢y, ¢2, A, A| we
recall parameters of Problem (2.120). The main purpose of this work is to investigate
the long-time behavior (as ¢t — +00) of all weak solutions for the problem (2.120).

To simplify our conclusions from Conditions H(G), H(R) we suppose that

w.v)y = (Gu,v)y, VI = (Gu.v)y, cg = 1, yw.v)g = (Ru,v)u. ylvIy

= (Rv,v)y Yu,ve V. (2.121)

Lebourgues mean value theorem [12, Chap. 2] provides the existence of constants
c3,c4 > 0and u € (0,4):

@ = e+ ). Jw = Sl —er VueH.  @122)

Lemma 2.16. Let J : H — R be a locally Lipschitz and regular functional, y €
C'Y([t,T); H). Then fora.e.t € (t,T) EI%(J o)) = (p,y'(t)) Vp € dJ(y(2)).
Moreover; %(J oy)() e Li(r,T).

Proof. Since y € C'([tr,T]; H) then y is strictly differentiable at the point #, for
any ty € (r,T). Hence, taking into account the regularity of J and [12, Theorem
2.3.10], we obtain that the functional J o y is regular one at ty € (z,T) and d(J o
¥)(to) = {(p,y'(t0))| p € 3J(y(ty))}. On the other hand, since y € C([z,T]; H),
J : H — Riis locally Lipschitz then J o y : [t, T] — R is globally Lipschitz and

therefore it is absolutely continuous. Hence for a.e. t € (7, 7T) 3%, %

€ Lifr.T)and [ &(J o DEE = (J 03)(t) — (J oy)(s) Ve <5 <t <T. Atthat

taking into account the regularity of J oy, note that (Joy)°(ty,v) = (Joy) (to,v) =

W -v for ae. tp € (tr,T), Vv € R. This implies that for a.e. 1y € (7, 7T)

A(J 0 y)(ty) = {W}
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A weak solution of the problem (2.120) with initial data
u(x) =a, (@) =>b (2.123)

on the interval [, T'] exists foranya € V,b € H.It follows from [23, Theorem 1.4].
Thus, the next lemma holds true (see [33, Lemma 4.1, p. 78] and [33, Lemma 3.1,

p. 710).

Lemma 2.17. Foranyt < T,a € V, b € H the Cauchy problem (2.120), (2.123)
has a weak solution (v, y")T € Loo(t, T; E). Moreover, each weak solution (y, y')"
of the Cauchy problem (2.120), (2.123) on the interval [t, T] belongs to the space
C([t, TLE)and y" € Ly(z, T; V™).

Let us consider the next denotations: V¢, =(a,b)T € E we consider
Der(p0) = { (), W' ()T | (u, )7 is a weak solution of (2.120) on [z, T], u(t) =
a,u'(t) = b }. From Lemma 2.17 it follows that 7, r(¢,) C C([t,T]; E) = WT.
Let us complete the given subsection by checking that translation and concatenation
of weak solutions is a weak solution too.

Lemma2.18. If t < T, ¢, € E, () € D.17(p:), then ¥ () = ¢(- + 5) €
.@T—s,T—S((pf) Vs. If‘L’ <t <T, ¢ € E, 90() (S] .@t,t((pt) and Ir//() (S .@t,T((p‘L')y

_{(s), s €[r.1],
then 6(s) = W(s), s €t.T]

Proof. The proof is trivial.
Let ¢ = (a,b)” € E and

belongs to D (¢:).

1
V(p) = Ellfpllé + J(a). (2.124)

Lemma2.19. Lett < T, ¢, € E, 9(-) = (), ' ()T € Der(¢.). Then ¥ o
¢ : [t,T] — R is absolutely continuous and for a.e. t € (t,T) %"//((p(t)) =
Iy Ol

Proof. Let —o0 < 7 < T < 400, ¢(-) = (¥(-),¥'(-))T € W be an arbitrary
weak solution of (2.120) on (7, 7). As 0J(y(-)) C La(zr,T; H) then from [33,
Lemma 4.1, p. 78] and [33, Lemma 3.1, p. 71] we get that the function t —
" (O34 + |ly(2)]|3 is absolutely continuous and for a.e. ¢ € (z,T)

| =

[y O + 1y®15] = 0" @)+ Gy@). y' ) u = —yIly Ol

—(d(®).y' (t)u- (2.125)

| =
QU

t

where d(t) € 0J(y(t)) forae.t € (t,T) and d(-) € L,(t,T; H). As y(-) €
C'([t,T); H) and J : H — R is regular and locally Lipschitz, due to Lemma 2.16
we obtain that fora.e. t € (7, T) EI%(J o y)(t). Moreover, %(J oy)() e Li(t,T)
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and for a.e. t € (7,T), Vp € 0J(¥(t)) %(J oy)() = (p,y'(t))n. In particular,
forae.t € (¢, 7T) %(J o y)(t) = (d(t), y'(t))y. Taking into account (2.125) we
finally obtain the necessary statement.

The lemma is proved.

Lemma 2.20. Let T > 0. Then any weak solution of Problem (2.120) on [0, T] can
be extended to a global one defined on [0, +00).

Proof. The statement of this lemma follows from Lemmas 2.17-2.19, Conditions
(2.121), (2.122) and from the next estimates: Vt < T, Vo, € E, VYo(-) =

OO € Turlp), Vi € [1.T] 265 + (14 2) Iy @I + 1Y @I,
27 (p(0) 2 2/ () = YOI + Iy O +276:0) = (1= £) Iy O} +

1y" O — 2¢s.
The lemma is proved.

A%

For an arbitrary ¢y € E let Z(¢o) be the set of all weak solutions (defined on
[0, +00)) of problem (2.120) with initial data ¢(0) = ¢o. We remark that from the
proof of Lemma 2.20 we obtain the next corollary.

Corollary 2.2. For any ¢y € E and ¢ € 2(¢o) the next inequality is fulfilled:

AL+ 2c;

2(c3 + ey
Al— [

Vvt > 0. (2.126)
A=

le@I% < lp(0) I +
From Corollary 2.2 and Conditions H(R), H(G), H(J), (Hp) in a standard way
we obtain such proposition.

Theorem 2.5. Let © < T, {@y(-)}uz1 C W] be an arbitrary sequence of weak
solutions of (2.120) on [z, T] such that ¢,(t) — @, weakly in E, n — 400, and
let {ty}n>1 C [t,T] be a sequence such that t, — to, n — —+o00. Then there exist
© € D, 1(@;) such that up to a subsequence ¢, (t,) — ¢(ty) weakly in E, n — +o0.

Proof. We prove this theorem in several steps.
Step 1. Let 7 < T, {@a() = (un(-), 1, (-))}n>1 C W] be an arbitrary sequence of
weak solutions of (2.120) on [z, T'] and {#,, },>1 C [z, T]:
¢n(t) > @, weakly in E, t, > ty, n — +oo. (2.127)

In virtue of Corollary 2.2 we have that {¢, (-)},>1 is bounded on W C
Loo (7, T E). Therefore up to a subsequence {@n, ()} k>1 C {@n()}n>1 We
have:
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uy, — u weakly starin Lo (7, T;V),

”:u — u’ weakly star in Loo(7,T; H),

u,’{k — u” weakly starin Loo(z,T; V™),
dy, — d weakly starin Loo(7,T; H),

Uy, = uin Lo(t,T; H), (2.128)
Uy, (t) = u(t) in H forae.t € [r,T],

u, (1) — u'(¢) in V* forae. t € (¢, T),

R”;k — Ru’ weakly in L,(z,T; H),

Gu,, — Gu weakly in Lo(t, T; V™), k — 400,

where Vn > 1d, € Ly(t,T; H),

u)(t)+ Ru (1) +d, (1) +Gu,(t) = F, d,(t)€dj(u,(¢)) forae. t € (z,T).
(2.129)

Step 2. As dj is demiclosed is a standard way we get that d(-) € 9j(u(-)), ¢ =
(w,u') € D 1(pr) C WTT.

Step 3. For a fixed h € V from (2.128) it follows that the sequence of real
functions (uy, (-), ), (uy,, (-),h) : [t,T] — R is uniformly bounded and
equipotentionally continuous one. Taking into account (2.128), (2.126) and
density of the embedding V' C H we obtain that u;, (1, ) — u'(to) weakly
in H and u,, (,,) — u(ty) weakly in V, k — +o00, whence it follows that
the first part of this theorem is fulfilled.

The theorem is proved.

Theorem 2.6. Let © < T, {@y(-)}u>1 C W be an arbitrary sequence of weak
solutions of (2.120) on [t, T] such that ¢,(t) — @, strongly in E, n — +00, then
up to a subsequence ¢, (-) — ¢(-) in C([t,T]; E), n — +o0.

Proof. Lett < T, {gu(-) = (un(-),u,(-))" },>1 C W] be an arbitrary sequence of
weak solutions of (2.120) on [z, T'] and {t,},>1 C [t, T]:
¢n(7) = @, strongly in E, n — +o0. (2.130)

From Theorem 2.5 we have that there exist ¢ € Z;r(¢.) such that up to a
subsequence {@,, () k=1 C {@u()}n=1, @, () = @(-) weakly in E uniformly on
[z, T], k = +o0. Let us prove that

On, = @in W,k — +oo. (2.131)

By contradiction suppose the existence of L > 0 and subsequence {¢,};>1 C
{@n }k=1 such that Vj > 1 max low; (1) — el = llox,; (1;) —e)lle = L.

Without loss of generality we suggest thatt; — #o € [r,T], j — +oo. Therefore,
by virtue of the continuity of ¢ : [z, T] — E, we have

lim gk, ;) — @(to) | £ = L. (2.132)

j—=>+oo
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On the other hand we prove that
@k, (tj) = ¢(to) in E, j — +o00. (2.133)
Firstly we remark that
@k; (1;) = @(to) weakly in E, j — +00 (2.134)
(see Theorem 2.5 for details). Secondly let us prove that

dim ex, @)E < o)l e (2.135)
j—+oo

Since J is sequentially weakly continuous, ¥ is sequentially weakly lower
semicontinuous on £. Hence, we obtain

lj

fo
Vo) = tim V@), [IWOIds < tin [ g 6l

Jj—>+oo j—=>+oo
T

(2.136)
and hence

) 1
V) +y [ WO lds = tim (7@ -+ [ g, 6)lds
T ]_>+00 T

(2.137)

Since by the energy equation both sides of (2.137) equal ¥ (¢(7)) (see Lemma 2.19),

it follows from (2.136) that ¥ (g, (¢;)) — ¥ (¢(to)), j — —+oo and (2.135).

Convergence (2.133) directly follows from (2.134), (2.135) and [16, Chap.I].

To finish the proof of the theorem we remark that (2.133) contradicts (2.132).
Therefore, (2.131) is true.
The theorem is proved.

We define the m-semiflow & as ¥(t,&) = {£(t) | £(-) € 2(&))},t = 0. Denote
the set of all nonempty (nonempty bounded) subsets of E by P(E) (B(E)). We
remark that the multivalued map & : Ry x E — P(E) is strict m-semiflow, i.e.
(see Lemma 2.18) 4(0,-) = Id (the identity map), 4(t + s,x) = 4(¢t,9(s, x))
Vx € E,t,s € Ry. Further ¢ € ¢4 will mean that ¢ € 2(&) for some & € E.

Definition 2.2. The m-semiflow ¢ is called asymptotically compact, if for any
sequence ¢; € ¢ with ¢;(0) bounded, and for any sequence {; — 400, the
sequence @;(f;) has a convergent subsequence.

Theorem 2.7. The m-semiflow & is asymptotically compact.

Proof. Let§&, € Y(t,,vy), va € B € B(E),n > 1,t, — +00,n — +o00. Let us
check the precompactness of {&,},>1 in E. In order to do that without loss of the
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generality it is sufficiently to extract a convergent in E subsequence from {£&,},>.
From Corollary 2.2 we obtain that there exist such {&,, },>1 and £ € E that§,, — &
weakly in E, ||&,, ||r = a = ||€]|g, Kk = +o0. Show that a < ||§||g. Let us fix an
arbitrary 7 > 0. Then for rather big k > 1 9 (¢,,,,vn,) C 9(To.9(ty, — To,vn,))-

Hence &,, € 9(Tv, By, ), where B, € 9 (ty, — To,vy,) and sup || By, || < +00 (see
k=1

Corollary 2.2). From Theorem 2.5 for some {&, B, } j>1 C {g,,k, B Sk=1, By € E
we obtain:

S € g(T(),,BTO), ,Bkj — IBT() weakly in E, j — +oo. (2.138)

From the definition of ¢ we set: Vj > 1 &, = (y; (To),y; (To)7, Bk;

070, ¥5O)T. & = (o(To). y(To)”. Bry = (30(0). y;(0)", where ¢; =
37 ¥ € CUO. Tl E). !/ € La(0. To: V). d; € Loo(0. To: H),

VIO +RY (1) +Gy (1) +d; (1) =0, d;(t) €3J(y; (1)) forae. 1€ (0.Tp).

Let for each 7 € [0, To] 1(¢; (1) := 5llo; % + J(v; () + 50} @), y,; ().
Then, in virtue of Lemma 2.16, [33, Lemma 4.1,p. 78] and [33, Lemma 3.1,p. 71],
MG — _y1(p;(t)) + y#(p; (1)), for ace. 1 € (0, Ty), where H(¢; (1)) =
T () = 3(d; (), y; (1)) )

From (2.126), (2.138) we have 3R > 0 : Vj > 0 V¢ € [0, To] ||y}(t)||%, +

ly;(®)]|? < R?. Moreover,

yj — yo weakly in L,(0, To; V), y} — y{ weakly in L,(0, To; H),

yj = yoin L2(0, To; H), d; — d weakly in L,(0, To; H),

y}’ — yo weakly in L,(0, To; V*), YVt € [0, Ty]  y;(t) = yo(t) in H, j — +o0.
(2.139)

t
Forany j > Oand? € [0, To) I(¢; (1)) = 1(¢;(0))e ™'+ [ (¢, (s))e " "ds, in
0

To
particular I(¢;(Ty)) = 1(¢;(0)e "o+ [ #(¢;(s))e 77079 ds. From (2.139) and
0
To To
Lemma 2.16 we have [ (¢, (s))e " 0™ds — [ A (po(s))e " 0ds, j —
0 0
J— _ To
+00. Therefore, lim 1(p;(To))< Lim 1(p;(0))e "o+ [ #(po(s))e " To=)
J—>+oo J—>+o0 0

ds = T+ | T 1,00 = 1) | e < Tt + 7™,

where Qoes not depend on 7y > 0. On the other hand, from (2.139) we
have jgffoo I(p;(To)) > %jgffoo lo; (TolE+ J(o(To)) + % (v(To). yo(To)).

Therefore we obtain: 1a < 1|[§]|% + ce™™ YTy > 0. Thus, a < ||€|£.
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The Theorem is proved.

Let us consider the family 2, = U, cgZ(yo) of all weak solutions of the
inclusion (2.120), defined on [0, +00). Note that JZ, is translation invariant one,
ie. Yu(-) € 4, Vh = 0 uy(-) € 4, where up(s) = u(h +s), s > 0. On #4 we
set the translation semigroup {T (h)}n>0, T (W)u(-) = up(-), h > 0,u € . In view
of the translation invariance of .#5 we conclude that T'(h). 2, C #4 as h > 0.

On %, we consider a topology induced from the Fréchet space C'“(Ry: E).
Note that

fu()=>f()in C“Ry; E) <= YM > 01Ty f,(-) — My f(-) in C([0, M]; E),

where [Ty is the restriction operator to the interval [0, M] [37, p. 179]. We denote
the restriction operator to [0, +-00) by 1.

Let us consider the autonomous inclusion (2.120) on the entire time axis.
Similarly to the space C'°(Ry:E) the space C'°(R; E) is endowed with the
topology of local uniform convergence on each interval [-M, M] C R (cf. [37,
p. 180]). A function u € C'*“(R; E) N Lo (R; E) is said to be a complete trajectory
of the inclusion (2.120), if Vi € R ITyuy(-) € 4 [37, p. 180]. Let JZ be a family
of all complete trajectories of the inclusion (2.120). Note that Vi € R, Yu(-) € &
up(-) € . We say that the complete trajectory ¢ € ¢ is stationary if ¢(t) = z for
all # € R for some z € E. Following [4, p.486] we denote the set of rest points of ¢
by Z(%). We remark that Z(%) = {(0,u) |u € V, G(u) + 3J(u) 3 0}.

From Conditions H(G) and H(J) it follows that

Lemma 2.21. The set Z(¥) is bounded in E.

From Lemma 2.19 the existence of Lyapunov function (see [4, p. 486]) for ¥ is
follows.

Lemma 2.22. A functional ¥V : E — R, defined by (2.124), is a Lyapunov function
for9.

2.7 Asymptotic Behavior of the Second-Order Evolution
Inclusions

Here, we consider at first long-time behavior for state functions of viscoelastic fields
that can be described with the second-order evolution inclusion. We can obtain the
similar results for piezoelectric fields, analyzing the respective proofs. Therefore, we
have a chain of results for global and trajectory attractors, presented in this section.

At first, we remark that the existence of the global attractor for Second-
Order Evolution Inclusions and Hemivariational Inequalities considered in Sect. 2.6
(piezoelectric fields) directly follows from Lemmas 2.17, 2.18, 2.21, and 2.22;
Theorems 2.5-2.7; and [5, Theorem 2.7].
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Theorem 2.8. The m-semiflow &4 has the invariant compact in the phase space E
global attractor <. For each W € &, the limit sets

a(y) ={ze E| Y (t;) — z for some sequence t; — —oo},

oY) ={z € E| y(t;) — z for some sequence t; — +00}

are connected subsets of Z(G) on which V is constant. If Z(G) is totally
disconnected (in particular, if Z(G) is countable), the limits

= lim ¥(@), z4 = lm ()
t—>—00 t—>+00

exist and 7—, z+ are rest points; furthermore, ¢(t) tends to a rest point ast — 400
forevery ¢ € .

2.7.1 Existence of the Global Attractor

First, we consider constructions presented in [4,24]. Denote the set of all nonempty
(nonempty bounded) subsets of E by P(E) (B(E)). We recall that the multivalued
map G : R x E — P(E) is said to be a m-semiflow if:

(a) G(0,-) = Id (the identity map).

(b) G(t +s,x) C G(t,G(s,x)) Vx € E,t,s € Ry,
m-semiflow is a strict one if G(t + 5,x) = G(t,G(s,x)) Vx € E,t,s € Ry.

From Lemmas 2.13 and 2.15, it follows that any weak solution can be extended to
a global one defined on [0, +00). For an arbitrary & = (a,b)” € E, let 2(&)
consists of pairs of functions (u(-), #'(-))7, defined on [0, +-00), where (u(-), u/(-))”
is a weak solution (defined on [0, +00)) of the problem (2.78) with initial data
u(0) = a, u’'(0) = b.

We define the semiflow G as G(t,&) = {£(t) | () € Z(&)}-
Lemma 2.23. G is the strict m-semiflow.
Proof. Let £ € G(t + s,&). Then &€ = (¢t + s), where ¥ (-) € Z(&). From
Lemma 2.14, it follows that ¢(-) = ¥ (s + ) € Z(¥(s)). Hence, £ = ¢(t) €
G(1.y(s)) C G(,G(s, &)

Vice versa, if § € G(t, G(s,&)), then Y (-) € D(&), ¢(-) € D(V(s)): & = ().
Define the map

(@), fel0.s],
9L —5). L€ [s.t +5].

From Lemma 2.14, it follows that ¢ (-) € Z(&). Hence, &£ = ¢ (1 +5) € G(t+5, &)).

P() =

We recall that the set .o is said to be a global attractor G, if
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1. o is negatively semiinvariant (i.e., & C G(¢, /) Vt > 0).
2. o is attracting set, that is,

dist(G(1, B), &/) = 0, t— +oo VB € B(E), (2.140)

where dist(C, D) = sup dinlf) llc —d| g is the Hausdorff semidistance.
ceCc d&
3. For any closed set Y C H, satisfying (2.140), we have &/ C Y (minimality).
The global attractor is said to be invariant, if o = G(t, <) ¥Vt > 0.
Note that from the definition of the global attractor, it follows that it is unique.
We prove the existence of the invariant compact global attractor.

Theorem 2.9. The m-semiflow G has the invariant compact in the phase space E
global attractor o7 .

Proof. From Lemma 2.15, it follows that IR, &,,3 >0:

_ 5 2
V& € E. YE() € D(50). Y1 =0 [EONF < BlEolTe™ + R? (2.141)

Thus, the ball By = {u € E | ||u||g < R} is the absorbing set, that is, VB € B(E)
AT (B) > 0: YVt > T(B) G(¢t,B) C By. In particular, from (2.141), it follows
that the set U;>0G(¢, B) is bounded one in £ VB € B(E). Note also that from
Theorem 2.4, it follows that the map G(¢,-) : E — B(E) takes compact values.

The upper semicontinuity of the map uy — G(¢, up) (cf. [2, Definition 1.4.1,
p. 38]) follows from that fact that the given map is compact-valued one and
Theorem 2.4 (cf. [18]). In order to do that, it is sufficient to show [3, p. 45] that
VE € E, Ve > 035(.6) > 0: VE € By(k) G(t.E) C B.(G(t, k) =
{z € E | dist(z,G(t,&)) < e}. If it is not true, then there exist & € E,
e > 0, {8u}u>=1 C (0,400), {£:}u>1 C E such that Vn > 1§, € Bs, (&),
G(t,&) ¢ B.(G(t,&)) and 6, — 0, n — +4o00. Then Vn > 1 3¢,(-) € 2(&,):
L, (1) ¢ B:(G(t,&)). Since &, — & in E, n — 400, then from Theorem 2.4, it
follows that &, (1) — ¢(t) € G(t,&) in E, n — +o0, for some ¢(-) € 2(&). We
obtain a contradiction with Vn > 1 ||,(t) — ¢(¢)| g > &.

Now, we check the upper asymptotic semicompactness of the m-semiflow G. Let
& € G(ty,v,), vy, € B € B(E),n > 1,t, > +00,n — +o0. Let us check the
precompactness of {£,},>1 in E. In order to do that without loss of the generality, it
is sufficiently to extract a convergent in £ subsequence from {&,},>1.

From Lemma 2.15 and Theorem 2.4, we obtain that there exist such {&,, }x> and
& € E that

&, > Eweaklyin E, ||&,|lg > a > |[§|lg. k — +oo. (2.142)

Show that
a < |[§]&. (2.143)
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Let us fix an arbitrary Ty > /A1, where A; > 0 is the constant from (2.86). Then
for rather big k > 1 G(t,,,vn,) C G(To, G(tn, — To.vn,)) C G(Tp, By). Hence,
€. € G(To, Buy), where B, € G(ty, — To,vn,) and ||Bx; || < R Vj > 1. From
Lemma 2.15, Theorem 2.4, and (2.142) for some {&,, Bi;}j=1 C {&nps By k=1
Br, € E, we obtain: Vj > 1

£ € G(To, Bry).  PBr;, — Br, weaklyin E,  j — +o0. (2.144)

From the definition of G, we obtain that V;j > 1

6 = (y{‘(To))’ e, = (y{(O))’ ‘ (J’(/)(To))’ By = (y(/)m))’
y;j(To) y;(0) ¥o(To) ¥0(0)
where y; € C([0, To]; V): y} € Wo.r, and
Vi +d;+Bory; =0, d; € Aor,(y;) = forys J =0 (2.145)
Let us fix an arbitrary ¢ € (0, \/)k_l). From (2.141), we have:
Vj =0, Viel0.To] [y, + 1y Ol < R*(B+1/2) = R, (2.146)
From the proof of Theorem 2.4, we obtain that

3C >0 yilxon + 1l +1dillx;, <€ Vi=0;

yj = ¥oin C([e, Tol; H),

yj = yo weakly in Wo z,.,

¥ = yhin Ly (0. To: H), (2.147)
dj — do weakly in X7, ,

vi = v in C([0, To]; V), Jj — +oo,

Vj =0, Vrel0.To] v;@t)=y;)—y;0).

Let us consider the next denotations:

1 .
Vi) = 5 [y O + 17501 |+ 05 0. y,0). 1 €0.Tl. j = 0.
Then Vj > 0 and for a.e. t € (0, Tp)

dY;(t)

12 = 22,0 + 26150 — (0. 3 00)v = ld; (0.3, )

+26(y (1), y; (1))
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Hence,
d et / 2 2e¢t / 2¢et
o [Y)(0)e*' ] = 2¢]| ¥} (Ol e*" —(d; (1), ¥ (O)ve
—e(d;(1), y; (1)) ye*
+262(y (1), y; (1))
Thus,Vj >0
To
Y;(To) = Y;(0)e T 4 28/ (R3] (0)|13, e~ T gy
0
To
_/(dj(f)sy;(f))ve_zg(r‘)_t)dl
0
Ty
—€ / (dj(0).y;(1))ye T dy (2.148)
0

Ty
+2¢? / Vi), yj(0))e >0 dy,
0

From (2.147), forevery j > 1 and for a.e. ¢ € (0, Tj), we obtain:
Ty Ty

26 / 1 O e T 0dr — 26 [ IO e @ 0ds,  j — +oo.
0 0

(2.149)
In view of (2.145),Vj > 0 and a.e. t € (0, Tp)

1d
(@5 0.3, Oh = =352 [y O + 1y} O]
1d
= —5 7 [0 O +2(Boy; ).y, 0y + 15015 .

Taking into account (2.147), we have:

Ty

Ty
Jim [ (@055 0war = [0l

&
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Further, following [20, pp. 7-10], from Sect. 2.2 and (2.147), we obtain that

To
lim / (d;0). ¥ (6) — ¥ ldt =0,
Jj—=>+oo
and due to (2.147),
To Ty
/ (d; (1), ¥, (O)ve T dr — [ (do(0). Yo ))yre X 0dr, j > too.

(2.150)
From Condition (A;) and (2.146), we obtain:

&
Vj>0 /(dj(t),y}(t))ve_ZE(TO_t)dt <c(l + R)Re™2T0=9¢  (2.151)
0

From Condition (A43), we have that
Vji=03g € L0, T: Z*) = d;() = A1y () + 2, ().

Taking into account Condition (A3), (2.149), and [41,42], we obtain that y; — yo
in L,(0, To; Z), z; — 20 weakly in L»(0, To; Z*), j — +o00. Therefore,

Ty Ty

/(Zj(t)v yj@))ze_zg(n)_t)dt - /(ZO(Z)s yO(t»Ze_zg(TO_t)dts ./ — +00,
0 0
To Ty d
—/(Aly;-(f),J’j(f))ve_zg(To_t)df = —/e_ZS(TO_I)E(Al)’j(I),Yj(f))vdt
0 0
= —(A41;(T0), y; (To))v + (A417;(0), y;(0))ye T
To
426 [ (1,05, Ohve s
0

< A1l (R*e™ T + R?).
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Thus,

To
T (2 [ ()00, Ohve s

Jj—>+o0
0
Ty

—8/(610(0,J/O(f))ve_zg(n’_t)dt + | A1 Ly (RPe ™10 + 2 R?)e.

0
(2.152)
In virtue of (2.90) and (2.146),
0
22| [ 000 0ar| < ke, 2.153)
1
0

Finally, from (2.90) and (2.148)—(2.152), we obtain:

_— g
im Y (Ty) < R*(1+ _) e~ 2¢To

j oo i(To) = ( N

+ Yo(To)+ || At | vy (R*e T + 2R?)e

- - & -
+ 2¢(1 4+ R)Re 209 4 _—_R2,
VAL

Thus, Ve € (0, VA1), YTy > VA

1= ) s R (1+ =)+ 3 ||s|| |+ —
? Vi VA VI
+ | AillLvsve (R*e™*T0 + 2R%)e

+ 2¢(1 + R)Re 079 g 4 R?.

1

Rushing Ty — +o0 in the last inequality, we obtain: Ve € (0, v/A1)

& - 2¢ -
1 ——— +4)4 o R + ——=R* (2154
( ﬂ_) _||s||E( m) s SCALY

Passing to the limit (as ¢ — 0+) in the inequality (2.154), we obtain (2.143). From
(2.142) to (2.143), it follows that §,, — §in E, k — +o0.

Thus, the existence of the global attractor with required properties directly
follows from results from Chap. 1.
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2.7.2 Existence of the Trajectory Attractor

Let us consider the family 2 = U, c£ Z()0) of all weak solutions of the inclusion
(2.78), defined on [0, +00). Note that J#4 is translation invariant one, that is,
Yu() € #y,Yh > 0u,(-) € A4, where up(s) = u(h + s), s > 0. On %, we set
the translation semigroup {T (h)}n>0, T (W)u(-) = up(-), h > 0, u € 4. In view of
the translation invariance of %5, we conclude that T'(h). % C 4 ash > 0.

We shall construct the attractor of the translation semigroup {7 () } >0, acting on
Hy.On #y, we consider a topology induced from the Fréchet space C'“ (R4 : E).
Note that

Fi(O=fO)in C“(Ry; E) <= YM > 01Ty f,,(-) = Iy f(-) in C([0, M]; E),

where IT); is the restriction operator to the interval [0, M| [37, p. 179]. We denote
the restriction operator to [0, +00) by 1.

We recall that the set 2 C C'°°(R4; E)N Loo(Ry; E) is said to be an attracting
one for the trajectory space %, of the inclusion (8) in the topology of C'*“(Ry: E),
if for any bounded (in Lo (R4; E)) set # C 4 and an arbitrary number M > 0,
the next relation

diStC([O’M];E)(HM T(t)%, Iy 9) -0, —> 4o (2.155)

holds true.
Aset % C 5 issaid to be trajectory attractor in the trajectory space %4 with
respect to the topology of C'¢(Ry; E) (cf. [37, Definition 1.2, p. 179)), if:

(i) % is a compact set in C'°“(R4; E) and bounded one in Lo (R4 ; E).
(ii) 7 is strictly invariant with respect to {7 (h) }s>0, thatis, T(h)% = % Yh > 0.
(ili) % is an attracting set in the trajectory space .# in the topology C'*“(Ry: E).

Note that from the definition of the trajectory attractor, it follows that it is unique.

Let us consider the inclusion (8) on the entire time axis. Similarly to the space
C'¢(R4; E), the space C'*°(R; E) is endowed with the topology of local uniform
convergence on each interval [-M, M] C R (cf. [37, p. 180]). A function u €
C'“(R; E) N Loo(R; E) is said to be a complete trajectory of the inclusion (8), if
Vh € R ITyuy(-) € #4 [37, p. 180]. Let % be a family of all complete trajectories
of the inclusion (8). Note that

Vh eR, Yu() e X u(-) e x. (2.156)

The existence of the trajectory attractor and its structure properties follow from
such theorem.

Theorem 2.10. Let o7 be a global attractor from Theorem 2.9. Then there exists
the trajectory attractor & C Jy in the space K. At that, the next formula takes
place

P =T, 4 =M. {ye#|yt) e ViRl (2.157)
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Proof. The proof repeats the proof of corresponding statement from work [18] and,
it is based on results of Theorems 2.4, 2.9.
First, we prove some auxiliary lemmas.

Lemma 2.24. The set ¥ is nonempty, compact in C'°°(R; E), and bounded one
in Loo(R; E). Moreover,

VE()e A, VteR &) ed, (2.158)
where <f is the global attractor from Theorem 2.9.
Proof.

Step 1. Let us show that Z° # . Note that in view of conditions (By), (B;),
(H,), it follows that 3v € V: By(v) = fo. We set u(t) = v V¢t € R. Then
w, T e H £ 0.

Step 2. Letus prove (2.158). Forany y € % 3d > 0: ||y (?)||r < d VYVt € R. We
set B = U,er{y(t)} € B(E). Note that Vt € R, Vt € Ry y(1) = y.—(t) €
G(t,y,—(0)) C G(t, B). From Theorem 2.9 and from (2.140), it follows that
Ve > 03T > 0: Vr € Rdist(y(7), &) < dist(G(T, B), &) < e. Hence, taking
into account the compactness of .« in E, for any u(-) € J#, t € R, it follows
that u(t) € .

Step 3. The boundedness of J# in Lo (R4; E) follows from (2.158) and the
boundedness of <7 in E.

Step 4. Let us check the compactness of % in C'¢(R; E). In order to do that, it
is sufficient to check the precompactness and completeness.

Step 4.1.  Let us check the precompactness of .#" in C'°¢(R; E). If it is not true,
then in view of (2.156),3M > 0: [Ty, % is not precompact set in C ([0, M ]; E).
Hence, there exists a sequence {v,},>1 C IIy.# that has not a convergent
subsequence in C ([0, M ]; E'). On the other hand, v, = ITju,, where u, € &,
vy (0) = u,(0) € o/, n > 1. Since &/ is compact set in E (see Theorem 2.9),
then in view of Theorem 2.4, 3{vy, }k>1 C (Vutu>1, An € E, W(:) € Dom(n):
v, (0) — nin E, v,, — vin C([0,T];E), k — 4o00. We obtained a
contradiction.

Step 4.2.  Let us check the completeness of % in C!°°(R; E). Let {v,},>1 C .,
ve CY[R;E):v, - vin C'(R; E), n — +00. From the boundedness of %~
in Loo(R; E), it follows that v € Lo (R; E). From Theorem 2.9, we have that
VM > 0 the restriction v(-) to the interval [-M, M| belongs to Z_y; ps (v(=T)).
Therefore, v(-) is the complete trajectory of the inclusion (8). Thus, v € %".

Lemma 2.25. Let <7 be a global attractor from Theorem 2.9. Then
Vyoeo/ 3FAy()ex : y(0)=yo. (2.159)

Proof. Let yy € o7, u(-) € 2(y). From (2.85) and (2.140), we obtain that V7 € R4
y(t) € &. From Theorem 2.9, it follows that G(1, &7) = 7. Therefore,

Vnew 3Jged, Igy() € Z0a(§): (1) =1.
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For any ¢ € R, we set

(Z) _ “(t)v re R+,
Y Oykin(t + k).t €[—k.—k +1), k eN.

Note that y € C’”"(R; E), y(t) € o Vt € R (hence, y € Loo(R; E)), and in view
of Lemma 2.14, y € JZ. At that, y(0) = .

Let us continue the proof of the theorem. From Lemma 2.24 and the continuity
of the operator IT; : C!“(R; E) — C'"“(Ry; E), it follows that the set T . #
is nonempty, compact in C'°“(R4; E) and bounded one in Lo (R ; E). Moreover,
the second equality in (2.157) holds true. The strict invariance of I1.¢" follows
from the autonomy of the inclusion (8).

Let us prove that 1. is the attracting set for the trajectory space % in the
topology of C'*“(Ry; E). Let B C .#4 be a bounded set in Loo(Ry; E), M > 0.
Letus check (2.155). If it is not true, then there exist sequences ¢, — +00,v,(-) € B
such that

Vn>1 diStC([O,T];E) (ITpvn(ty + ), HM%) > & (2.160)

On the other hand, from the boundedness of B in Ly (Ry4; E), it follows that
IR > 0: Vv(-) € B, Vit € Ry |v()|g = R. Thus, IN > 1: Vn > N v, () €
G(tr,va(0)) € G(1,G(t, — 1,v,(0))) C G(1, Bg), where Bg = {u € E||lulr <
R}. Hence, taking into account (2.140) and the asymptotic semicompactness of
m-semiflow G (see the proof of Theorem 2.9), we obtain that 3{v,, (fs,)}k>1 C
nt) =1, I3z € vy (t,,) — zin E, k — +oo. Further, Yk > 1, we set
@r(t) = vp, (to, + 1), t € [0, M]. Note that Yk > 1 @i (-) € Zo.m (Vi (¢4, )). Then
from Theorem 2.4, there exists a subsequence {¢x; }j>1 C {@k}x>1 and an element
@(-) € Zo.m(2):

o, > ¢inC(0,M]; E), j — +oo. (2.161)

At that, taking into account the invariance of <7 (see Theorem 2.9), V¢ € [0, M]
@(t) € /. In consequence of Lemma 2.25, there exist y(-),v(-) € £ y(0) = z,
v(0) = ¢(M). For any ¢ € R, we set

y(t), 1 <0,
() = | (1), t €0, M],
vit—M),t> M.

In view of Lemma 2.14, ¥ (-) € 2. Therefore, from (2.160), we obtain:
Yk =1 | yv (e, +°) = Dy Ollcqomiey = ok — ellcqonme) = &,

that contradicts with (2.161).
Thus, the set & constructed in (2.157) is the trajectory attractor in the trajectory
space % with respect to the topology of C'*“(Ry; E).
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2.7.3 Auxiliary Properties of the Global and Trajectory
Attractors

Let o7 be a global attractor from Theorem 2.9 and & be a trajectory attractor from
Theorem 2.10.

2/ is a compact in the space £ (2.162)
2 is a compact in the space C'°(R; E) (2.163)

Moreover,
P =M =MH{y e x| yt)eod Vt eR}, (2.164)

where % is the family of all complete trajectories of the inclusion (8) and Iy is
the restriction operator on R4. Note that from Lemma 2.24, it follows that 2~ # @;

¢ is a compact in the space Cloc (R; E); (2.165)
VE()e # YVt eRE@R) € (2.166)
Vyoe & Vtpe R3Ay(:) € Z : y(t) = yo. (2.167)

2.7.3.1 “Translation Compactness’ of the Trajectory Attractor
Forany y € JZ, let us set
H(y) = cletoe gy +5)|s € R} C C(R;E) N Loo(R; E).

Such family is said to be a hull of function y(-) in & = C'*“(R; E).

Definition 2.3. The function y(-) € Z is said to be translation compact (tr.-c.) in
Z if the hull 27 (y) is compact in &.

Similar constructions for the set of functional parameters that are responsible for
nonautonomy of evolution equation are considered, for example, in [9, p. 917].

Definition 2.4. The family %7 € Z is said to be translation compact, if 7 (%) =
clg{y(-+ )| y(-) € %,s € R} is a compact in &.

From autonomy of system (8), applying the Arzela-Ascoli compactness criterion
(see the proof of Proposition 6.1 from [9]), we obtain the translation compactness
criterion for the family % :

(a) Theset{y(t)|t € R, y € %} is acompactin E.
(b) There exists a positive function «(s) — 0+ (s — 0+) such that

ly(t) —y()lle Sa(lti —t]) Yy € % Vi, t, e R

From the autonomy of problem (8) and (2.165), it follows that
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Corollary 2.3. 7 is translation-compact set in =.
Similarly, if we set £, = C°°(R; E) we obtain

Corollary 2.4. & is translation-compact set in = .

2.7.3.2 Stability

Definition 2.5. [4, p.487] The subset o7 C E is Lyapunov stable if for given ¢ > 0,
there exists such § > 0 thatif D C E with dist(D, 2/) < §, thendist(T () D, «7) <
gforallt > 0.

We recall that (see [4, p.481])

T()D = {p@)] ¢() € Z(90), @0 € D}.
Note also that
G(t,z) =Tt){z} Vt>0, VzeE.

From [4, p. 487], it follows that a subset .2/ is Lyapunov stable if and only if the
given {¢;(-)};>1 is a sequence of weak solutions (defined on [0, +-00)) of problem
(8) with dist(¢; (0), &) — 0, j = 400 and ¢; > 0 we have dist(¢; (¢;), &) — 0,
j — +oo.

Definition 2.6. [4, p. 487] The subset .27 is uniformly asymptotically stable if .o/ is
Lyapunov stable and it is locally attracting (see [4, p. 482]).

Note that an attracting set is locally attracting one.
Corollary 2.5. o is uniformly asymptotically stable.

Proof. The proof follows from the definition of G, [4, Theorem 6.1], properties of
solutions from Lemma 2.13, Theorem 2.4, and from the autonomy of problem (8).

Similar results are true for sets & and %" in corresponding extended phase spaces.

2.7.3.3 Connectedness

Definition 2.7. [4, p. 485] M-semiflow G has Kneser’s property, if G(¢,z) is
connected foreachz € £, ¢t > 0.

Corollary 2.6. If G has Kneser’s property, then <f is connected.

Proof. The proof follows from [4, Corollary 4.3], Lemma 2.13, and from the
connectedness of the phase space E.

Note that the connectedness of G can be checked by different way (see, e.g.,
[34-36]). In order to do that, as a rule, it is required an auxiliary regularity of
interaction functions. In the general case, Kneser’s property for problem (8) can
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be checked using the method of proof from [36, Theorem 5], where we can consider
Yosida approximation instead the proposed approximation.

Corollary 2.7. If G has Kneser’s property, then % C C!°“(R; E) is connected
and P C C'“(Ry: E) is connected.

Proof. The proof is follows from (2.164) to (2.167) and from Corollary 2.6.

2.7.3.4 Behavior of Solutions on the Global Attractor

We say that the complete trajectory ¢ € % is stationary if ¢(¢#) = zforallz € R
forsomez € E.

Following [4, p. 486], we denote the set of rest points of G by Z(G).

Note that

Z(G) = {(z.0)| z€ By (f — A0(0))}.

Thus, Z(G) is a convex, nonempty, weakly compactin V' x V' set.
For investigating of trajectory behavior of solutions on the attractor <7, it is
necessary to consider similar definitions to [4, p. 486]:

Definition 2.8. A functional ¥ : & — R is a Lyapunov function for G on &/
provided

(i) ¥ is continuous.
(i) 7 (¢(t)) < ¥ (¢(s)) whenever ¢ € # andt > s > 0.
(iii) If (¢ (t)) = constant for some ¥ € % and all t € R.

Then, ¥ is stationary.
As a consequence of Theorem in the presence of a Lyapunov function, the
behavior of such complete orbits can be characterized.

Theorem 2.11. Suppose that there exists a Lyapunov function ¥ for G on </ . Then
for each W € J, the limit sets

a(y) ={ze E| Y¥(t;) — z for some sequence t;j — —oo},

oY) ={z € E| y(t;) — z for some sequence t; — +o00}
are connected subsets of Z(G) on which 'V is constant.

Proof. The proof follows from the proof of [4, Theorem 5.1], asymptotic compact-
ness of G and from properties of solutions of problem (8).

2.7.3.5 The Estimate of the Fractal Dimension

As a rule, the finite dimension of the global attractor demands an auxiliary
differentiability in some sense by initial data from the m-semiflow G that for one’s
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turn involves an auxiliary regularity of interaction functions (in the case of problem
(3)-(7), it involves an auxiliary regularity of functional j).

Let us show that, generally speaking, for problem (3)—(7), the fractal dimension
of the attractor </ can be equal to 4oc0. In order to show that, we consider a
particular case of problem (3)—(7). Let N = 2, 2 = (0,1) x (0,7), [¢ =
{(Gerx2)| X1 =1,x € (0,m)}, I'p = 92\ I¢.

First, we consider the auxiliary problem

Ay =0in £,
y=0on Ip, (2.168)
35 € [~1.1] on I¢c.
For eachn € N, let us set
1 _
Yn(x1,%2) = —————sinh(n - x1) - sin(n - x2), (x1,x2) € £2.
n - cosh(n)

Then Ve € [-1,1] Vn € N ¢ - y,(-) is a solution of (2.168).
Note that Vn # m

VnsYm)a2) =0,

_ _ -2
7 l—e ™ —dpe >Ol*

4nd L4 et 420

2
V=1 yalli,e) = PER
where a* does not depend on 7 € N.
In this case, if we set

Ol_*
() = ——5 (), n>1,
ynllL,2) - n?

we obtain that the set
o0 o0
K ={y€Ly2)] y(x1.x2) = Y _oxz(x1.x2). (x1.X2) € 2, Y |eue| = 1}
k=1 k=1

consists of solutions of problem (2.168).

For N > 1, we set ey = 0‘3* , M(ey) is a minimal quantity of balls with

radius ey, by the help of which we can cover K. Then

and L
Vd >0 Tim M(ey)eh = +oo.
N—>+o00
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Therefore, the fractal dimension of the set K in the space L,(£2) as well as in the
space H'(£2) is equal to +o0.

Thus, the fractal dimension of the global attractor & O Z(G) D K x K x{0}x{0}
in the space E for the m-semiflow constructed on solutions of problem (3)—(7) in
the case when N = 2,

Bo((31.32)") = (=Ay1, —Ay),

R, I'p, I'c as in (2.168), dj(x,0) = [—1,1]? is equal to +o0c. Thus, we can see
that the dimension of the attractor in the given case sufficiently depends on the
differentiability of the functional j(x, u) for u = 0.

2.8 Applications

As applications, we can consider new classes of problems with degenerations, prob-
lems on a manifold, problems with delay, stochastic partial differential equations,
etc., [2-5,7,9-39, 41, 42] with differential operators of pseudomonotone type as
corresponding choice of the phase space. Let us consider some particular classes of
examples, when we can obtain stronger results for resolving operator.

2.8.1 Climate Energy Balance Model

We now consider a climate energy balance model (see Example 4). The problem is
the following:

du  d%u

~ — a5 tBue 0S(x)Bw) +h(x), (t,x) € Ry x(=1,1),
uy(—=1,t) = u,(1,¢) =0, t € Ry, :
u(x,0) = up(x), x e (—1,1),

where B and Q are positive constants, S, 7 € Loo(—1,1),up € Ly(—1,1),and 8 is
a maximal monotone graph in R2, which is bounded, that is, there exist m, M € R
such that

m<z<M, forallze B(s),s €R. (2.170)

We also assume that
0<S)<Skx)<S;, aexe(-1,1). (2.171)

The unknown u(¢, x) represents the averaged temperature of the Earth surface,
Q is the so-called solar constant, which is the average (over a year and over the
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surface of the Earth) value of the incoming solar radiative flux, and the function
S(x) is the insolation function given by the distribution of incident solar radiation
at the top of the atmosphere. When the averaging time is of the order of 1 year
or longer, the function S(x) satisfies (2.171); for shorter periods, we must assume
that So = 0. The term B represents the so-called co-albedo function, which can be
possibly discontinuous. It represents the ratio between the absorbed solar energy and
the incident solar energy at the point x on the Earth surface. Obviously, B(u(x,t))
depends on the nature of the Earth surface. For instance, it is well known that on ice
sheets, B(u(x, t)) is much smaller than on the ocean surface because the white color
of the ice sheets reflects a large portion of the incident solar energy, whereas the
ocean, due to its dark color and high heat capacity, is able to absorb a larger amount
of the incident solar energy. We point out that this model is the particular case of the
first-order evolution inclusion, considered in Sects. 2.3 and 2.4. All results from this
subsection are fulfilled for state function of this problem.

2.8.2 Application for General Classes High-Order
Nonlinear PDEs

Consider an example of the class of nonlinear boundary-value problems for which
we can investigate the dynamics of solutions as ¢ — +o00. Note that in discussion,
we do not claim generality.

Letn >2,m>1,p>2,1<q < 2,%+$ =1, £2 C R" be a bounded domain
with rather smooth boundary I” = 9£2. We denote a number of differentiations by
x of order < m — 1 (correspondingly of order = m) by N (correspondingly by N,).
Let Ay (x, n; £) be a family of real functions (|| < m), defined in £2 x RM x R
and satisfying the next properties:

(C) Forae. x € £ the function (1, £) — A, (x, 1, £) is continuous one in RM x
RM.

(C2) Y(n,€) € RM x RM the function x — A (x, 1, §) is measurable one in £2.

(C3) Existsuch¢; > 0and ky € Ly(£2) that fora.e. x € £2, V(n, &) € RV x RV

|Aa(e. .8 < clln”™ + 15177 + ki ().
(C4) Existsuch ¢, > 0and k, € L(£2) that forae. x € 2, V(n.£) € RV x RV

Y Au(x. 0,9k = eE]P —ka(x),

loe|=m

(Cs) Forae. x € £2,V¥n € RV, VE £* € RV, £ # £*, the inequality

D (Al 1. 6) = Au(x.0,E9))(E —£3) > 0

loe|=m

takes place.
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Consider such denotations: D¥u = {DPu,|B| = k}, u = {u, Du,..., D" 'u}
(see [22, c. 194]).

For an arbitrary fixed interior force f € L,(£2), we investigate the dynamics of
all weak (generalized) solutions defined on [0, +00) of such problem:

ay(a);’t) + 3 1D (Ag(x. 8y (x.1), D" y(x.1))) = £(x) on 2 x (0, +00),
la|l<m
2.172)
D%y(x,t) =0on I x (0,4+00), |a|]<m-—1. (2.173)
ast — +oo.

Consider such denotations (see for detail [22, c. 195]): H = L,(£2), V =
W7 (£2) is a real Sobolev space,

a(u.w) = Y [ Ag(x.8u(x), D"u(x)) Dw(x)dx. wu.w € V.

|04|§mg

Note that Condition (H;) takes place in view of Sobolev theorem on compactness
of embedding. Taking into account Conditions (C;)—(Cs) and [22, p. 192-199], the
operator A : V. — V*, defined by the formula (A(u), w)y = a(u, ) Yu,w € V,
satisfies Conditions (A|)—(A3). Hence, we can pass from problem (2.172)—(2.173)
to corresponding problem in “generalized” setting (6.5). Note that

A@w) = Y (=D D* (Ay(x.8u. D™u))  VYu € C2(R2).

la]<m

Therefore, all statements from previous subsections, in particular, Theorems 2.1-
2.3 and Lemmas 2.5-2.11, are fulfilled for weak (generalized) solutions of problem
(2.172)—(2.173).

Remark 2.4. As applications, we can also consider new classes of problems with
degenerations, problems on a manifold, problems with delay, stochastic partial
differential equations, etc. [10, 14, 22, 32], with differential operators of pseu-
domonotone type as corresponding choice of the phase space.

2.8.3 Application for Chemotaxis Processes

Let us consider the problem from Example 5. This problem connected with the
movement of biological cells or organisms in response to chemical gradients. If
properly interpreting the derivative and correspondingly choosing phase spaces,
all models can be reduced to the first-order autonomous evolution equation. For
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example, let us consider a particular case and examine asymptotical behavior of
solutions. We consider the problem that described by the following initial-boundary
problem for a quasi-linear parabolic system of equations

)

a—’(;:bAcr—cp—}—du in £ x(0,00),

d b

Z_%_0 on 902 x(0,00), (2.174)
on on

u(x,0) = up(x), p(x,0) = po(x) in 2.

Here, u(x,t) and p(x, t) denote the population density of biological individuals and
the concentration of chemical substance at a position x € 2 C R? and a time
t € [0, 00), respectively. The mobility of individuals consists of two effects: one is
random walking and the other is the directed movement in a sense that they have
a tendency to move toward higher concentration of the chemical substance. This is
called chemotaxis in biology [1,7,13,27]. a > 0 and b > 0 are the diffusion rates of
u and p, respectively. ¢ > 0 and d > 0 are the degradation and production rates of
p, respectively. y(p) is the sensitivity function due to chemotaxis. It is a real smooth
function of p € [0, o) with uniformly bounded derivatives up to the third-order

i

d
EXp)

sup e

p=0

<oo for i=1,2,3. (2.175)

f(u) is a growth term of u. It is a real smooth function of u € [0, c0) such that
f(0) =0and

f(u) = (—pu + v)u for sufficiently large u (2.176)

with i > 0and —oo < v < oco. Let f(u) = fi(u)u, then fi(u) is a smooth function
of u € [0, 00) such that f(u) = —pu + v for sufficiently large u.

For the abstract setting of the problem, we set the product space H = L,(£2) x
H'(£2), and consider (2.174) as an initial value problem of an evolution equation

dU

— 4+ AU = F(U), 0<t < oo,

dt (2.177)
U(0) = Uy

in H. Here, A and F(U) are defined by

A:(Al 0) with  2(A) = H3(2) x H3 (),
0 A,

where Ay = —aA + 1and A, = —bA + ¢, and
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The set of initial values is set by

KZ%(?)EM“DXHHWQYWZOJ%Z%
0

. uo \ . .
where 0 < gy < % is some fixed exponent and Uy = ( O) isin K.
Po

In [29], it is proved that there exists a unique global solution U = (u)
P

to (2.177) and that the solution is continuous with respect to the initial value.
Therefore, a continuous semigroup {S(¢)};>0 can be defined on K by S(t)Uy =
U(t). Fort > 0, S(z) maps K into K N 7.

Proposition 2.6. [29] There exists a universal constant C > 0 such that the

u
(ﬂemem+
Lo

following statement holds for each bounded ball B, =

loo I r1+e0 < r} , there exists a time t, > 0 depending on B, such that

sup sup |[|S@)Uoll goxys < C.

1>ty UyEB,

The set B = {(u) € HX(2) x H*(2); llullg> + llpllgz < C¢ N K, where
P

C is the constant appearing in Proposition 2.6, is a compact absorbing set for
({S()}:>0, K). Hence, by virtue of [33, Chap. 1, Theorem 1.1], there exists a global
attractor &7 C K, o7 being a compact and connected subset of K.
We set -
2 = U S(t)# (closure in the topology of K)
>t

using a time ¢4 such that S(1)%# C 2 for every t > tp. We note that 2 is a
compact set of K with the relation &/ C 2~ C & and is absorbing and positively
invariant for {S(¢)};>o.

Definition 2.9. A subset .# C 2 is called the exponential attractor for
(SO }is0. X)) it () & C M C X, (i) A is a compact subset of H and is
a positively invariant set for S(¢), (iii) .# has finite fractal dimension dr(.#'), and
V) (S X, #) < coexp(—cyt) fort > 0 with some constants cg, ¢; > 0, where

]’l(B(),Bl) = Ssup inf ||U— V”H
UeB, VeB;

denotes the Hausdorf pseudodistance of two sets By and B;.
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Now, it is sufficiently to apply the next theorem to the dynamical system
{S(O}i=0. Z).

Theorem 2.12. [29] Let F(U) satisfy the Lipschitz condition
|F(U) = F(V)|lg < C|AV2U =V)||lg, UVeZ (2.178)

and let the mapping G(t, Uy) = S(t)Up from [0, T|x Z into X~ satisfy the Lipschitz
condition

16, Uo) = G(s. Vo)llw = Crilt —s|+ [Uo—Vollu},  t,s €[0.T].Uo. Vo€ 2
(2.179)
foreach T > 0.
Then there exists an exponential attractor A for ({S(t)}i>0, Z).

Thus, we arrive at the main result. This result is borrowed from [29].

Theorem 2.13. There exists an exponential attractor .# of the dynamical system
({S(®)}i=0. Z) in H.

Remark 2.5. For simplicity, we have assumed the condition (2.176) on f(u). But
this is not essential; indeed, the theorem can be proved under the conditions that

=1 (@" + Du < f) < (=p'u+ v, u>0,
"+ Du< f'wu < (—put+vu, u=>0
with some constants u’, v/, " > 0 and some positive integer m.
Remark 2.6. If the stronger decay condition

fw) = —;uf +vu® + Au for sufficiently large u (2.180)

with © > 0 and —o0 < v,A < o0, is assumed instead of (2.176), then y(p) is
allowed only to satisfy

dy
‘d_pf(’o)

<" +1), p>0 for i=1273 (2.181)

with some constant yo and some positive integer m. For example, a sensitivity
function y(p) = xop” can be taken.

2.8.4 Applications for Damped Viscoelastic Fields with Short
Memory

We consider a linear viscoelastic body occupying the bounded domain £ in RV
(N = 2,3) in a strainless state which is acted upon by volume forces and surface
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tractions and which may come in contact with a foundation on the part /¢ of the
boundary 052 (see Example 1). The boundary 92 of the set §2 is supposed to be a
regular one, and point data of x € §2 is considered in some fixed Cartesian system
of coordinates. We assume that the body is endowed with short memory, that is, the
state of the stress at the instant # depends only on the strain at the instant ¢ and at the
immediately preceding instants. In this case, the equation of state has the next form:

0 .
0ij () = bijniern(u) + aijnk 581&1(”), i,j=1,...,N, (2.182)
where u : £2 x (0, +00) — R" denotes the displacement field, 0 = o(u) is
the stress tensor, and ¢ = e(u) is the strain tensor, gy (u) = %(uk,h + upi)-

The viscosity coefficients a;;,x and the elasticity coefficients b;j;x satisfy the well-
known symmetry and ellipticity conditions. The dynamic behavior of the body is
described by the equilibrium equation:

32
0ij.j (u) + fi= mui in £ x(0,400), (2.183)

where f = { f,-}f\'=1 € Ly(£2;RY) denotes the density of body force. We suppose
that the boundary 952 is divided into three parts: I'p, I'y, and I'¢. Exactly, let I'p,
Iy, and I'c be disjoint sets and 92 = TpUTy UTc. We assume that I'c C 982 is
an open subset with positive surface measure (cf. [30, p. 196]). The displacements

u; =0 on I'p x (0, +00), (2.184)
are prescribed on I'p, and surface tractions
S; = ojjn; = F, (F; = F,(x)) on I'y X (0, +00). (2.185)
are prescribed on I'y, where F = {F;}, € L,(I'y;R") denotes the vector of
surface traction, S = {S;}/', is the stress vector on I'y, and n = {n;}\_, is the
outward unit normal to 952.

On ¢, we specify nonmonotone multivalued boundary “reaction-velocity”
conditions:

—Sedj (x, %) on I'c x (0, 4+00), (2.186)

where j : I'c x RV — R satisfies the next conditions:

1. j(-,€) is a measurable function for each £ € RN and j(-,0) € L;(I¢).
2. j(x,-)is alocally Lipschitz function for each x € I'¢.

3.3¢ > 0: |Inllgy < (1 + ||E|lgy) VX € Tc, VE € RN,V € 0j(x,§),
where for x € I'¢,
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3j(x,£) = {ne RY | (n,v)gy < jOx,&v) Vv e RY}

is the generalized gradient of the functional j(x, -) at point £ € RY and

i(x, &+ 1v) — j(x,
jo(x,&v) = lim Je Etv) = jx. 8
C—E.1N\0 t
is the generalized upper derivative of j(x,-) at point § € R" and the direction
veRV.

Note that all nonconvex superpotential graphs from, in particular, the functions j,
defined as a minimum and as a maximum of quadratic convex functions, satisfy the
upper considered conditions on I¢.

For the variational formulation of the problem (2.182)—(2.186), we set: H =
Ly(2;RY), Z = HY(2;RY),V = {v € H'(22;R") : v; = 0 on I'p}, where
§€(3:1).LetVu,ve Vv

(fo.v)v = | fividx + | Fivido(x),
Iy

I'y

a(u,v) = / aijees (Weg (V)dx,

2

b(u,v) = /bijhkgij(”)gij(v)dx’
2

7 1 Z — Ly(02;R"Y) be a trace operator and y7* : L,(02;RY) — Z* be a
conjugate operator,

Pu) = [uwrodow. <€z, ue LagiRY)
AR
Let us consider a locally Lipschitz functional J : L,(I'c;R") — R,
J(2) = /j(x,z(x))dcr(x), z€ Lr(I¢; RY).
I'c
Then the interaction functions A, A,, and By can be defined by the next relations:

VzeZ Axz) =7 0J(y2).
VM, veV (Alu, V)V — a(u’ V), (Bou, V)V = b(M, V), A()(M) = A]I/l + AZ(“).



108 2 Auxiliary Properties of Evolution Inclusions Solutions for Earth Data Processing

If we supplementary have & > ¢ B2(|7 1%, where B is the embedding constant of V
into Z, a is the constant from the ellipticity condition for a;;, or

Vxelc, VE€RY, Vnedj(x,&) (n.&)ry =0,

then from [25], it follows that the next condition hold true:

(Hy) V, Z, H are Hilbert spaces; H* = H and we have such chain of dense and
compact embeddings:

VcZcH=H*CZ*CV*.

(H2) foe V™.

(A1) 3¢ >0:VueV,Vd € Ao(u) ||d|lv+ <c( + |lullv).

(A2) 3, >0:YueV,Vd € Ao(u) (d,u)y > a|ul? — B.

(A3) Ao = A; + Ay, where A} : V. — V™ is linear, selfconjugated, positive
operator and A, : V7 V* satisfies such conditions:

(a) There exists such Hilbert space Z that the embedding V' C Z is dense
and compact one and the embedding Z C H is dense and continuous
one.

(b) Forany u € Z, the set A,(u) is nonempty, convex, and weakly compact
onein Z*.

(¢c) Ay :Z=Z* is abounded map, that is, A, converts bounded sets from Z
into bounded sets in the space Z*.

(d) Ay : ZZ Z* is a demiclosed map, that is, if u, — uin Z, d, — d
weakly in Z*, n — +o00,and d, € Ay(u,) Vi > 1,thend € A, (u).

(B1) Bo:V — V*isalinear selfconjugated operator.

(B>) 3y > 0: (Bou,u)y > y|ul}.
Here, (-,-)y : V* x V — Ris the duality in V* x V, coincidingon H x V
with the inner product (-, -) in Hilbert space H.

Note that from (A;)—(A3) and results of this chapter, it follows that the map Ao
satisfies such condition:
(A3) Ao : V7 V* is (generalized) Ao-pseudomonotone, that is:

(a) Forany u € V, the set Ap(u) is nonempty, convex, and weakly compact one in
V*.
(b) If u, — u weakly in V, n — 400, d, € Ao(u,) Yn > 1 and 1?m (d,,
n—oo
u, —u)y <0,then Vo € V Ad(w) € Ay(u) :

lim (d,,u, —w)y > (d(w),u—w)y.
n—4oo

(c) The map Ay is upper semicontinuous one that acts from an arbitrary finite-
dimensional subspace of V into V*, endowed with weak topology.
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Thus, in the next chapter, we investigate the dynamic of all weak solutions of the
second-order nonlinear autonomous differential-operator inclusion

y'(1) + Ao (Y’ (1)) + Bo(¥(1)) 2 fo. (2.187)

ast — +oo, which are defined as t > 0, where parameters of the problem satisfy
conditions (H;), (H3), (A1)—(A3) and (B;)—(B>).

As a weak solution of the evolution inclusion (2.187) on the interval [z, T], we
consider such pair of elements (u(-), u/(-))” € Ly(z, T;V x V) that for some d(-) €
Ly(t, T;V*)

d(t) € Ag(/(¢)) for almost every (a.e.) t € (7,T),
T T

T
_ / O ()d1+ / (). vdi+ / (Bou(t). £()yvdi  (2.188)

T T

T

- / o t@)y VEe CR(nTLV),

T

where 1’ is the derivative of the element u(-) in the sense of the space of distributions
7*([t, TI; V™).

As a generalized solution of the problem (2.182)—(2.186), we consider the weak
solution of the corresponding problem (2.187). All results from Sects. 2.5 and 2.7
for state functions of this problem are fulfilled.

Corollary 2.8. The m-semiflow G constructed on all generalized solutions of
(2.182)—(2.186) has the compact invariant global attractor <. For all generalized
solutions (2.182)—(2.186), defined on [0, 4+00), there exists the trajectory attrac-
tor P. At that,

A =20)={0) | yed}, ZP=I0,

where & is the family of all complete trajectories of corresponding differential-
operator inclusion in C'°(R; E) N Loo(R; E). Moreover, global attractors are
equal in the sense of [24, Definition 6, p. 88] as well as in the sense of [37,
Definition 2.2, p. 182].

Thus, all statements of previous sections hold true for all generalized solutions
of problem (2.182)—(2.186). In particular, all displacements and velocities are
“attracted” as t — oo to all complete (defined on the entire time axis), globally
bounded trajectories of corresponding “generalized” problem, which belongs to
compact sets in corresponding phase and extended phase spaces. Questions concern-
ing the connection and dimension of constructed attractors in the general case are
opened. Note that approaches proposed in works [24,37] are based on properties of
solutions of evolution objects. Our approaches are based on properties of interaction
function A from inclusion and properties of phase spaces.
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2.8.5 Applications for Nonsmooth Autonomous Piezoelectric
Fields

We consider a mathematical model which describes the contact between a piezo-
electric body and a foundation (see Example 2). The physical setting is formulated
as in [23]. We consider a plane electro-elastic material which in its unreformed state
occupies an open bounded subset 2 of R?, d = 2. We agree to keep this notation
since the mathematical results hold for d > 2. The boundary I" of the piezoelectric
body 2 is assumed to be Lipschitz continuous. We consider two partitions of I.
A first partition is given by two disjoint measurable parts I'p and Iy such that
m(I'p) > 0, and a second one consists of two disjoint measurable parts I}, and
I, such that m(I,) > 0. We suppose that the body is clamped on I'p, so the
displacement field vanishes there. Moreover, a surface tractions of density g act
on [y, and the electric potential vanishes on I75,.

The body §2 is lying on another medium (the so-called support) which introduce
frictional effects. The interaction between the body and the support is described,
due to the adhesion or skin friction, by a nonmonotone possibly multivalued law
between the bonding forces and the corresponding displacements. In order to
formulate the skin effects, we suppose that the body forces of density f consist of
two parts: f; which is prescribed external loading and f; which is the reaction of
constrains introducing the skin effects, thatis, f = f; + f». Here, f, is a possibly
multivalued function of the displacement u. We consider the reaction-displacement
law of the form

—f2(x) € 9j(x,u(x,1)) in £2,

where j : 2 x R> — R is locally Lipschitz function in its last variable and 9;
represents the Clarcke subdifferential.

The governing equations of piezoelectricity consist (see Example 2) of the equa-
tion of motion, equilibrium equation, constitutive relations, strain-displacement, and
electric field-potential relations. We suppose that the accelerations in the system are
not negligible, and therefore, the process is dynamic.

The equation of motion for the stress field and the equilibrium equation for the
electric displacement field are, respectively, given by

pu" —Dive = pf —yu' in 2 x (0, +00),
divD =0 in £2 x (0, +00),

where p is the constant mass density (normalized as p = 1), y € Ls(£2),
y(x) > yo > 0 for a.e. x € £ is a nonnegative function characterizing the
viscosity (damping) of the medium, and o : £2 x (0, +00) — Sy, 0 = (0j}),
and D : 2 — R4, D = (D), i,j = 1,...,d represent the stress tensor
and the electric displacement field, respectively. Here, S; is the linear space of
second-order symmetric tensors on R¢ with the inner product and the corresponding
normo : t = ) 0j7)ij, ||r||§d = 1 : 1, respectively. Recall also that Div
ij
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is the divergence operator for tensor valued functions given by Dive = (oj; ;)
and div stands for the divergence operator for vector-valued functions, that is,
divD = (D,',i).

The stress-charge form of piezoelectric constitutive relations describes the
behavior of the material and are the following:

o =de(u) — PE(p) in 22 x (0, +00) (converse effect),
D = Pe(u) + BE(¢) in 2 x (0, +00) (direct effect),

where o : £2 x S; — S; is a linear elasticity operator with the elasticity tensor
a = (ajr), P : 2 x Sq — RY is a linear piezoelectric operator represented by
the piezoelectric coefficients p = (p;jx), i, j,k = 1,...d (third order tensor field),
2T . Q2 xRy — Sy is its transpose represented by p’ = (1751() = (pxij), and
% : 2 xR? - R? is a linear electric permittivity operator with the dielectric
constants B = (B;;) (second order tensor field). The decoupled state (purely
elastic and purely electric deformations) can be obtained by setting the piezoelectric
coefficients p;;x = 0. The elasticity coefficients a(x) = (a;jx(x)), i, ).k, I =
1,...d (fourth-order tensor field) are functions of position in a nonhomogeneous
material. We use here notation p” to denote the transpose of the tensor p given
pr-v=r1:plvfort € S;andv € R?.

The elastic strain-displacement and electric field-potential relations are given by

e(u) = %(w + (Vu)T) in £ x (0, +00),
E(m) = -V in £,

where e(u) = (g;;(u)) and E(p) = (E;(p)) denote the linear strain tensor and
the electric vector field, respectively. Here, u# : £2 x (0, +o00) — R, u = (u;),
i =1,...,d and ¢ : 2 — R are the displacement vector field and the electric
potential (scalar field), respectively.

Denoting by u( and u;, the initial displacement and initial velocity, respectively,
the classical formulation of the mechanical model can be stated as follows: find a
displacement field u : £2 x (0, +00) — R? and an electric potential ¢ : 2 — R?
such that

U’ —Dive = fi + fo —yu' in 2 x (0, +00) (2.189)
divD =0 in £2 x (0, +00) (2.190)

o =deu)+ PV in 2 x (0, +00), (2.191)
D = Pe(u) — BVg in 2 x (0, +00), (2.192)
u=0on I'p x (0, +00) (2.193)

on =g on I'p x(0,400) (2.194)

¢ =0on I, x (0,400) (2.195)
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D-n=0on I} x(0,+00) (2.196)
— fo(x) € dj(x,u(x,t)) in £2 x (0, +00) (2.197)
u(0) = ug, u'(0) = uy in £2, (2.198)

where n denotes the outward unit normal to I". Because of the Clarke subdifferential
in (2.197), the problem will be formulated as a hemivariational inequality and then
it will be embedded into a more general class of second-order evolution inclusions.
Due to the multivalued term in the problem, the uniqueness of weak solutions is not
expected.

Let j : £2 x R — R be defined as a minimum of two convex functions, that
is, j(x,s) = h(x)min{ji(s), jo(s)} for x € 2 and s € R, where i € Lo (£2),
j1(s) = as* and jo(s) = 4(s* + 1) witha > 0. Then

as if s € (—oo0,—1) U (1, +00)
2as ifs e (—1,1)

[@,2a] ifs=1

[-2a,—a] if s = —1.

dj(x,s) = h(x) x

The model example can be modified to obtain nonmonotone zigzag relations which
describe the adhesive contact laws for a granular material and a reinforced concrete,
for example, the stick-slip law and the fiber bundle model law.

Another example which satisfies H(j) is a superpotential of d.c. (difference of
convex functions) type, that is, j(s) = ji(s) — ja(s), where ji, j» : R — R are
convex functions.

We now turn to the variational formulation of the problem (2.189)—(2.198). We
introduce the spaces for the displacement and electric potential:

V={eH (2:R):v=00nTIp}, (2.199)

®={pecH (Q):9=00nT,}

which are closed subspaces of H'(£22;R?) and H'(£2), respectively. Let H =

Ly($2:RY) and s = L,(£2:S;) be Hilbert spaces equipped with the inner

products (u,v)y = [u-vdx, (0,7)» = [0 : tdx. Then the spaces (V, H, V*)
2 2

form an evolution triple of spaces. On V, we consider the inner product and the
corresponding norm given by (i, v)y = (e(u), e(v)) e, |vlv = lle(v)| s foru,v €
V. From the Korn inequality |[v||;1(q.re) < Clle(v)|l# forv € V with C > 0, it
follows that || - || 1 (g.rey and || - ||y are equivalent norms on V. Thus, (V. || - [|v) is
a Hilbert space. On @, we consider the inner product (¢, ¥)e = (¢, V) 1o for
¢, ¥ € ®@. Then, (D, | - ||¢) is also a Hilbert space.

Assuming sufficient regularity of the functions involved in the problem (2.189)-
(2.198), multiplying (2.189) by v € V' and using integration by parts, we have
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(" (0).v) + (o (u). () e —/Gn vd I (x) = (fi(t) + f2(0).v) = {yu' (1), v)

r

fora.e. 1 > 0. Since, by (2.194), we have [on -vdI" = [ g(t)-vdI and (2.197)
r Iy
implies
— [ A0 vedx = [ o ateneos.
2 2

we obtain

(@"(0).v) + {yu' (0).v) + (o (). e()) e + /jo(x,u(x,t):V(X))dx = (F.v)
2

(2.200)
where

(F,v) = (fl,v)—i-/g-vdl" for vev.
I'n

Let ¥ € @. From (2.190), again by using integration by parts and the condition
(2.196), we have
—(D,Vy)u = 0. (2.201)

Now inserting (2.191) into (2.200) and (2.192) into (2.201), we obtain the following
variational formulation: for —co < v < T < +o0, findu € C([r,T];V) N
C'([t,T)];V) and ¢ € Lo(r,T;H) such that u” € “//*9, where 7% =
Ly(z,T;V*) and

(" (), v) + (yu'(t).v) + (o). () e + (P V. e(v) e+

+fj0(X,M;v)dx > (F,v) ae.t, forallveV
$2 (2.202)
(BV Vg = (Pe(u),Vy)y ae.t, forall y € ®

u(0) = up, t'(0) = uy.

We need the following hypotheses for the constitutive tensors.

H(a): The elasticity tensor field a = (a;ji;) satisfies a;jx; € Loo(£2), ajjr1 =
aklmkl = ajikl, Aijkl = aijik and a;5(X) T T > ot T, fora.e x € 2 and all
7 = (1) € Sq witha > 0.

H(p): The piezoelectric tensor field p = (p;;i) satisfies p;jx = pixj € Loo(82).

H(p): The dielectric tensor field B = (B;;) satisfies B;; = Bji € Loo(£2) and
Bij (x)E&; = mgl§[2, forae. x € 2andall § = (&) € R? with mp0.

We define the following bilinear formsa : V xV — R, b : V x & — R,
bT : & xV —Randc: ® x d — Rby
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duy Iv;
a(u,v) :/aukl(x) ukldx for u,vev,
X 0x;
2
u; 0@
b(u, ) :/szk(-x) a—dx for ueV, e,
J Xk
dp du;
b (¢, u) :/pkij(X)—qudx for ped, ueV,
Oxy 0x;
Q2

dp d
cle.¥) = /,311() 4 de for ¢,y € ®.

Then we have

a(u,v) = (Fe(u),e(v)) foru,velV,
b(u,¢) = (Pe(u),Vo)y forueV, ¢ €,
b (p.u) = (PVp, ) forped ueV,
c(p.¥) = (BVe,Vy)y fore. v € P,

where the elasticity operator &7 : 2 x S; — Sy is given by &7/(x,¢) = a(x)e,
a(x) = (aijri(x)), the piezoelectric operator & : £2 x S; — R? is given by
P(x,e) = p(x)e, p(x) = (pijr(x)), the transpose to P, 2T : 2 x RP — S, is
given by WT(x,g) = pT(x)S, pT(x) = (pgk(x)) = (pkij), and the electric
permittivity operator % : 2 x R? — R? is defined by %A(x,£) = B(x)E,
B(x) = (Bijx)-

Using the above notation, the problem (2.202) is formulated as follows: find u €
C([t.T};V)NCY([r,T); V) and ¢ € Ly(z,T; H) such that u” € ¥, 7+ and

(" (0),v) + (yu (1).v) + a(u(t).v) + b" (p(1). v)+

+/j0(x,t,u;v)dx > (F,v) ae.t, forallveV
(2.203)

c(g(t), v) =b(u(t),y) ae.t, forally € @
u(0) = ug, ' (0) = u.

The problem (2.203) is a system coupled with the hemivariational inequality for the
displacement and a time-dependent stationary equation for the electric potential. We
need now some auxiliary results and notation.

We remark that under hypotheses H(p) and H(f), for any z € V, there exists a
unique element ¢, € @ such that

c(p;, W) =b(z, ) forall €@

and the map C : V — @ given by Cz = ¢, is linear and continuous.
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As a corollary, we obtain the following result: if H(p), H(B) hold and u € ¥,
where ¥ = L,(t, T; V), then the problem

find ¢ € Ly(z,T; @) such that
c(p(t),¥) =b(u(t),y) forae.te (r,T), foral v € @

admits a unique solution ¢ € Lo(t, T; @) and ||¢||1,¢.7;0) < cllull,, with ¢ > 0.
For a.e. t € (t,T), we have ¢(t) = Cu(t), where the operator C is defined in
Lemma 3.1 of [23].

Next, since for every ¢ € @, the linear form v — bT(<p, v) is continuous on V,
so there exists a unique element B € V* such that b7 (¢,v) = (B@,v)y*xy for
allve Vand B € Z(®,V*). We observe that

b (p.v) = (PV@,e(v)) s = /QTW ce(v)dx (2.204)
2
= / Pe(v)-Vodx = (Pe(v),Vo)gy =b(v,p) forallveV, and g € ®.
2

Analogously, we introduce the operator A € Z(V, V*) such that a(u,v) = (Au,v)
forall u,v e V.

We are now in a position to reformulate the system (2.203). Since for a fixed
u € ¥, the second equation in (2.203) is uniquely solvable (cf. Corollary 1 in [23]),
we have

bT(p(t),v) = (Bo(t),v) = (BCu(t),v) forallveV andae.t e (7,T).

Thus, the problem (2.203) takes the form: find u € C([z, T]; V) N C'([z. T]; V)
such that u” € 7%, and

(U"(t) + Ru'(t) + Gu(t),v) + [ jo(x,u;v)dx > (F,v)
2

ae. t, forall velV (2.205)

u(0) =up, u'(0) = uy,

where R : H — V*and G : V — V* are given by Rv = yv forv € H and
Gv = Av + BCv forv € V, respectively.

The existence of solutions to the hemivariational inequality (2.205) will be a
consequence of a more general result provided in [23]. We remark that operators
R and G satisfy such properties: if y € Loo(£2), y = yo > 0, then the operator
R : H — H defined by Rv = yv is linear continuous symmetric and coercive.
Under the hypotheses H(a), H(p), and H(f), the operator G : V — V* defined
by G = A + BC is linear, bounded, symmetric, and coercive.

Finally, we obtain the following second-order evolution inclusion: find u €
C([t.T]: V)N C'([r.T]; V) such that u” € ¥'% and
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u”(t) + Ru’(l)/—i— Gu(t) + dJ(t,u(t)) 2 F(t) ae. te(0,7) (2.206)
u(0) = uy, u'(0) = uy.

We need the following hypotheses:

H(R) R : H— H is alinear symmetric such that 3y >0 : (Rv,v)y = y|v[|%
Vve H.
H(G) G : V — V* is linear and symmetric and 3cg >0 : (Gv,v)y > cg|v[|3
YvelV.
H(J) J : H — Ris a function such that:
(1) T)IS locally Lipschitz and regular one [12].
(i) Je1 > 0: [[0JW)[l+ = cr(1 + [Iv[lw) Vv e H.
(iii) dcy > O:

[0J(v),v]- > —=A|v||3 —c2 VveH,

where dJ(v) = {p € H|(p,w)g < J°(v;w) Vw € H} denotes the Clarke
subdifferential of J(-) at a point v € H (see [12] for details), A € (0,4;), A; > 0:
calVvIfy = MVl Vv e V.

(Hy) V is a Hilbert space.

We remark that Condition H (j)(@ii) is technical condition provides only dis-
sipation of multivalued (in general case) dynamical system constructed on all
weak solutions of Problem (2.189). This condition is not connected with the
nonsmoothness of ;.

In [23], it is proved that if hypotheses H(R), H(G), H(J), and (H)) hold, then
the problem (2.206) has a solution. Due to the previous results, we can investigate
a long-time behavior of all weak solutions of the problem (2.206) under similar
but some stronger (providing a dissipation) conditions. In particular, we study the
structure of the global and trajectory attractors.
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Chapter 3
Attractors for Lattice Dynamical Systems

A lot of processes coming from Physics, Chemistry, Biology, Economy, and other
sciences can be described using systems of reaction-diffusion equations. In this
chapter, we study the asymptotic behavior of the solutions of a system of infinite
ordinary differential equations (a lattice dynamical system) obtained after the
spacial discretization of a system of reaction-diffusion equations in an unbounded
domain. This kind of dynamical systems is then of importance in the numerical
approximations of physical problems.

Lattice dynamical systems appear also in practice as discrete models, for
example, in cellular neural networks [10] or in chemical reaction systems and
biology (see [4, 12, 14]) among others (see [31] for more references).

Although the study in lattice dynamical systems of properties like the chaotic
behavior of solutions, the stability of equilibrium points, bifurcations or the
existence of travelling waves was very rich in the 1990s (see [9] and the references
therein), the study of the global asymptotic behavior of solutions as an infinite-
dimensional dynamical system (in particular, the study of the global attractor) is
more recent. The existence of global attractors for lattice dynamical systems has
been studied by many authors in the last years (see, e.g., [1,3,5, 18,20,21,27-34]).
These works contain discretizations (in unbounded domains) of reaction-diffusion
systems, hyperbolic systems, the Schrodinger equation, and others. Also, in [34], the
problem of estimation of the fractal dimension of the global attractor is considered.

In these works, the authors impose conditions ensuring the uniqueness of the
Cauchy problem like Lipschitz or differentiability conditions on the nonlinear
term. In this way, a semigroup of operators is defined in an appropriate one-
parameter phase space (usually, an /” space or a weighted [” space), proving then
the existence of a compact global attractor. Moreover, the upper semicontinuity of
the attractor with respect to finite-dimensional approximations is shown in most of
the chapters.

In this chapter, we study the asymptotic behavior of the lattice dynamical system
generated by the discretization of the system reaction-diffusion

M.Z. Zgurovsky et al., Evolution Inclusions and Variation Inequalities for Earth 119
Data Processing 111, Advances in Mechanics and Mathematics 27,
DOI 10.1007/978-3-642-28512-7_3, © Springer-Verlag Berlin Heidelberg 2012
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d
a_th = TAu— f(x,u),x €eR,t >0, a1
u(0) = u’ € (L, (R))",
given by
Ui = gy @k iei—1 — 2uk; + uiv1) — fii (), (3.2)

uji (0) = (u°) ;.
where a = h—lz'cT is a real matrix of order m and the parameter / is the step of the
spacial discretization.

We note that the existence of a global attractor of system (3.1) in the phase space
(L2 (R))m under appropriate conditions (not ensuring the uniqueness of the Cauchy
problem) is given in [22]. Now, assuming that a is a real matrix with nonnegative
symmetric part and that

Joi () = (fri ugs oo stm)s ooy fi Wis .o umi)), 0 €Z,

are continuous functions verifying appropriate dissipative and growth conditions,
we prove the existence of a global compact attractor for system (3.2). Hence, this
attractor can be considered as an approximation of the attractor of system (3.1).

Comparing with the previous papers mentioned above, we do not impose
conditions ensuring the uniqueness of the Cauchy problem, as the function f is
not assumed to be locally Lipschitz (in fact, we give an example of a system in
which at least two solutions corresponding to an initial data exist). This allows to
consider a larger class of systems of type (3.2). As it was already pointed out in
the first chapter that the study of the asymptotic behavior of differential equations
without uniqueness of solutions has been developed intensively in the last years
and is motivated by important equations of the mathematical physics like the 3D
Navier—Stokes system (see [2, 8, 15, 17,24, 25]) or the Ginzburg-Landau system
(see [7,16]).

We prove first a Peano’s theorem for system (3.2). After that, we define a multi-
valued semiflow (instead of a semigroup of operators) and prove the existence of a
global attractor for it. Finally, we study the upper semicontinuity of the attractor with
respect to finite-dimensional approximations. These results were proved in [23].

3.1 Existence of Solutions

Consider the following first-order lattice dynamical system

Ui = gy @k ei—1 — 2uk; + uiv1) — fii (uy),
I/tj’,' (O) = (MO) AN

Ji

(3.3)
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where a = (a jk) is a real matrix and

S i) = (fri Wi swmi)s oo S Uigs .o ), i € Z.

Here, for a fixed i € Z, u.;, f; refer to the vectors (uy;,...,Uni),
(fris---s fmi) € R™, respectively.

Throughout this chapter, we denote 12 := [? x [? x ") x [2, which is a Hilbert
space endowed with the scalar product

m
o 2
(u,v)l% = E E Wjivji,u,vel,,

j=li€z

and the norm [lull,» = > ez Z};’=1 \uj,,-iz = ez |u.,i|§m . Also, we shall use
the scalar products (x, y)gn 1= > 7_, X;¥;, X,y € R", (u,v)p 1= 3 cquivi,
u,v el

As before, for u € l,%, and a fixed I < j < m, the notation u;. is used for the
element ( cesUj 1, U0, Uj T, U D, ) e l?.

We shall assume the following conditions:

(H1) Forallx e R", i € Z,

(fi (X), X)gm = @ |X[jm — €0y,

where ¢co € I', o > 0.
(H2) Forallx e R", i € Z,

|fi (Dgn = C (|x]gn) [X[gn + 14

where ¢; € [2, c1; > 0,and C (-) > 0 is a continuous increasing function.
(H3) The real matrix a = (ay,;) has a nonnegative symmetric part, that is, there
exists B > 0 such that % (a+d") > Bl,.
(H4) The maps f;; : R" — R are continuous.

Observe that from (H3), we deduce (ax,X)gn = (3(a+a")x,x)g, >
Bllx I

We shall rewrite now system (3.3) in a matricial form.

We define the operator A : [2 — 2 by (Au);; = —uji—1+2uji—ujiv1, i €Z.

It is easy to see that the operator A4 is equal to [/f /f], where A : 12 — [%is
defined by
(/fv) = —Vi—1 +2v; —viy4, forv e 12

Hence, foru = (uy.,...,up.) € l,f,, we have
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Also, we define the operators B, B*: 12> |2 by
(év) = Vi1 — Vi, (é*v) = Vi1 — V.
It is easy to check that

A= b5 = BB,
(B*u,v);p = (u,Bv)p2

where B 1= [é l?] and B* := [l?* é*].Moreover,
(aAu,v),,% = (aBu,Bv),,% .
This property is proved as follows:

(@Au,v)pp =377 (alf Au;. Vl*')zz + T (a’"j Aug.. V’"")lz
= ZT:I (alj Buj,., BVL.)[Z + (m) + Z?:l (aijuj"’ va’.)
= (aBu,Bv);: .

12

Remark 3.1. This property is true for any real matrix a.

We need to prove that the operator fA:llfl —> [2 given by f w=[fh-Ww,...,
S ()] is well defined, that is, f (1) € [2, Yu € I2. Also, we check the same

m

property for the map F : [2 — 2 defined as
[F(M)]j,,- = —(aAu)j’l- —fiiwy), j=1,....m, i el

Indeed,

[F )], ] < |:Z |aji| |=uio1 + 2upi — wii1| + | fri (i) i| (3.4)
k=1
and then,

[F )]} \2 =2m [Z |ajk|2 |[—uki—1 + 2up; — Mk,i+1|2:| + 2| (M~,i)\2~
=1

By (H2), we have

i ) o < 2[00 i [jn + 2, . (3.5)
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HF (“)]~,i

m

2 2~ 2

jn = 2m7a |:Z |—utki—1 + 2upi — kit :|
k=1

2 [ () g + c1:] (3.6)

. (u) := maxjez C (|u.;|gn). Note that 1 (u) exists
. Also, 1 (u) is bounded if u belongs to a bounded set

and is finite for any u € 2

of I2.

It follows from u € [2, ¢; € [? and (3.5)—(3.6) that f (w), F (u) € 2.

On the other hand, we can obtain by using (H2) and (3.4) the following estimate
of the norm of F (u) :

I1F (u)||12% =2m Z |:Z |aj,k‘2 (Z (—uici—1 + 2upi — Mk,i+l)2):|

Jj=1Lk=1 i€Z
423 (ers + 1) i) (3.7)
i€Z

<2@Killullp, + Kallerlli> + Ksn @)l :=K (@, m,ci,u).
Thus, (3.3) is rewritten as

U= —aAu — ?(u) = F (u),
u©0)=uel?. (3:8)

Now, we shall obtain that the map F is continuous. As the operator aA : [2 — 2
is obviously continuous, for this aim, it is sufficient to check the continuity of the
nonlinear map f.

Pr0p051t10n3 1. Assume that (H2), (H4) hold. Let {u"},c C 12 be such that
u" — u®in 1. Then f ") — f( )m [2. Hence, f F are continuous maps.

Proof. Since 1" — u’ in Zm, u e l,%,, ¢ € [?, it is clear that for any € > 0, there
exist ng (¢) and ko (¢) such that

€
> Z |C1,i|2 S €,

J=1lil>ko |i|=ko

Ju = u], <

if n > ny. Thus,

0

— u]l

"< Z’::Z;[

2
2
+ |u?| i| < 2e, Yn > ny.
Ji=1lil>ko
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Also, by (H4), we can choose n; (€, ko) > ng such that if n > ny, then

ZZ ‘f;z ~,1 f;z(.,,-)‘zfe.

J=1lil<ko

Therefore, using (H2), we obtain

|/ @ = 7 )

||
I Ms

Z | i () = fra (u2)]

+ZZ [ F3 ) = fra ()]

J=1lil>ko
2
setd Z (|CU|2 +i |ufl.,iiR'")
|i|>ko
2
+4 Z (lcl,i|2 + 17 Jul; Rm) < ke,
|i|>ko

where 71 = max{max;cz C (‘u Rm)} is a finite nonnega-

Rm)’ SuplEZ neN C (‘
tive number. O

We shall prove further that the map F : [2 — [2 is weakly continuous. For this
aim, it is enough to check the weakly continuity of the map f : /2 — [2.

Lemma 3.1. Assume that (H2), (H4) hold. Then, the map ? 12 — 12 is weakly
continuous.

Proof. We note that as the space /2 endowed with the weak topology satisfies the
first axiom of countability, it is not difficult to show that f is weakly continuous if
and only if u, — ug weakly in 12 implies f (u,) — f (uo).

Take an arbitrary £ € /2. Then for any € > 0, there exists K (e, £) such that
Z\ilzKl . |2 < €. Due to condition (H2), we have

|7 w [2

2
= 3 (e + € () b lln)” = 2 (llea I + 0 @) s )
iez
(3.9)
where 1) (1) = max;ez C (|u.;|gn) Hence, if [[uf,; < R, then there exists M =

M (R) such that H? (u)

- < M. Thus, if u" — u weakly in l,f,, we have
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‘(? @) =7 @),

= Yiter [(F () = i ) o 16 e
! (H7 “ ) (Siiz, 1eilie)”
< gy (Ciier, [ (i () = Fis @) [g) " +2Me.

e

for some M . For any ¢ > 0, we choose € = ﬁ. Since u!! — u; for all i and f; are
continuous, we obtain the existence of N (¢, £) such that

1

2

ny — f. | < £
§< (i) = Ll | =5 HP
(for & # 0). Hence,
‘(?(u")—?(u),s)lz <eifnz M. 0

Now, we shall introduce a new version of Tartaglia’s triangle, which will be
useful in the proof of the existence of local solutions of system (3.3).

By [i i| , we denote the elements of the triangle

ASTRRS TS
Il
w N =
)
(@)}
~

2 10 18 10 4
2 12 28 32 18 4

where for every row p, the index k goes from 0 to p. This triangle is defined by the
rule:

p|_ p|_ p+1l{_| p p _
-2 [0 oL Je (g o seere

(3.10)

Also, we can check that for 1 < k < p,

=)
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Indeed, we proceed by induction. The case p = 1 is obvious, as [” =4 <

1
For p + 1 and k = 1, we can see that

|:p+1i|=2p+4§4p+4=4(p+1)=4(p+1),

4 (1 ) = 4. Assume that it is true for p.

1 1

where we have used the formula |:61]:| =4+2(q—1),forallg > 1.

p+1 p+1 .
If k = p+ 1, then =4=4 .Finally, for2 <k < p +1,
P [p+1} (p+1) g P

we have by the hypothesis of induction that

AL HES (R ] i

On the other hand, we need also the following estimate

(Z) <nk, (3.12)
which is straightforward to prove.

In the sequel, we shall write B;2 (uo, R) for an open ball in 12 centered at uo with
radius R.

In the next theorem, we prove the existence of a local solution for (3.3). We note
that in view of (3.7) and the fact that 1 (1) is a bounded map, it follows that F is a
bounded map in /2.

As in infinite-dimensional Banach spaces the continuity of the map F is not
enough in order to prove the existence of solutions [13], additional conditions are
necessary. For example, in [6,26], compacity conditions on F are used, whereas in
[19], the author assumes that F is weakly continuous. Using the result in [19] and
the weak continuity of F, one can obtain the existence of solutions. However, we
will give an specific proof of Peano’s theorem in our case.

Remark 3.2. Let E := max{mmaXi<k/<m {|aki|},1}. Then it is easy to see
that for any v € R”, it holds ZT:I |a.,jvj|Rm < E|v|gn. In particular,

ZT:] ‘a.,jy?yi () - <E \y?i (t)\Rm, for y?i () e R™,

Theorem 3.1. Suppose that (H2), (H4) hold. Let M be a bound of the norm of
F (u) foru e D = Blé (yo,b), with b > 0. Then there exists a solution y () €

C (I1.12) of (3.3) defined in I := [0, 1y + &], where & < min{%, 1} is such that
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0<2a(14+4E+n) <1, (3.13)
n=sup maxC (|u.ilgn). (3.14)
“eBz,%, (yO,b) i€Z
and E has been defined in Remark 3.2.
Remark 3.3. In this theorem, Conditions (H1) and (H 3) are not necessary.

Proof. Let § > 0. We choose some function y°(-) € C ([—5,0],131) satisfying
y*(0) = y* and
10 @) —»° ||13, <b, Vte[-60]. (3.15)

Let ¢, 8, be such that 0 < € < 6., 8¢ < §. We define now the functions y€ (-) :
[—8e, 1] — Zi, where «; := min{e, &}, in the following way:

¥ (), ift € [-6.,0],

3.16
yO + fot F (y¢ (s —¢))ds, ift € [0,0]. (3.16)

ye() =

It is clear that y© (-) € C ([—86, aq] ;Zi). Also, we have

t
. b
ENORS P H/O F(o(r—edr| <Ml <Ma<Mo-=b.

2
lm

(3.17)

dr<Mlt—s|, (3.18)
]2

m

/ F o (r—e)

Iy @) =y )z =

forz,s > 0. We can extend y°© in the intervals [—8., &3], [d, &3], and so on, where
«; = min{&, i€}, in the same way as in (3.16). Hence, we can define y€ in [—4,, &]
in such a way that (3.17)~(3.18) hold and y* (1) € C ([—5c.@];12).

Let us consider the family of functions # = {y€ () : 0 < € < 8} C C ([0.4]:12).
We can see from (3.18) that it is an equicontinuous family.

Let €, — 0 be a sequence of real positive numbers such that =m, € N, and
let 8., = €,. Then we shall prove that for any t* € [0, &], the sequence {ye (t*)} is
precompact. We can assume that t* > 0, as the case t* = 0 is trivial.

We need to check the existence of w € /2 and a subsequence {€,, } such that for
any £ > 0, there exists N (&) for which

[y (%) wly <& ifn = N
First, from the estimate

|y (&

o, + M |t*|
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we obtain that {y,, (#*)} has a subsequence converging to some w weakly in /2. We
need to prove that the convergence is strong.
For this aim, we define the sequence {g,"} <z, as follows:

i

y.(,)i+1 (1) R iy.(?i (t)

R™ iy(?z (t) )

Rm}scli} .

£ = max{ max _{[y%_, (t)
1€[—8¢,.0] '

We shall need the following technical lemma:

Lemma 3.2. For 1 < i < m,, we define

gt (D)o (e (e ()
(")
0
()
”_p]E+(ﬁ;p)n} (E + 1)
¥

() fe s (o

forO < p<mn-—1. Letr € [(it —1)e€,, n€,]. Then it holds

n—1
VI ) = DTyt =B . (3.19)
p=0
Proof. We proceed by induction on 7.

e Casen = 1.
Letr € [0, ¢€,]. Then

V()| gn = 97 + /0 Fi(y% (s—e)ds

RmM

0

r m
< 9% g +/0 > }“n/‘ (y;;._l +2y7 + y;7i+l) (s _6)}11»« *

J=1

+| i (v 5= 9)

Rm] ds.
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Using condition (H2), the definition of 7, &', and Remark 3.2, we have

. 0 . —€n) - +2E ye,; (s —e€n) R
Y (r )Rm < ’y~,i . + /o . . ds
FE [y =€), e+ 6 —e)|,
< ’yo- + [ £ ‘y - l(S)‘ 2 ‘y (S)‘ ds
- SUIRm —€n
TR +E ’y i+l (9)’ + e +n‘y )] g
SEl+e (1 +4E + )] =& =T =B .
Hence,
vy (r) re < &'b1, V7 €[0,€,]. (3.20)

Although this is not strictly necessary, we shall write the cases 71 = 2, 3 in order
to illustrate how the induction hypothesis is obtained.

e Casen =2.
Let r € ]e,, 2¢,]. Then

»Y; +/ yg" (s —e))

yE“ (€n) +/ yg" (s — E) ds

Yy

R R

RM

< )’f',’ (€n) R

+/ /y/, 1 (s —€n) - + 22/:1 ‘a._:‘y” (s —€) R | g
€n +Z/ 1 jyj,,'_H (s _én)‘Rm + ‘fz [y? (S_Gn)] R

(3.21)

Applying again condition (H2) in (3.21) and arguing as in the previous case, we
get

. r—ey E|yf’;_1 ()| g + 2E|yf’; (5)| g
Y () g < 95 (€0) | g+ / ) ds.
0 +E‘yl+l (S) Rm+cl,i +77‘J7,'; (S) R™

Now, (3.20) yields

|y (r)

wn S &b+ € [EE by + 2EE'D) + EE b1 4 &' + n&'by ]
<& 1 + 6 QE + 0] + & + e E [£ b1 + &, b1 ]
SEN+A+4E+n ]l +6 QE+n]+ b+
+ & E [£_ by + &' bi]
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<& [1+eQ+6E+20)+eQE+n(1+4E+n]+
+ e, E [E,-n_lbl + E,-n+1b1] .

Thus,

5 (r)

o S E 16 2+ 06E +20) + 6 QE +1) (1 +4E +1)]
teak {Szn—l + 5;1+1} [1+ e (14+4E + n)]
2 2._ pn
=T, + T/ :=Bj,.

e Casen = 3.
Let r € |2¢,, 3¢,]. Repeating similar arguments as before, we have

Y5 ()|gw < Bh; + € EBY, | +26,EBy; + 6, EB), | + B, + 646!
=By [l +6 QE+n]+ea§ +eak By, +B5,,]
<& +eE+n[l+e€ (24 6E+2n)
+e, 2E + 1) (1 + 4E + )]
+en +eE [l +e QE+n][Bf;_; + B, ]
+e&E By +B5 ] (3.22)

Let us analyze separately each of the terms in (3.22). First,

E'l+e QE+n][1+e Q+6E+2n)+e QE+n)(1+4E + )]+ &

_g,,{1+6n(1+2E+7})+(en+6§(2E+n))(2+6E+2n)}
- +QE+ ) (1 +4E + 1) (€ + & QE + 1)

:E_,,{1+6n(3+8E+3n)+eﬁ(2E+n)(3+10E+3n)}'

3.23
! +& QE +n)* (1 +4E 4+ 1) (3-23)

For the second term, we have

B[l +e QE+n][B],_ + B, ] +e&E[B),_ +B), ] =
= aE[l+e QE+nI[l+e (1+4E + )] [€, + 5]
+eE By, + 4B, ]
=6E[l+e6 (1+6E+2n)+eQE+n)(1+4E +n)|[&, +&'4]
+eE By, +B, ]
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Finally, we estimate €, E [Bg.i_1 + B, +1]. By definition,

By, =& [1+e Q+6E+2n)+e 2E+n) (1+4E +1n)]
+eE 1+ (1+4E +n)e][E, + &1,

Bi =& [1 46 Q+6E+2n) + e QE+1) (1 +4E +1)]
+eaE[l+ (1 +4E +n) 6] [6 + &y,

SO

. 146, (2+6E +2
e EBoi1 +Boivi] <€ E & + & |: ( m :|

+e2 (2E +n) (1 +4E +1n)

+ B[, 4+ 28 + &L [+ (1 +4E + 1) ).
(3.24)

Combining (3.22)—(3.24), we have

l+6 3+8E+3n)+e (2E+n) (3+ 10E + 3n)
V)| <& )
+e 2E +n)’ (1 +4E +1n)
+eaE (& + &)

l+€ (1+6E+2n)+eQE+n)(1+4E +1n)+
l+6 (2+6E+2n)+eQRE+n(1+4E +1n)
+e EX{E, + 26" + £, 1+ (1 +4E + 1) €]
< 1+ €, (3+8E+3n)+€(2E +n) 3+ 10E + 3n)
+€3 QE +n)* (1 +4E + 1)

+26,E [§- + & ] [1 + € (24 6E + 21)
+e; 2E + 1) (1 +4E + )]
F e B2 {E, + 26 + &L 1+ (1 +4E +n)e] =B,

Consider now the general case.
e Casen+ 1.
Let r € |ne,, (1 + 1)¢,] and assume that estimate (3.2) is true for r €
[(h = 1) €,, ii€,].
We need to check that |y (r)
and Remark 3.2, we get

R = Z’;=o T;’:,}'HH = Bg+l,i' First, by (H2)
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r
M+[ P (5% (5 — )| ds

€n

|y (r)

RM S |y6117 (ﬁen)

< 35 Gl + [ e+ 0135 6= g ds

ney,

+ E/ “yf?—l (s =€) g + 2|y (s — €)| gn
ney,

R’"} ds.

Since (s —€,) € (i —1)e€,,n€,], we can use the induction hypothesis.
Hence,

+ iy.g,:'l+1 (s —€n)

95 () gn = B + (& E) {BZ,,-_l +2B;, + BZm} T {gzn T nBZ,i}

SB (146 QE+)l+68 +(@F) By, +B) 1.

and using the definition of 7", 7" and Tpn,}ﬁ+1’ we have

pi T pi
n—1 R P )
VS O = DT + @l + e QE+m) Y T}
p=0 =0

n—1
@By {T;,;.”_l + TP’T,;”+1}.
=0

To complete the proof, we need to obtain the inequality

n—1 n—1 n—1
ST el + e QE+m Y Tl + @B Y {Tol, + Tyl
p=0 p=0 p=0

i
=T
p=0
This follows from the following:

To T = T07 4 ey QE + ) Ty + e8] (3.25)

v

T =T e QE+ T + BT L + T ) (326)

fork =1,2,...,n—1,
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f;,;'ﬁH =&k {Tﬁn—ﬁl,i—l + T;—ﬁl,i+1}' (3.27)

Let us consider (3.25). The expression 7y + €, 2E + ) Tg;" + €,& can be

rewritten as follows:

Tt a CE+n T +all =@ ("1

{" + "} | 6w

) (), )- (1)

where we have used that [
( ! ) , jointly with (3.10), we obtain that

(0) = () me
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(n+1)
0
n4+1 n+1 n+1
E
rad (") [T (T
il it il
+e,§{ ”er )+[’“2r ]E—i— ”er )n}(2E+n)
i

is the same as in (3.28). Thus, (3.25) is proved.

Further, let us prove (3.26). Arguing as before, we can obtain that

T+ en QE+ )T

s (A+1 +1 +1
AT e () e
+..
i | (A +1 i+l i+l P
-+ {(ﬁ+1)+[ﬁ Ju(ﬁ l)n}(zE—l—n)_
(3.29)

e (e ()
r ﬁ+1—k ]
en (ﬁ+i_k)+ ek } (Hl_ )
() [ (e |
+...
e fn) s (nn) e
enE{T,f;ﬁl,i 1+Tnn1:+1}
= (enE)* (g)%‘}’_k-i-(?)Efl—k+2+"'+(llz)§?+k} (Z:i)
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QE+1n)

—I—e,’f'H_k QE + r))ﬁ_k

Atl—k A+1—k Atl—k
E
<ﬁ+1—k)+[ﬁ+1—k} +<ﬁ+1—k)”

Summing these expressions, using (ﬁ N 1) + (ﬁ - 1) — (ﬁ) and
' k—1 k - \k

developing in a similar way as in (3.29), we obtain inequality (3.26).
The proof of (3.27) is easier than the precedmg ones. We use here similar

arguments but now over the term €, E{77" + T "1 .

Tn A+l .

1i—1
Now, the proof of Lemma 3.2 is finished. O
We return to the arguments previous to Lemma 3.2.
Let £ > 0 be arbltrary As w € [2, we can find K, (§) € Z such that
S Yk, Wi < & Take Kz > Ki. Then

2
|y ( W”zz = Z > —Wji +Z Doy ,»,,-)
J=1]i|<K, j=1li|>K>»
" 2
= Z y;”i (t*) le’
J=1lil<K>
= 2
+2) [ 0 )+ D il
J=1 \li[>K> li|>K>
g - € * 2 . € * 2
§Z+ZZZ AGIED DDA ESTE
J=1]i|>K; J=1li|<K>
(3.30)

Let us check the existence of K, (§) and N (§) such that

LRl x bl

J=1lil>K,

€n

y]z
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First, we shall estimate the second term in (3.30). After that, for the third one, we
use the fact that the weakly convergence in /2 implies strong convergence on any
RY :={(x; ... x») : x; € RY, Vi}, where d < oo. For this aim, we will estimate

each term in (3.19).

Let 71 be such that t* € |(n — 1) €,,i€,]. Using (3.19) and property (3.11), we

have

>
|

1 A
O < 3 (0B (” - 1)
0 p

P

x{(g)gi,ﬁ(f)sf7p+z+...+(§)éf+p}

A

0

+...+eﬁ’”(2:§){1+4E+n}(2E+n)ﬁ*”*‘

forall r € [(n — 1) €,,7i€,].

By i€, < & and (3.12), we obtain (

bl o
N—
m
ERS
IA
=>
E
m
ERS
IA
>
i
—
=
o
»

n—1 A
5% Ol < 3 @E) ( ; 1)

p=0

A (D) (2)ed

(ﬁ—p)+€n(ﬁzl’){1+4E+n}+e5(”;p){l+4E+'7}(2E+’7)

14+ (i—p)ea {1 +4E + ny + [(7i — p)ea]* {1 + 4E 4+ n} QE + 1)

+o A L= p) e TP+ 4E + ) QE 4+ )t

fg[m)p(ﬁ;l){(g’) ?—p+(’f) f’—p+2+"'+(§)s

4
x Y &/ (1+4E + )
j=0

Using § = 2& (1 +4E +n) < 1, we obtain that Z;’;‘g G’ (1 +4E +n)’

ﬁ. Defining the sequence 7;, := max {Sf_p,g;’_ﬁz,...fﬁp}, with p

A

1,...,74 — 1, and using (n—

! ) < i, we can estimate (3.31) as follows:
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|y (r)

1
< 1
RM — 1_ﬂ
1
B

R =1C Y G Py
(& + )2\ @ie,E) p) = 55 (& + 252 B7mis).

IA

as 2ne, E < B. .
Let us take some K < 71 — 1 (which will be determined later on). Then,

95 Ol = o5 (8 + S35 87 + Ty 870
Z;ﬁ( +Z '3 '71p+2 IBP+K 1'7t,p+13—1)’
so that
5 2
s K—2
Z|yf?(r)Rm_ Z &) + > By
lil=G B iI=G li1=G | p=1
2
Z Z zp+12—1
li|=G [ p=0
Since § < 1 and (a1 + .. +ap (a +. ) we have
2
Y =G|y () <
li] It\zG
5 - 2
K— n—K
K> Z Mip T + DB i || (3.32)
li[=G p=1 lil=G [ p=0

We shall estimate each of the three terms in the last inequality. First, we note that

2 2
=6 My = Liilzo {(5:”—p) + ( i—pt1 ) + 2D ( P) }
<@p+ D) T pse, (&)
<P+ DY (E) <@p+1)C,

(3.33)

where we have used that

Cop= 2 &)V =D E)=clgn)=Y ()=

li|=G—p i€Z i€Z
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Then
A P 2
n—K
Zsz [Zp=0 :Bp’?i p+1€—1]
— + . X
= Z\i|>c Z Z ,BP Snt,p+K—lni,s+K—l

Z‘ Z ZI =G 2 ”+‘ (nt‘z,pr—l + niz,s+1€—1)
¢y Ky i K gotr [(2;; 12K - 1) + (2s 12k - 1)]

| /\

Putting a, = 2K 4+ 2p — 1, we obtain

FR 2
Z\i\zG [Z’;:g ,31777,;1,“3_1] =3 Z Z '3s+p (a5 +a,)
=Y Bra, i) B

L 2K—1 28
ﬁ[ —F +(l—ﬁ)2]'

I A

Hence, we can choose K big enough, so that

a ﬂ) e l)|ZG Zoﬂp i | <5 (-39
>G | .»

We note that /i (n) — 0o as n — oo. Then there exists N (§) such that K <7 — 1,
Vn > Nj.
Further, we shall analyze the second term in (3.32). Using (3.33), we have

RY o Lasi iy < K Xjng The e < K2 lel> g
<K2(2K+1)2||> (&) ( 1) Cox

(3 35)
We need the following lemma:
Lemma 3.3. Forany0 < t < 1, we can find § (v), Ko (v), Ny (1) such that
>3 ‘yj!i (z)) <1, V1e[-§(r),0] and (3.36)
J=1li|>Ko
" 2
Z Z ‘y?,,- (t)‘ <1, Vt € [~€,0], n > Ny. (3.37)
J=1]i|=Ko

Proof. Since y° is continuous, there exists § (7) such that

T

[ O =" O, = [y =], = 7. Vi € [-5().00
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2
=

Moreover, y” € [, implies that we can find K, for which Y7, >\«

Thus, (3.36) follows.
In a similar way, and using that for a fixed 6 (), there exists N; () such that
€, <6 (r)ifn > Ny (1), (3.37) follows. O

Now, by Lemma 3.3 and the definition of £/, one can find Gy (§), G (§), and
N1 (§) > Ny such that

0 3
Vi 4

Sﬂ) K> (2K+ 1) > (&) < % if G >Go.n>Ny;,  (3.38)
lil>G—K

" —, ifG > G 3.39
(1—ﬁ)2,|z>:G§ nrET o

Hence, (3.38)—(3.39) hold for any G > G, := max {Gy, G}.
Therefore, from (3.34), (3.35), (3.38), and (3.39), we obtain that (3.32) is

estimated by
2 _§
2 O =3
li|=G>

=

, ifn > Ny,

forr € ](n — 1) €,, fi€,]. In particular, this holds for ¢*.
Now, taking K, > max {G,, K} in (3.30), it follows the existence of N (§) >
N such that

oy

<

ifn > N (&).

Vi) =wii =

Hence, ||y (t*) —w||,22 < &if n = N, and the precompacity of {y (t*)}
follows. "

Finally, applying the Ascoli—-Arzela theorem, we have the existence of a subse-
quence of y,, (.) converging in C (I ; l,fl) to some function y (-), where I = [0, &].

It remains to check that y () is a solution. As every continuous function is
uniformly continuous on a compact set [11, p.29], we have F (y* (1)) — F (y (¢))
uniformly on [0, &]. Also, it is easy to see that F (y (t —¢,)) — F (¥ (1))
uniformly on [0, &]. Hence, passing to the limit in the equality

t
0=yt [ FOoG-and
0
we obtain that y (1) = y° + fot F(y(s))ds, forallt € I. O

To finish this section, we prove now a result which will allow us to extend the
local solution to global ones.
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Theorem 3.2. Assume (H2), (H4). Then a solution y (t) has a maximal interval of
existence [0, T*), with T* < oo, ifand only if |y (¢)|, — +oo.

Proof. We prove first that if 7% < oo, then lim, 7 ||y Ol = oo. By
contradiction, let 7* < oo and let there exist K such that sup,¢f 7+ ||y () || 2 =K.

We can see that the limit lim,_ 7= y (¢) exists. Indeed, it follows from (3.7) that
F is a bounded function. Then

0 :y0+/ F(y(s))ds, t €[0,T*),
0

is an uniformly continuous function on [0, 7*). Applying the principle of extension
by continuity [11, p.23, Theorem 17], we obtain that y (¢) can be extended to an
uniformly continuous function on [0, 7*]. Denoting y* = lim,_.7* y (¢), it is easy
to see that the new function

y (1), ift € [0, T*),

is a solution on [0, 7*], which contradicts the assumption of maximality.

Thus, if T* < oo, then lim, 7+ ||y (t)]|;2 = oc.

We prove again by contradiction that / My ly )|l = oo. Suppose the
existence of 7, /* T* and K such that [|y (t,)[, = K ."The continuity of the

map 7 + |y (1)]|;2 and 1imy oo ||y (1)]l;z = oo implies the existence of /1, — 0
satisfying

Iy Ol < K+ 1 ifty <t <ty + hy,
Iy @ + Rl = K + 1.

Thus,

Yo+ fy M F (y (s)) ds
S E (y () ds

K1 =Ny + bl = |

li’%l
n +hn
D<K ["TE (v (5 ds.

= Iy @)l + 1

mn

Since there exists M > 0 such that || F (y (s))||,,% < M, forallt, <s <t,+ h,,
we have
K+1=|y(+h)lp = K+hM.

As h, — 0, for0 < € < 1, there exists N (¢) such that 1, M < € if n > N. Then
K+1=|y@ +h)lz=K+e VYn>N,

which is a contradiction. O
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From this theorem, we deduce that if a local solution is uniformly bounded with
respect to ¢, then it can be extended to a global one. We remark here that conditions
(H1)—(H4) do not provide uniqueness of the Cauchy problem, as we will show at
the end of Sect. 3.3 with an example.

3.2 A Priori Estimates

In this section, we shall obtain some estimates which are necessary in order to prove
the existence of the global attractor. On the one hand, we prove the existence of an
absorbing bounded set. On the other hand, we estimate the tails of the solutions.

3.2.1 Existence of a Bounded Absorbing Set

We note that from the integral representation of the solutions, it follows that any
solution y (-) satisfies y (-) € C! ([O, T%); l,%,), where T* is the maximal time of
existence. Then

1d ) . .
317 Ol = (y,y)[%, Ve (0.7%).
Proposition 3.2. Assume (HI1)—-(H4). Then every solution u verifies

o Co
lu @117 < lu O e + w vi e [0, T*[. (3.40)

Proof. We multiply (3.3) by u. Then using (H1) and (H3), we have

(u, u)[’% = —(aAu, u)pp — (f (u), u)lr%l

— ZiEZ (% (a + at) [l}ul,i e éum,i] N I:B\ML,' e éul’i])Rm
~(fw.u),

— ez BllBu.; ”%{m —a) ez |”~,i|§m + 2 iez Coi-

=<
Hence,
1
5 Dl el < ol -
By the Gronwall’s lemma, we obtain (3.40). O

Now, Theorem 3.2 and Proposition 3.2 imply the following consequences:
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Corollary 3.1. Every local solution can be extended to a global one and (3.40) is
true for all t € [0, 00).

Corollary 3.2. The bounded set defined by
M= {u €2 fullp < Ro}, (3.41)

where R(z) =14+ ”60”’1 , Is absorbing, that is, for any bounded set B C l,f,, there

exists T (B) such thatfor any solution with uy € B, we have ||u (t) ||% < Rp, Vit >
T (B).

3.2.2 Estimate of the Tails

Further, we prove an uniform estimate of the tails of solutions.

Lemma 3.4. Assume (HI1)-(H4) and let B be a bounded set of 1,31. For any € > 0,
there exist T (e, B), K (e, B) > 0 such that for every solution with uy € B, it holds

Y i (@lgm €. Vi=T (e B). (3.42)
li|=2K(e,B)

Proof. Define a smooth function 6 satisfying
5 1,
<1,

l=s=<2,

0,0
O(s) =40<
1, s

I\/,':E’I/\
N2y

Obviously, [0(s)| < C, forall s € R™. For any solution u, define v := (v.;), ¢, by
Vv.; = pg,il.;, where px; := 0 (‘ll

We note that u € C! ([O ) ; 131) implies the equality

1d d
EE pKz |t |jm = Z (Eu~,i,v-,i) , YVt > 0.

i€Z R
Multiplying (3.3) by v.; and summing over Z, we obtain

1d
EE ,OKz |u. llfw + Z (aBu.;,Bv.j)gm = — ZIOKJ (f (i) ui)gm . (3.43)

i€Z i€Z
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Using (H3), we get

(@ (Bu).; . (BV).;)gm = Pii (@ [ipr — ;] [uipr — i) gn

+(alu v —u;l, [pxiv1 — PrilUivi)gm

= PK.i (% (a+a") [uipr —uil [uivr — u.’i])Rm
+(afuiv1 —uil, [pki+1 — Pxil U it1)gm

> piB i1 — tillgn + (oK1 — PK.i)
X [(@utejrs i) g — (@l g1 g |- (3.44)

In view of Proposition 3.2, the sum of the last two terms in (3.44) can be estimated
as follows:

m m
Z |(oK.i+1— PK.i) (au-,i,u-,i+1)Rm| = Z Z Z |(oK.it+1— PK.i) @ ke itjiv]

iez i€Z j=1k=1
1 m m
= | Jmax |aj ] ) D lokit1—pkil DY

i€Z Jj=1k=1

(|Mk,i|2+ |Mj,i+l|2)

~m ~— |0 ()]
<@ EZ: T’ (||u.,i IR + N1 ||%1m>

~ 0’ (& ~mC
E |(ok.i+1 = pi)| (a1 uiv1)gm <am E LKEZ)’ i1l < a%,
i€z i€z

where @ := max;< Jk<m |a j,k’ and C; are constants which depend on B. Therefore,
from (3.44), we have

C
Z (aBu.i, Bv.;)gm > ZPKJ.B i1 — il — X’

i€Z i€Z

where C depends on B and the parameters of the problem.
Using (3.43) and (H1), we obtain

1d

= pxilwilgn + Y pxiB it — willgn
2 dt “ £
i€Z i€Z

C
<Y pxi (cm -« Iu.,,-lfw) + %
i€Z
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so, in particular,

d C

- PK.i [U-i|gm o PK.i |Ui|lgm = £ ||PK.iC0,i |l -=- .

= ot il +2 ilrn = 2llpxicoilln +22. (345)
i€Z i€Z

Since ¢ € 1!, for any € > 0, there exists K (e, B) such that || pxico;lli < < and

% < <. Then, applying the Gronwall’s lemma in (3.45), we have

% €
ZPKJ i () |gm < €7 [ZPKJ lit. (0)[gn + 3

i€Z i€Z

It follows the existence of T (e, B) such that

D i Olgn =D pki i O|jn < €. ¥ = T (e, B).

li|=2K i€Z

3.3 Existence of the Global Attractor

We start this section by defining the multivalued semiflow associated to the solutions
of system (3.3). After that, we prove some properties of the semiflow like the upper
semicontinuity with respect to the initial data or the asymptotic compactness. Using
these properties jointly with those of the previous section, we establish the existence
of a global compact invariant attractor.

Let u” € [2. Denote by P (I2) the set of all nonempty subsets of /2. We set

9 (uo) = {u(-) : uisasolution of (3.3) defined for any ¢t > 0}.

We know that under conditions (H1)—(H4), this set is nonempty. Moreover, since
Corollary 3.1 implies that every local solution can be extended to a global one,
2 (u°) contains all the possible solutions corresponding to the initial data uy.

The associated semiflow G : Rt x [2 — P (I2) is defined by

Gt,u') ={z ¢ l,f, duey (uo) such that 1(0) = u° and u(r) = z}.

Observe that this map is, in general multivalued, as conditions (H1)-(H4) do not
guarantee the uniqueness of the Cauchy problem.

Lemma 3.5. Assume (HI)~(H4). Then G(t,G(s,x)) = G(t + s5,x) forall x € I2,
s,t € RY, that is, G is an strict multivalued semiflow.



3.3 Existence of the Global Attractor 145

Proof. First, let us show that G(¢ + 5,x) C G(t,G(s,x)). Consider y € G(¢ +
s, x). Then there exists u(-) € Z (x) verifying u(0) = x and u(t + s) = y. As
u(s) € G(s,x), the result follows if we prove that y € G(¢, u(s)). Define u(-) =
u(-+s). Using the integral representation of the solutions, we can easily see that u
is a solution. Thus, u(¢) = u(t + s) = y, u(0) = u(s) and then y € G(¢, u(s)) C
G(t,G(s, x)).

Now, we must prove that G(z, G(s,x)) C G(t + s,x). Let y € G(t, G(s, x)).
Then there exist z;, u;(-) € Z (x), and u, (-) € Z (z1), such that

ui(0) = x, u1(s) = z1,
ur(0) = z1, ux(t) = y.

Defining
u(r), if0 <r <s,
up(r —s),ifs <r.

u(r) =
we obtain a new solution (this is proved using again the integral representation), so
that u(-) € 2 (up) and u(0) = x, u(t +s) = y. It follows that y € G(t +s,x). O

Let us prove further some properties of the multivalued semiflow G.

Lemma 3.6. Suppose that (H1)—(H4) hold. Let u®" be a sequence converging to u°
inl2 andfix T > 0. Then for any € > 0, there exists K (€) such that for any solution
u()e g (uO”), we have

Z |u; (1)

li]=K(e)

b <€ Vi1e0,T]. (3.46)

Moreover, there exists u(-) € 9 (uo) and a subsequence u"* satisfying
u —uin C ([0, T).1,). (3.47)
Proof. Define v = (v.;);ez by v.; = pk,iu.;. Clearly, for any € > 0, there exist
K (¢), N (¢) such that

2

m

diez i“?? - ”f),i

> iez PKi |”9,i

<§,Vn2N,
<7 VK > K,

R”l
S0
D o [} <2 (Z prci |2} = i + D P qu),,-lfw) <€ (349)
ieZ iz iz

if n > N and K > K. Also, in view of Proposition 3.2, there exists Ry > 0
verifying
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" ()]l ;2 = Ro, V2 €[0,T], Vn. (3.49)
Using (3.45) and ¢, € /!, one can find K, (¢) such that

inK- |5 < €,if K> K,

dt “ R = -7

i€Z
Integrating over (0, 7) and using (3.48), we obtain
Dl Oljn <D pxi I (g < €+ Te. if K > max {K;. K>}, (3.50)
[i|>2K(¢) i€Z

so that (3.46) holds.

Fix now ¢ € [0, T']. In view of (3.49), passing to a subsequence, we can state that
u" (t) — w weakly in /2. Then for any o > 0, there exist N (0) and K (o) such
that

S SO N (O R i

@ =wlp < 3 [l ()= weg

li|<K(0) li|>K(o)
2 2
< 30 @ =il 2 Y W O]
li|<K(0) li|>K (o)
+2 ) i O <o
li|>K(o)

if n > N. Hence, u" (t) — w strongly in /2. Therefore, the sequence u" (¢) is
precompact for any ¢. By (3.7) and (3.49),

IF @ ) <C, Vn €N,

and from the equality %uﬁi =F; (u”,), we obtain that

d n
‘Eu (1)

<C,

2
lm

proving that the sequence «” is equicontinuous. The Ascoli—Arzela theorem implies
then the existence of a subsequence u"* converging in C ([0,7].12) to some
function u (-). Arguing as in the proof of Theorem 3.1, we obtain that u is a solution.
Also, it is clear that u (0) = u°. O

As a consequence of this lemma, we obtain that the graph of G (¢, -) is closed
and also that the map G has compact values.
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Corollary 3.3. Assume (HI1)—(H4). Then the graph of G (t,.) is closed, that is, if
E" — £ and B" — B>, in 12, where " € G (1, "), then £ € G (1, B>).
Proof. For&" € G (t, "), thereare " (.) € 2 (B") suchthatu” (1) = &". Applying
Lemma 3.6, we obtain, up to a subsequence, that u” — u in C ([O t]; 131), where
u(-) € D (B°). In particular, £" = u" (t) —> u(t) = £*° € G (¢, B>). O
Corollary 3.4. Assume (H1)—(H4). Then the map G (t,-) has compact values.

Proof. Let&, € G (t x ) be an arbitrary sequence. Then there exist " (1) € ¥ (xo)
such that u" (0) = x°, " (1) = £,. In view of (3.47), there exists u € D (xo)
satisfying u"* — u in C ([O, t]; m) for some subsequence. Hence, §,, = u"* (t) —
u()=%§eG(t.x°) inl2. O

Recall that the multivalued map G (t,-) : 2 — P (131) is called upper
semicontinuous if for all xy € /2 and any neighborhood O (G (t, xo)), there exists
8 > O such that G(¢, x) C O(G(t,xp)), as soon as ||x — xollpz < s.

Proposition 3.3. Assume (HI1)—(H4). Then the map G (t,.) is upper semicontinu-
ous forallt > 0.

Proof. Suppose the opposite. Then there exist xo, >0, a neighborhood
O (G (t, x¢)), and sequences x,, — Xo, y, € G (¢, x,) such that y, & O (G (¢, xo)).
Let y, = u, (t), where u, € 2 (x,) are such that " (0) = x,. By (3.47), we obtain
that, up to a subsequence, u" (-) — u(-) € Z(xo) in C ([0,7]:1%). In particular,
yn =u" (t) = u(t) € G (t,x0) in 2, which is a contradiction. O

Now, we can prove the asymptotic compactness of the semiflow.

By # (l,%l), we shall denote the set of all nonempty bounded subsets of /2. Also,
let y; (B) := U;>7G (1, B).
Lemma 3.7. Assume (H1)-(H4). Then G is asymptotically upper semicompact,
that is, for any B € A# (l,%,) such that there exists T (B) € RY verifying y;'(B) €
B (l,%,), any sequence £" € G (t,, B), t, — 00, is precompact in 2.
Proof. Observe that there exists ny such that 7, > T (B) if n > ng. Then, {§"}, x>
where £” € G (t,, B), is bounded in /2, so that passing to a subsequence, we obtain

E" — & weakly in /2. (3.51)

We shall check that the convergence is in fact strong. Using (3.42), we obtain
that for any € > 0, there exist n; (¢), Ko (€) such that Z\i\>Ko |$”|fw < ¢, if
n > nj. Also, as £ € l,fl, one can find K| (¢) > Kj such that for K > K,
Yok |6 ljn < € Then

Yiez \S’}

o = i<k, |65 = Eilpn + Tk, €% —

<e+2Y 0k €0

Rm

2
R” + 22‘[|>K1 |$'J|Rm E 56’
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if n > n, (€) > ny.
Thus, {£"} is precompact in /2. O

We recall (see Chap. 1) that the set <7 is said to be a global attractor of G if:

1. It is negatively semiinvariant (that is, A C G (¢, A), for all t > 0).
2. Itis attracting, that is,

dist (G (t,B), /) — 0,ast — +00, (3.52)

for all B bounded in /2, where dist (C, A) = sup,cc infaeq |lc — allp is the
Hausdorff semidistance.

The global attractor is said to be invariant if .« = G (¢, /), for all t > 0. It is
called minimal if for any closed set Y satisfying (3.52), we have &/ C Y . We note
that if the global attractor is bounded, then it is minimal (see Remark 1.5).

Theorem 3.3. Assume (HI)—-(H4). Then system (3.3) defines a multivalued semi-
flow in the phase space 12, which possesses a global compact attractor <. Moreover,
it is minimal and invariant.

Proof. We have proved the following properties of G :

1. In view of Proposition 3.2 and Corollary 3.2, yJ’ (B) = U;>0G (t, B) is bounded
for any bounded set B and a bounded absorbing set By exists.

2. Lemma 3.7 implies that G is asymptotically upper semicompact.

3. From Proposition 3.3 and Corollary 3.4, it follows that G is upper semicontinu-
ous and has compact values.

4. By Lemma 3.5 G, is a strict multivalued semiflow.

Then the result follows from Theorem 1.3 and Remark 1.7. O

To finish this section, we shall consider an example of a lattice system where we
have more than one solution corresponding to a given initial data, so that the system
is really multivalued.

Let us consider system (3.2) in the scalar case with a = 1, that is,

= gy Wio1 = 2ui + ui 1) — fi (w;),

") = (). (3.53)

We define v; = ﬁ Thenv = (v;);¢z € [* and

1 2 1 1 B
Viel = 2Vi +Vig1 = 51 — 5 + 5 = 3vi, if i >0,
1
2—i—l
Viel — 2Vi + Vit =%—2+%=—1 = —v,ifi = 0.

Vil =2V +Vig = —%+#=%Vi,ifi<0,
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Let /' = (fi);ez. fi : R — Rbe given by

—% _ Jug, ug €10, 1],
fO(MO): _ﬂ_h'_z(u _; 20 [ ]
h2 0 )“0’ Uo ¢[Ov 1]v

ﬁ(ui)=%—‘£'m_" ifi #0.

Let us prove that conditions (H1)-(H4) hold. (H3)—(H4) are obvious. For
(H1), we have

1 ) |ui|u,- 1 ) Ko
ﬁ(“i)ui=ﬁui——2% 2@“1_227 ifi #0,
2 \ 1
Jo (uo) ug = hz S+ o—2up > < 2 — Kun = ug — Koy, if uo & [0, 1],
Jo (uo) ug = — Vuouy > uy — K, if ug € [0, 1].

Then (H1) holds with ¢p; =
Condition (H 2) follows from

K .
Soitrs Kan = max{Kop, Kop, K3p}, @ = min{g7, 1}

|ui |

[fi )] = 5 il + ==+

< Ksp |ui| + ——, if i # 0,

- 2h2 2lil+1 — 2lil+1’

|uo|
—hZ
|uo

| fo (uo)| < ? + Vuo| < Kep |uo + 3 ifug € [0, 1],

| fo (uo)| < + luol® + 2u} < Ky (uo|) |uol , if uo & [0, 1],

where K, (x) is continuous and increasing. (H 1) holds with
C (|x]) = max{Ksp, Kp (|x|), Ken}

andcy; = zmﬁ

Let us show that there exist at least two solutions corresponding to the initial data
u = 0, that is, (uo)i = 0 forany i.

Obviously, u' (1) = 0 is a solution. Define also

2.
u(t) = 4v,1f0§t§2,

wi(t—2),ift > 2,
where v = (v;);¢z € [? is given by v; =
with initial data w (0) = v.

zll‘ and w () is a solution of the problem
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As the concatenation of solutions is again a solution (see the proof of
Lemma 3.5), we need to check only that u is a solution on [0, 2]. We note that

d t

ali =3
2

iy -y ()

Ui— 1_2Ml+ul+1 f (M

-2 i

Hence, u (¢) is a solution.

We can apply Theorem 3.3, and then the multivalued semiflow generated by
(3.53) possesses a global compact attractor 7. Also, let us show that the dynamics
inside the attractor is multivalued.

We recall that the point ¥ € [? is called a stationary point of the multivalued
semiflow G, if ¥ € G(¢,X), for all t € RT. The map ¢ : R + [? is called a
complete trajectory of the multivalued semiflow G if

ot +5)eGt,p(s),VseR YVt eRT.

We need the following lemma.

Lemma 3.8. Let the multivalued semiflow G : Ry x X — P (X) satisfies the
conditions of Theorem 1.2, so that G possesses a global attractor <. If X is a
stationary point, then x € <. If ¢ : R+ X is a bounded complete trajectory, then

U ¢(s) € .

s€R
Proof. In view of the attraction property for any € > 0, there exists 7 > 0 such that
G(t,X) C O(w(X)), Vi>T.
Then for any t > T,
and then, ¥ € clyw(X) = o(x) C .
Let ¢ : R — X be abounded complete trajectory, thatis, B := | ¢(s) € B(X).

sER
Then for any € > 0, there exists 7" > 0 such that

G(t.| Jo) C Ocw(B). VI = T.
seER

Hence, forany s e R, t > T,

¢(s) € G(t,9(s —1)) C G(t.| ] 9(5)) C Oc((B)),
s€R

and then, ¢(s) € w(B) C <. O
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We note that 0 is a stationary point of G. Hence, it belongs to 7. We define also
the function

0, t € (—00,0),
u(t) = { 51%v, 1 €10,2],
w(t —2), t > 2,

where w (f) is a solution of the problem with initial data w (0) = v. It follows
from the proof of Lemma 3.5 and inequality (3.40) that u (-) is a bounded complete
trajectory, so that it belongs to the global attractor.

Therefore, for the initial data 0, there exist at least two solutions which belong to
the attractor.

3.4 Approximation of the Attractor

In this section, we shall consider finite-dimensional approximations of system (3.3).
We prove the existence of a global compact attractor on each approximative system
and after that the upper semicontinuity of these attractors with respect to the attractor
of system (3.3).

Let n > 1. We shall consider the system of (2n + 1)" ordinary differential
equations given by

. Ven = A (Vopy = 2V +Vent1) = fomn (V).
Vicwt1 =AWy — 2V —pi1 +Vecnt2) — fomng1 (e —nt1),

{)-,n—l =a (V~,n—2 - 2V~,n—1 + V~,n) - f-,n—l (Vu,n—l),
Vor =a Woym1 —2v. +vep) — forn Von),

with initial data
Oy o) (0) = (V0. 00) € [RH1]™. (3.54)

We note that the elements v._,—; and v.,4;, which are not defined, have been
changed by v., and v. _,, respectively. This system can be rewritten as

v=—aA,v— f, (v), t >0,

v(0) = vy € [R 1], (3-55)

Ay, By, (of order 2n + 1) x (2n 4 1)) are defined by
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2 -1 0 ... 0 =1 (11 0...0 0]
12 -10 0 0 0-1100 0
A= 0 -12—-1...0 B - 0 0-11...0 ,
0 0 0 2 -1 000 ..—-11
-1 0 0 ...-12 | 1.0 0...0 -1

A, = [A,, (m) A,,], B, = [én (m) én].

One can check that A, = B, B! = B! B,.

We know by Peano’s existence theorem that for any initial condition in [R?" ']
there exists at least one local solution. Further, we show that every local solution
can be extended to a global one and that system (3.55) generates a multivalued
semiflow G,,.

In the sequel, we denote by (-, -) the scalar product in [R>"*!]" given by

m
b

m

(u,v) := Z Z Wjivji, U,V € [R2”+l]m.

j=llil=n
As in the case of the operator 4 (see Sect. 3.1), we can prove that
(aAnu,v) = (aByu, Byv) .

Now, we prove the existence of a global compact attractor for (3.55). We take
an arbitrary initial condition vy in the ball B” (0, R) of [R2”+1]m . For any solution
v (+) corresponding to vy, we have

1d
5 7 Wl + (@Bav. Bav) = = (fu ().9)
and using (H1) and (H3), we obtain

1d
2.dt

2 2 2
||V||[Rzn+1]m + B ||an||[R2n+l]m to ||V||[Rzn+1]m =< licoll;r -

By the Gronwall’s lemma,

IIV(I)IIfRz,1+1]m <e IIV(O)IIfR2n+1]m + 5 lleols (3.56)
< e—ZDZIRZ 4 é ”COHZI ) .
As in Sect. 3.2 from this inequality, we deduce that every local solution can be
extended to a global one. Hence, we can define the multivalued semiflow G, (z,.) :
[R*1]" — P ([R*"*!]") as follows:
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G, (t,v) := {z e [R**]" 13v() € 2, (vo) Withv (0) = voand v (t) = z},

where 7, (u°) = {u () : u is a solution of (3.55) defined for any ¢ > 0}. Arguing as
in the proof of Lemma 3.5, we obtain that G,, is a strict multivalued semiflow.
Also, in view of (3.56) for any bounded set B, there exists 7' (B) such that

1
19 O garrpr < = leolls +1, Ve = T

Hence, the set

" 1
6r = v < [R5 el 1)

is absorbing for G,. Observe that the radius of this ball does not depend on 7.

Since in [R2"1]" every bounded set is precompact, it follows from (3.56) that
G, is asymptotically compact.

In a similar way as in Corollaries 3.3, 3.4 and Proposition 3.3, we can prove that
forall ¢t > 0, the map G, (¢, -) has closed graph, compact values, and that it is upper
semicontinuous.

From all these properties, using again Theorem 1.3 and Remark 1.7, we obtain
the existence of a global compact attractor .<7,. Moreover, it is minimal, invariant,
and .7, C 0,, Vn.

Our main goal in this section is to prove that the attractors 7, C
[R?"+1]" | embedded in the natural way in /2, converge to </ in the following
sense:

dist (e, /) — 0 asn — oo,

that is, <7 is upper semicontinuous with respect to the approximative attractors .27, .
First, we need some uniform estimates on .27,.

Lemma 3.9. Assume (HI1)—(H4). Then for any € > 0, there exists k (&) such that
forn e N,n >k (g),w € o,

Y il <e. (3.57)

k(e)<li|<n

Proof. Let vy € 7, and take a solution v (-) of (3.55) such that v (0) = vy. It is
obvious from the invariance of the attractor that

v(t) € o, C 6,, ¥t eRT. (3.58)

Take k > 0, to be determined later on, and n > k. Define z(¢) by z.; (¢) :=
Pk.iv-i (t). We multiply (3.55) by z to get
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(‘.}s ka) + (aByv, By (piv)) = = (fu (V). prv) -

Arguing as in the proof of (3.42) (but using (3.58) instead of Proposition 3.2), one

can obtain that c
(aByv, B,z) > —71,

where C; does not depend 7.
Indeed, using (H3) for —n <i <n — 1, we get

(@ (Buv).; - (Bu2).;)gm = Pri (@[Veigr = voili [Voigt — v

+(avitr = vl [pki+1 — Pkl Vit 1) gn

= Pk, (% (a + at) Voit1 = vl Vi1 — V-,i])

Rl"
+ (@it = vl [oki+1 = Pril Vet ) gm
> pri B IVeiet = Veillgn + (Ori1 — pri) X
X [(av.,,-_H, v.,i_,_l)Rm - (av.,,‘, V-,i-H)Rm]s (359)

and
(@ (Buv)., - (Bu2). ) gm = Pin (@ [v.mn = vonls [V = vei D
= prn (3 @+a) oy = vl Vo = Vi) (3:60)
= penB V.= = Vol 2 0,

In view of v (¢) € A, C 6, we have

n—=1 m m
Z ’pkz+l sz aVza i1 Rm|< Z ZZ’ Pki+1 — Pk.i a]lVlejt+1’

i=-n i=—nj=1[=1

<1<n]1al§m!a,z| l;ﬂ’0k1+l Pk

m m
Z Z (’Vl,i ’2 +[vjit ]2)

j=1i=1
n—1 ’
m |9 (gi)’ 2 2
< s 3 2 (Vi e + i o)
i=—n
mRy

= amaxﬁs
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/
Z |(oki+1 = pici)| (@v-igr.v- i+1)gm < Gmaxm Z ’ (El)| I .,,-+1||§m

i=—n i=—n
mRy
= amasz
where amax = maxi<ji<m |a j,g‘ and R; are constants which depends on B.

Therefore, from (3.59) and (3.60), we have

S (@B (Bud). g = —%,

i=—n

where C| depends on B and the parameters of the problem.
Thus, using (H1), we have

ZdIZPkIIV ko + @ Y i ilfn < D pracoi +

lil<n lil<n lil<n

For any € > 0, there exists k (¢) such that Z|i|<n Pk.iCoi + <]3(1 < £ 5o that

2 9
d 2 2
7 E Pk [V.ilgm + 20 E Pri [V-ilgm < €

lil<n lil<n

By the Gronwall’s lemma and <7, C 6,, we have

Z|i|5n Pk.i [V-i (Z)ﬁ{m = 2 ||v(0)||[R2n+l]

€
Ste
€ —2ut P2
§+€ RO’

IA

2R}
€

where R% =14 W Taking T} = ﬁ log(
and then,

) one has e™ D”"Rz <3.ift > T,

> i Ol < Y i v Ofgn <€ Ve =T (3.61)

2k (e)<li|<n lil<n

Finally, let w € 47, be arbitrary. Since G, (T, %7,) = <,, we can state the
existence of vo € 47, such that w € G (T1,vp), and then, we get a solution v ()
satisfying v (7T7) = w and v (0) = vy. From (3.61), we have

Yo il = > i (Tl <€

2k (e)<li|<n 2k (e)<lil<n
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Remark 3.4. Forw € [R*"*1]" we shall use the embedding in /2, defined by

N fwieR" i <n
0, if |i| >n

We identify w and w when no confusion is possible. Hence, [R2”+1]m S v, = VW
in /2 will mean that %, — v in /2.

Now, we are ready to prove the upper semicontinuity of the attractor.
Lemma 3.10. Assume (HI)—(H4). Then dist (<7, /) — 0, if n — oo.

Proof. First, we check that K = Uy ,QZ is compact in /2. It is sufficient to prove
that an arbitrary sequence V¥ € B = U ° |, is precompact. As %, C 8,, the set
B is bounded. Therefore, up to a subsequence vk — v weakly in /2. We have to
see that this convergence is strong. By (3.57), we know that, given € > 0 arbitrary,
there exists K (€) such that 3 ;1 g ) [w-i |gn < €, forallw € B, where K (¢) does

fw < €. Obviously, we can choose K (¢€)

k
not depend on n. Hence, ;- k() [V,

satisfying also D ;. k(e [V-i lgn < €.
Then there exists N (e, K) such that fork > N,

2 2 2
Hvk — v||131 = ZlilﬁK(E) ivﬁ' - v',iiRm + Z\ibK(e) |v{{,i — Vei | g
2 2
S €+ 23 ko Milre + 2 X sk [V R = 5€

proving that v€ — v strongly in 131.

Further, in a similar way as in the proof of (3.47) (but using now (3.57)), one can
prove that for a fixed T > 0if ¥ € Zi, v e of, are such that V" — 10 in 131, then
for any sequence of solutions V" (-) € Z, (vO*") verifying v* (0) = v, there exists
a subsequence such that

ViE() > v () e 2(V) inC ([0,T].12). (3.62)
Indeed, fix ¢ € [0, T]. In view of V" () € 4, C 6,, passing to a subsequence, we

can state that v (1) — w weakly in /. 2 Then by (4.56) for any o > 0, there exist
N (o) and K (o) such that

TETRTED ST N SR A
li|<K(0) K(o)<lil<n
= Z V(@) —w. ;m—f-Z Z ‘vffl-(t);m

li|<K(0) Ko)<lil<n

+2 Y Wi O <o

FIE’(U)<|i |<n
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if n > N. Hence, V' (1) — w strongly in 2. Therefore, the sequence V" (¢) is
precompact for any ¢.
Further, arguing as in the case of the map F, one can obtain that

llad,v" (1) + fu 0" ()2 < C. ¥n € Nand1 € [0, T],

and from the equality %v” = —aA,V" (t) — f, (V" (t)), we obtain that

<C,

2
lm

d n
P (1)

proving that the sequence V" is equicontinuous. The Ascoli—-Arzela theorem implies
then the existence of a subsequence v'* converging in C ([0, T],li) to some
function v (-).

We shall prove that A,v" (t) — Av(t), f, (V' (1)) — 7 (v (2)) in 12, uniformly
int € [0,T], where for A,V" (t), f, (V! (t)), we are considering the standard
embedding in /2 given in Remark 3.4. On the one hand, by (H2), we have

he o) -Feo), <2 he o) -7 e o)l
2|7 om-7eo)|,

=2 L Ol + 2| 7 07 @)= 7 00

2
B

<2 e 2| T ) =T o)

2
32’

As ? " () - ? (v (¢)) uniformly in [0, T'], we obtain f, (v (¢)) — ? (v(?))in
[2 uniformly in ¢ € [0, T].
On the other hand, we note that for all j,

(vay.’, (1) — Avt, (z)) —0if |i|<n—1lor |i|>n+2,

i

(A 0 =37, 0) | =~

(A} =A%) =-v_,.
(vaj, () — AVt (t))_n_1 =V _,.
(va’},. (t) — A", (t))n+l =V,
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Then
14" (1) = Av (Ol < 2 [An" (1) = A" O] + 2[4 (1) = Av DIz
= 4 (s Ol + 1 Ofg)
+ 2| AV (1) — Av (z)||,231 -0,

uniformly in ¢ € [0, T'], in view of Av" (¢) — Av (t) — 0, uniformly in ¢ € [0, T,
and (3.57).

Thus, we obtain using the integral representation of solutions that v is a solution.
Also, it is clear that v (0) = 1°.

Finally, we note that

dist (4, ) < dist (G, (1, ), )
< dist (G, (t, ), G (t, K)) + dist (G (¢, K), 7).

Since .7 attracts any bounded set in /2, for any € > 0, we can find 7, satisfying
€
dist (G (t,K), /) < 5 Vit > 1.

Fixt > 1. Let us prove the existence of N (¢) such that dist (G, (¢, <,), G (¢, K)) <

5, if n > N (€). By contradiction, suppose that for some € > 0, there exists
a sequence ny such that dist (G,,k (t,;z{nk),G (t,K)) > 5. Then we can find

Vi, € Gy (1, 9, ) satisfying
dist (va,. G (1. K)) > % (3.63)

Let vo,, € . v, () € Dy, (VO,nk) be such that v,, (0) = v, and v, (t) =
v, . Since K is compact, passing to a subsequence, there exists vo € K such that
Von, — Vo in [2. Now, using (3.62), we find v (-) for which v,, () — v(-) in
C ([O, 7] ;li). Hence, vy, (t) = vy, — v (1) = vin 2. Clearly, v (0) = vy, so that
v(t) = v € G (¢, K). Therefore, there exists N (¢) satisfying ||v,, — v||l% <3
if np > N, that is, dist (vnk, G (t, K)) < %, which is a contradiction with (3.63).
Hence,

dist (o, ) <€, if n > N (¢).

3.5 Application for Discrete Climate Energy Balance Model

We now consider a climate energy balance model (see Example 4). The problem is
the following:
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|

|

|
_|_
=
<

I

O0S(x)B(u) + h(x), (t,x) € Ry xR,

<
—_
=
(=]
~
|

= up(x),x € R, (3.64)

where B and Q are positive constants, S, 7 € L(R), up € Lo(R), and B is
univocal and has maximal monotone graph in R2, which is bounded, that is, there
exist m, M € R such that

m<z<M, forallze B(s),s €R. (3.65)
We also assume that
0<S)<S(x)<S;, ae.xeR (3.66)

The unknown u(¢, x) represents the averaged temperature of the Earth surface,
O is the so-called solar constant, which is the average (over a year and over the
surface of the Earth) value of the incoming solar radiative flux, and the function
S(x) is the insolation function given by the distribution of incident solar radiation
at the top of the atmosphere. When the averaging time is of the order of 1 year or
longer, the function S(x) satisfies (3.66); for shorter periods, we must assume that
So = 0. The term B represents the so-called co-albedo function. It represents the
ratio between the absorbed solar energy and the incident solar energy at the point
x on the Earth surface (see Example 4). Let us set in (3.1): a = 1, f(x,u) =
Bu— QS(x)B(u) — h(x) for a.e. x. After averaging and discretization, we get the
appropriate discrete model (3.2) for which all results from this chapter are fulfilled.
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Chapter 4

On Global Attractors of Multivalued
Semiprocesses and Nonautonomous
Evolution Inclusions

In the first chapter, we considered the existence and properties of global attractors
for autonomous multivalued dynamical systems.

When the equation is nonautonomous, new and challenging difficulties appear.
In this case, if uniqueness of the Cauchy problem holds, then the usual semigroup
of operators becomes a two-parameter semigroup or process [38,39], as we have to
take into account the initial and the final time of the solutions. An alternative method
is to transform the system into an autonomous one by using the skew product
formalism. We note that in real applications systems are usually nonautonomous,
as it is natural to expect that the parameters of the problem depend on time.

Nevertheless, when the nonautonomous terms are periodic or almost periodic,
the asymptotic behavior of solutions (in particular the existence of uniform global
attractors) can be studied in a similar way as in the autonomous case. In [10], a
nice theory was constructed for abstract processes and semiprocesses with applica-
tions to nonautonomous reaction-diffusion equations, Navier—Stokes equations and
hyperbolic equations. This theory is based in the autonomous definition of global
attractor and it has been applied in several different models (see, e.g., [3,4,9, 16—
19,21,27-29,32,35,36,43,45,46]).

As in the autonomous case when uniqueness of the Cauchy problem fails,
the theory of processes is no more applicable. In this chapter, we generalize the
construction of [10, 12] to multivalued semiprocesses and processes giving an
abstract theory which can be applied to a large class of nonautonomous equations.
First, we define multivalued semiprocesses and study their w-limit sets and global
attractors. Then the abstract theorems are applied to evolution inclusions of the type

ou |77

X

du n 9d
o _Zi=1 X (

25}7’4,) e f(t,u)+g(t), in2x(t,T),

u lge=0,u(r) = uo,

where 7 > 0, £2 C R” is a bounded open subset, p > 2, g € Lo (0, +00; L, (£2))
and f : Ry xR — 2R isa Lipschitz (in the multivalued sense) multivalued map with
nonempty, convex, compact values. Under some additional conditions, it is proved
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164 4 On Global Attractors of Multivalued Semiprocesses

that this inclusion generates a multivalued semiprocess having a uniform compact
global attractor.

These results were mainly proved in [34]. In [20, 22-24, 30], this theory was
generalized for multivalued semiprocesses and processes in topological spaces
and applied to reaction-diffusion, phase-field equations and the three-dimensional
Navier-Stokes system. Kernel sections for multivalued semiprocesses have been
studied in [44].

We observe that when the nonlinear term is more general, the concept of uniform
attractor is not useful. In such a case, the notion of pullback attractor became the
appropriate concept. The definition of pullback attractor appeared meanly motivated
by the application to stochastic differential equations [13] (see [7] for the extension
to the multivalued case) in the framework of cocycle maps, but it became soon useful
for general nonautonomous equations (see, e.g., [6, 8, 25, 37] and the references
therein). We will write more detaily about this concept in Chap. 5.

4.1 w-Limit Sets and Global Attractors of Multivalued
Semiprocesses

Let X be a complete metric space with the metric p; 2% (P (X), B (X), C (X),
K (X)) be the set of all (nonempty, nonempty bounded, nonempty closed, nonempty
compact) subsets of the space X, and let X' be a compact metric space. Denote
R; =[0,+00),RZ =Ry xRy, Ry = {(t,7) € R} :1 > t}.For 4, B € B (X)
and x € X set dist(x, B) = inf,ep p(x,y), dist(4, B) = sup,,dist(x, B),
Os (A) ={y € X :dist(y, A) < 8}, where § > 0.

Definition 4.1. The map U : Ryy x X — P (X) is called a multivalued
semiprocess (MSP) if:

1. U (¢,t,-) = Id is the identity map.
2.U(t,t,x)cU(t,5,U (s,7,x)),Vt >s>1,Vx € X,
where U (¢,s,U (s,7,x)) = U )U (t,s,y).

yeU(s,t.x

The multivalued semiprocess U is called strict if, moreover,
U(t,s,U(s,t,x)=U(t,1,x), ¥Vt >s>1,Vx € X.
Consider the family of MSP {U,, : 0 € X'} and definethe map Uy : Ry; x X —

P (X) by
Uy (t,t,x) = ng Uy (t,7,X).

Remark 4.1. Tt is clear that Uy is an MSP.

Definition 4.2. The set A C X is called uniformly attracting for the family of MSP
U, if forany B € B (X) and t € Ry,

lim dist(Us (¢,7, B), A) = 0. (4.1
t—>—+00
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For B C X, define y, (B) = U;>;U, (¢, 7, B) and

(OF3 (B) = tgr ng ytt,o (B)

Definition 4.3. The family of MSP {U, : 0 € ¥} is called uniformly asymp-

totically upper semicompact if for any B e f(X) and t € Ry such that for

some T =T (B,1), y;5x(B)= UZ Y5, (B) € B(X), any sequence {§,},
, )= .

€Uy (t,,1,B),0, € X, t, - 400, is precompactin X.
0 p p

Proposition 4.1. Let the family of MSP {U, : 0 € X'} be uniformly asymptotically
upper semicompact, and for any B € B (X) and t € Ry, there exist T = T (B, 1)
such that y}. . (B) = UE Vi (B) € B(X).

. ves /T

Then w, x (B) # 0, VB € B (X), t € R4. Moreover, it is compact in X and
dist(U+ (t, 7, B),w, 5 (B)) > 0, ast — +o0.

If P is another closed set such that dist(U4 (t,t,B), P) t—>_+)oo 0, then
w:.x (B) C P (minimality property).

Proof. The set w, x (B) can be characterized as follows.

Lemma 4.1. The following statements are equivalent:

1. y € w5 (B).
2. There exists a sequence {&,} such that &, € Us, (t,,7,B) and §, — y € X,
where t, — +00 and 0, € X.

Proof. Consider the sequence of sets y, . (B), where #, — 00 asn — +o00. The
upper and lower limits of these sets are defined by

Lim sup (th,,x (B)) = {y eX: iiin—ii-rolgdiSt (y, Yo.x (B)) = 0} ,

Liminf (y; 5 (B)) = { yeX: lim dist(y.y - (B) = O} '

It follows from these definitions that y € Liminf ()/g1 b (B)) (Lim sup (th,, 5 (B)),
respectively) if and only if for any neighborhood O (y) of y, there exists ny such
that O (y) N th,,z (B) # @ for n > ng (respectively for ny > ny, where ny is some
subsequence). Since y,, v (B) C y, 5 (B) if 2 > 11,

Limsup (y; y (B)) = Liminf (y; 5 (B)) = N Vi s (B)

=

= W,y (B) 4.2)

(see [2, p.18]).
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Let y € w, x (B). Then in view of (4.2) for any neighborhood Os (y), § > 0, of
¥, there exists ng such that Os () Ny, 5 (B) # @ forn > ng. Letus take a sequence
8, > 0,asn — 4o0,and §, € Os, (y) N V..s (B). Hence, & € Uy, (tu, 7, B),
where t, > t,,and §, — y, asn — +o0.

Let now &, € U, (t,, 7, B) be such that §, — y € X, where t, — +o00 and
o, € X.Then§, € y/ 5 (B), and for any neighborhood O (y), there exists ng for
which &, € O (y) if n > ny. Hence, O (y) N Yoz (B) # 0, Vn > ny, so that
y € w5 (B). O

Further, let us prove that w, x (B) # @. If this is not the case, then Lemma
4.1 implies that there cannot be converging sequences &, € U, (¢,, T, B), where
t, — +o00. But as the family of MSP {U, : 0 € X'} is uniformly asymptotically
upper semicompact, we can extract a converging subsequence, which is a contradic-
tion.

Let {§,} C w5 (B) be an arbitrary sequence. It follows that §, € y/; (B),
Vt > t. Therefore, there exist sequences {#,},{(,} such that {, € U,, (t,,', 7, B),
o, € X, t, > +ooasn — +oo, and p (¢, &) < nl, Vn. Using again Lemma
4.1 and the fact that U, is uniformly upper semicompact, we obtain the existence
of a converging subsequence {,, — {y € w;x (B). But then, §,, — . Hence,
.5 (B) is compact.

Suppose now that there exist ¢ > 0 and y, € Uy, (#y, 7, B), 0, € X, 1, — +00,
such that

dist (yn, wr x (B)) > ¢, Vn.

Then as before, we can extract a subsequence y,, — { € .y (B), which is a
contradiction. Therefore dist (U4 (¢, 7, B) ,w; x (B)) — 0,as t — +o0.

Finally, let P C X be a closed set such that dist (U4 (¢,7,B),P) — 0, as
t — +oo. Lemma 4.1 implies that for any y € w.;x (B), there exists &, €
Us, (t,, T, B) convergingto y as t, — 4oco. Hence, y € P. O

Proposition 4.2. Let for any B € B (X) and t € Ry, there exist a compact set
K (B, t) such that

dist (U4 (t,7. B), K (B, 7)) — 0, as t — +o0.

Then the conditions of Proposition 4.1 hold.

Proof. 1t is evident that for any B € f(X) and 7 € Ry thereexists T = T (B, 1)
such that y7 - (B) € B(X). Consider an arbitrary sequence &, € Uy, (4,7, B),
o, € X, 1, - +oo. Take a sequence §y — 0, as k — +o0. Then there exist a
subsequence {#,, } and {,, € K (B, t) satisfying p (énk,é'nk) < 6. Since K (B, 1)
is compact, we can assume (taking a subsequence if necessary) that {,, — . Hence,
&,, — ¢ and U, is uniformly upper semicompact. O

Proposition 4.3. Let X be an infinite-dimensional Banach space and the conditions
of Proposition 4.1 (or 4.2) hold. Then for any t € Ry, there exists a set @, # X
such thatVB € B (X)
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dist (Uy. (.7, B), ©,) — 0, as t — ~+o0. (4.3)

Moreover, for any closed set Y, satisfying (4.3), ©, C Y.

Proof. Let { B;} be a countable set of balls in X centered at 0 with radius 7, and set
o0

O, = <Ula)r,2 (B;). We note that if B! and B?, then w, 5 (B') C w, s (B?) and
i=

also that any B € B (X) belongs to some Bj. Hence, Proposition 4.1 implies that

(4.3) holds. It follows also from Proposition 4.1 that if Y, is a closed set satisfying

(4.3), then w, » (B) C Y;, VB € B(X), so that ®, C Y;. Finally, since a compact

set in an infinite-dimensional Banach space is of first category and @) is a countable

union of compact sets, the inequality &, # X follows from Baire’s theorem. O

Definition 4.4. The set @y is a uniform global attractor for the family of MSP
{Uy : 0 € X} if:
1. Oy is a uniformly attracting set.

2. Oy C U4+ (1,0,0x), Vt € R;..
3. For any closed uniformly attracting set Y, @y C Y.

Let Z be a topological space and F (R4, Z) be some space of functions with
values in Z. We shall further assume that:

(L1) ¥ C F (R4, Z) is a compact metric space.

(L2) On X is defined the continuous shift operator T (h)o (t) = o (¢t + h),
heRy,and T (h) ¥ C X.

(L3) Forany (t,7) €e Ryy,0 € X, h € R4, x € X, we have

Us (t +h,t+h,x) CUrpye (¢, 7,X).

Theorem 4.1. Let X be an infinite-dimensional Banach space, the conditions of
Proposition 4.1 be satisfied, and L1 — L3 hold. Suppose that for t > 0, the map
Y x X 3 (0,x) = U, (¢,0, x) has closed graph. Then the set

05 U ws(B)=U U w.5(B) (4.4)
Bep(X) >0 Be(X)

is a uniform global attractor and Oy # X. It is o-compact and Lindelofin X. It is
locally compact in the sum topology tg.

Remark 4.2. If X is not infinite dimensional or is a metric space, all the statements
remain true except the fact that @y # X.

Proof. Define the multivaluedmap G : Ry x X x ¥ — P (X x X) by
G (1, (x,0)) = (Us (1.0,x) . T (t) 0). (4.5)

Lemma 4.2. The map G is a multivalued semiflow in the sense of Definition 1.1,
and for any t > 0, the graph of G (¢, -) is closed.
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Proof. First, we have to prove that G is a multivalued semiflow, that is, G (0,-) =
ldy «y (the identity map) and G (t; + 1) C G (t1,G (2, €)), VE € X x X, V1,
tp € Ry.Since T (-) : ¥ — X is a semigroup, G (0, (x,0)) = (x,0). For the
second property, note that in view of Definition 4.1 and L3

G(t +1,(x,0)) = (Us (11 +12,0,x), T (11 + 12) 0)
X C(Us (h + 12,00, Us (12,0,x)), T (1) T (12) 0)
x C (Urm)o (11,0, Uy (£2.0,x)) . T (1) T (12) 0)
=G (11, (Us (12,0,x), T (1) 0)) = G (11, G (12, (x,0))) .

Finally, the fact that G (¢, -) has closed graph for # > 0 is a consequence of being
the product of the maps (x,0) — U, (¢,0,x), T (¢t) : ¥ — X, which have closed
graph. O

ForC e B(X x X)sety, (C) = UG(s.0)o(C)= 0, vim (C).
5> [

Lemma 4.3. The multivalued semiflow G is asymptotically upper semicompact, i.e.
VC € B (X x X) such that )/[1" (C) € B(X x X) for some t; (C) any sequence
& € G (t,,C), where t, — 00, is precompact in X X X.

Proof. Consider an arbitrary sequence {£,} of the type described in the statement.
Then &, = (yu, Bn), where y, € Us, (t4, 7, B), By = T (t4) 04, B € B (X),0,€ X.
The sequence B, is precompact in X because the space X is compact and {y,} is
precompact because the family U, is asymptotically upper semicompact. Hence, &,
is precompactin X x X. O

Lemma 4.4. For any C € B (X x X)), there exists T (C) such that y;‘ C) €
B (X x X).

Proof. First, we note that C C B x X for some B € B (X). There exists T (B) for
which y9 . (B) € B (X). Hence,
yi(C) C U (U4 (1.0.B). ) = (yis(B).Z) e B(X x X).

O

The previous lemmas, Theorem 1.1, and Remark 1.2 imply that for any

Ce (X xX), the w-limit set w (C) is nonempty, compact, and negatively
invariant. Moreover, it attracts C,

distyxx (G (£,C),w (C)) — 0,as t — o0,

and it is the minimal closed set with this property, that is, if P is closed and attracts
C,thenw (C) C P.
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Further, Theorem 1.1 and Remark 1.6 imply that G has the global attractor )R
satisfying:

L= U w(C)andR#XxX.
Cep(XxX)

2.MCG@N), VvVt eRy.

3. VC € B(X x X), distyxs (G (t,C),N) — 0,as t — 4oo (N attracts every
bounded set C).

4. For any closed set P satisfying the previous property it C P.

Further, we state that @y = mN, where 7y : X XX — X, m : X x ¥ — XY are
the projection operators, and that it is a uniform global attractor of the family U, .

First, prove that R = 5 /LBJ(X)a)(B x X). In fact, for any C € B (X x ),
€

w(C) C w(Bx2X), where B € B(X) is such that C C B x X. Hence,

N C 5 g(x)a) (B x X). Conversely, VB € B(X), Bx X € B(X x X), and then
€

U w(BxX)CN.
Bepf(X)

Further, we note that as a consequence of standard theorems for semigroups
(see [15,26]), the continuous semigroup 7" (h) : ¥ — X has the compact global

invariant attractor w (X') = ﬂO hU T(h)X = ﬂo ¥~ (X)), which is the minimal set
t>0h>t >

attracting any bounded set. We shall check that w (B x X)) C wo x (B) x o (X),
and myw (B X X) = wy 5 (B), myw (B x ¥) = w (X)) . On the one hand,

w(BxX)=NUG(G,BxXY)C N U (Ut (5,0,B),T(s) %)
t>0s5s>1 t>0s5s>1

C ,Qo v (B) xy (X)) = tgo (yt(?z (B) x y;t (2)) @.6)
=wox (B) xw(X).

It follows that myw (B x X) C w5 (B), mw (B x X) C w (X). On the other
hand, since

distyx s ((JLEJZ (U; (t,0,B), T (t)o),w (B x E))
=distyxy (G(,Bx X), 0w (B x X)) - 0,ast — o0,
it is clear that
dist (U4 (¢,0,B), mo (B x X)) - 0,ast — oo. 4.7)
But in view of Proposition 4.1 for any closed set P having property (4.7),
wo.x (B) C P;hence, wy x (B) C mw (B x X) (we note that since w (B x X) is

compact, Ty (B x X) is closed). In a similar way using the minimality of w (X'),
we prove that  (X') C myw (B x X).
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Therefore,

TN :m( U w(Bx Z‘)) = U mwBxX)= U wyy(B),
Bep(X) Bep(X) Bep(X)

so that 71N = @x. In the same way, 1N = w (X).
We have to check the conditions of Definition 4.4. For arbitrary B € B (X),
o € XY and (t,7) € R4y, we have

Us (t,7,B) CUr)e (t —1,0,B) CmiG(t —1,Bx X),

so that @y is a uniformly attracting set.
On the other hand, since ® C G (¢, ), V¢ € R4, we have

Oy =N CmG,N) CmG Oy xX)CUst(,0,0x).

Therefore, @y is negatively semiinvariant with respect to U+ (¢, 0, -).
It remains to prove the minimality property. Let P be a closed uniformly
attracting set. X x X' is a metric space with the metric

d ((x1,01), (x2,02)) = p(x1,X2) + 1 (01,02),
where r is the metric of X. Then for any B € f (X),

distyxs (G (t,BxX),PxX)= sup distyxs (U, (¢,0,x),T (t)o), PxX)

XEBoEY
<distyxy (U4 (£,0,B) x T (t) ¥, P x X)

= sup inf  (p(x,y)+r(0,9))
(x0)e(Urt.0.B)xT(1)x) (18)EPXE

= dist (U4 (£,0,B),P) — O.
t

—+o0

Then the set P x X' is attracting for G, and in view of property 4 of the global
attractor i, N C P x X. Hence, Oy = mN C P.

It is clear that @y is o-compact, because in view of (4.4) and the inclusion
wo.x (B1) C wo.y (By) if By C B, the set @y is a countable union of compact
sets. Hence, it is Lindelof.

In the same way as in Theorem 1.2, we can say that accurate to homeomorphisms
O = UioilDi, where D; = {(x,i) X €wox (B,)}, B, = {)C €X: ||x|| = l}
and D; are topological spaces with the topology t; induced by X. We consider the
family B = {U C @x | U N D; € 7; forany i > 1}, which is a subbase of a
topology 7g in @y, which is called the sum topology. In the space (@5, tg), the
global attractor is locally compact (see the proof of Theorem 1.2).

Since @y is a countable union of compact sets, Baire’s theorem implies that
Ox # X.
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Finally, we shall prove the second equality in (4.4). It is a consequence of the
following lemma:

Lemma 4.5. Foranyt € R4, B € B(X)

w5 (B) Cwos (B).

Proof. Leto € X and (¢,7) € Ryy. Then

Us (t,7.B) CUr) (t —71,0,B) CU4 (t — 1,0, B).
Hence, VB € B(X),V (t,7) € R4y

Ui (t,7,B) U4+ (t —1,0,B).

Consequently,

¥s (B) = t/'és Ui (1',0,B) = Y U (t—1.0,B),

Vis (B)= U Uy (t.7.B) Cyl 5 (B).
Therefore,

oz (B)= 0y (B)C N vl 5 (B)=wos(B).

|

Definition 4.5. The family of MSP {U,} is called pointwise dissipative if there
exists By € B (X) such that Vx € X

dist (U4 (¢,0,x), By) = 0ast — +oo.

Definition 4.6. Let X, Y be metric spaces. The multivalued map F : X — 27 is
said to be w-upper semicontinuous (w-u.s.c.) at xo if for any ¢ > 0, there exists
d > 0 such that

F (x) C O (F (x0)), Vx € Os (xo) .

The map F is w-u.s.c. if itis w-u.s.c.atany x € D (F) ={y € X : F (x) # 0}.
If we replace the e-neighborhood O, by an arbitrary one O, then F is called
upper semicontinuous.

Remark 4.3. Any upper semicontinuous map is w-upper semicontinuous, the con-
verse being valid if I has compact values [1, p.67].



172 4 On Global Attractors of Multivalued Semiprocesses

Lemma 4.6. A multivalued w-u.s.c. map F with closed values and closed domain
D (F) has closed graph.

Proof. Let (x,,y,) € Graph(F) and x, - x € D(F), y, — y € Y. For any
e-neighborhood O (F (x)), there exists ng such that y, € O, (F (x)), Vn > ny.
Since the set F (x) is closed, this implies that y € F (x). O

Theorem 4.2. Let the conditions of Proposition 4.1 be satisfied, L1 — L3 hold, U,
be pointwise dissipative, and let the map (x,0) +— U, (t,0, x) have closed values
and be w-u.s.c. for any t € Ry. Then the family of MSP U, has the global compact
uniform attractor @yx.

Proof. 1t follows from the definition of the map G that for any fixedt € Ry, G (¢, )
has closed values and is w-upper semicontinuous. Since the semiflow G is uniformly
asymptotically upper semicompact in view of Lemma 4.3, Theorem 1.1 implies that
the set w (B x X) is nonempty, compact, negatively semiinvariant and the minimal
closed set attracting B x Y. We note that in this theorem, the map G (z, -) is supposed
to be upper semicontinuous instead of w-upper semicontinuous, but this property is
only used to prove that G (z, -) has closed graph, which is also a consequence of the
w-upper semicontinuity (see Lemma 4.6).

In view of Proposition 4.1 for any B € B (X) and t € Ry, the set w; 5 (B) is
nonempty, compact, and the minimal closed set uniformly attracting B. Moreover,
it is shown in the proof of Theorem 4.1 (see (4.6)) that w (B x ¥) C w5 (B) X
o (XY)and mw (B x X) = wy x (B). Further, Lemma 4.5 implies that wy » (B) =

U (07> (B )
T€ER4

Let By € B (X) attracts any point x € X. Then, the set By x X attracts any
£ e X x X, thatis

distyxs (G (t,§), By x X) — 0,as t — +00,

and G is pointwise dissipative (see Definition 1.7).

Set By = O, (By) for some fixed &1 > 0 and R = o (B; x X). We claim
that this set is a global compact attractor for G. Since it is compact and negatively
semi-invariant, it is only necessary to show that it attracts any bounded set C €
B (X x X). In fact, it is sufficient to take sets of the type B x X, where B € § (X).
Since the family U, is pointwise dissipative for any £ € X x X, there exists T (§)
such that G (T, &) C B; x X. Now, by the w-upper semicontinuity of the map U,
we can find a neighborhood O g) (§) for which G (T, Os¢) (5)) C By x X. The set
{05(5) &):few(Bx E)} is an open cover of the compact set w (B x X). Let
{05(&) (g,-)};;l be a finite subcover. Then O (w (B x X)) = U/_, Os) (&) is a

i=1

neighborhood of w (B x X¥). If &, > 0, then for any §;, we have

G(t+T(&).Ose) (&) CG(t.G(T (&), Os) (£)))
CG({t,BIxX)CO,,(w(B xX)),

forany t > T (e,, By). Hence,
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G(1.0(@(Bx2))C O, (w(BrxX)),

for any t > max{T (&)} + T (e2, By). For any ¢ > 0, there exists T (&, B)

such that G (1, Bx X) C O;(w (B x X)), YVt > T (¢, B). The compacity of
o (B x X) implies that O (w (B x X)) contains some neighborhood of the type
O, (w (B x X)) . Therefore,

Gt,BxX)COp(w(BxX)CO(w(BxX)),Vt=>=T(B),
so that
G(t,BxX)CcG({t—-T(,B),G(T(s,B),Bx X)) C O (w(B x2X)),

foranyt > T (e, B)+T (&2, B1)+max {T (§;)}. This means that the setw (B} x X)

attracts any bounded set C € X x X and then it is a global compact attractor.
On the other hand, it is clear from m;@ (B} X X') = wp x (B)) that for any B €

B (X)
dist (U4 (¢,0, B) ,wo 5 (B1)) — 0,as t — +o0. (4.8)

The uniformly attracting property follows from the following lemma:

Lemma 4.7. Property (4.8) is equivalent to
dist (U4 (t,t,B),wo 5 (B1)) = 0, ast — 400,

forany (t,7) € Ryy.

Proof. Since Uy (t + t,7,B) C U4+ (¢,0,B),V(t,7) € R4y, VB € B(X), we
have

dist (Ut (t + 7,7, B) ;w5 (B1)) < dist (U4 (2,0, B) , o x (B1)) -
O

We note that the minimality property of wo x (B) implies that wy x (B) C wo 5
(B1), VB € B (X). Hence, by (4.4), we have wy 5y (B;) = ®x. From Lemma 4.6
and Theorem 4.1, we obtain that it is a uniform global compact attractor. O

We shall check now that under additional assumptions the global attractor is
connected.

Theorem 4.3. Let the conditions of Theorems 4.1 or 4.2 hold. Also, assume that
XY is a connected topological space and that for any t > 0, the map ¥ x X >
(0,x) = U,(t,0, x) is upper semicontinuous and has connected values, and ®x C
By, By € B(X), where the set By is connected. Then the uniform global attractor
®x is connected.

Proof. Suppose that Oy is not connected. Then there exist two open sets A, 4,
such that ®y N A, 7é 3,0x N A, 7é 3,0 CAUAyand Ay N Ay = 0.
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Since the map ¥ x X > (0, x) — U,(¢,0, x) is upper semicontinuous and has
connected values, Uy (¢, 0, B}) is a connected set (see Proposition 1.3).
From ®y C U4 (¢,0,05x) C U4(¢,0, By), we have

U+@.0,B)}N AL #0, {U(t,0,B1)} N Ax # 0.

But A; U A, does not cover U4 (¢,0, By) for any ¢ > 0. Thus, there exist §, €
U+(t,,0, By), where t, — 400, such that §, & A; U A,. The sequence {£,} has a
converging subnet and its limit £ belongs to wy s (B;) but does not belong to A;UA,,
which is a contradiction. |

We can extend easily all the results of this section to the case where 7 € R. We
shall state the main theorems for this situation. Let R; = {(¢,5) € R?> : t > s}.

Definition 4.7. The map U : R; x X — P (X) is called a multivalued process
(MP) if:
1. U (¢,t,-) = Id is the identity map.
2.U(t,t,x)cU(t,5,U (s,7,x)),Vt >s>1,Vx € X,
where U (¢,s,U (s,7,x)) = U )U (t,s,y).

yeU(s,t.x
It is called strict if, moreover, U (¢, 7,x) = U (¢,s,U (s, 7, X)).
Consider the family of MP {U, : 0 € X'} and define the map Ut : Ry x X —

P (X) by
Uy (t,t,x) = ng U, (t,t,x),

which is a multivalued process, as well.

As in the previous case, we say that the family of MP {U,, : ¢ € X'} is uniformly
asymptotically upper semicompact if for any B € B(X) and 7 € R such that
for some ' = T (B,7), yr.5 (B) = gLeJx Y7o (B) € B(X), any sequence {£,},
& €U, (t,,1.B), 0, € X, 1, = +00, is precompactin X .

Also, the set A is a uniformly attracting set if forany B € § (X) and v € R,

lim dist(Us (¢t,7,B),A) =0.
t—>+o00

The following results are proved exactly as in the case where T € Ry

Proposition 4.4. Let the family of MP {U, : 0 € X} be uniformly asymptotically
upper semicompact, and for any B € B (X) and t € R, there exist T = T (B, 1)

such that y}. . (B) = UE Vi (B) € B(X).
: v /T
Then w;x (B) # 0, VB € B (X), t € R. Moreover, it is compact in X and

dist (Ut (t,7,B),w;» (B)) > 0, as t - +o00.
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If P is another closed set such that dist (U5 (¢, 7, B), P) —+> 0, then w; x (B) C
r—>+00
P (minimality property).

Proposition 4.5. Let X be an infinite-dimensional Banach space and the conditions
of Proposition 4.4 hold. Then forany t € R, the set @, = U w, 5 (B) # X is

Bep(X)
such that for any B € B (X),
dist (U4 (t,7,B),0;) - 0, ast — +o0. 4.9)

Moreover, for any closed set Y, satisfying (4.9), ©, C Y.

Let Z be a topological space and F (R, Z) be some space of functions with
values in Z. As in the previous case, we shall further assume the following:

(L1B) ¥ C F (R, Z) is a compact metric space.

(L2B) On X is defined the continuous shift operator 7' (h)o (t) = o (¢t + h),
heR,and T (h) X C X.

(L3B) Forany (¢,7) €e Ry,0 € X, h € R, x € X, we have

Us (t +h,t+h,x) CUrgyo (¢, 7, ).
Remark 4.4. 1t follows easily from L2B — L3B that, in fact, T (h) ¥ = X and
Us (t +h,t+h,x) =Urpe (t,7.%).
Definition 4.8. The set @y is a uniform global attractor for the family of MP

{Uy : 0 € X}if:

1. Oy is a uniformly attracting set.
2. Oy C U4+ (1,0,0x), Vt € R;..
3. For any closed uniformly attracting set Y, @y C Y.

Theorem 4.4. Let X be an infinite-dimensional Banach space, the conditions of
Proposition 4.4 be satisfied, and L1B — L3B hold. Suppose that for t > 0, the map
Y x X 3 (0,x) = U (t,0, x) has closed graph. Then the set

s U ws(B)=U U w.5(B) (4.10)
BeB(X) 7€R BeB(X)

is a uniform global attractor and Oy # X. It is o-compact and Lindelofin X. It is
locally compact in the sum topology tg.

Remark 4.5. If X is not infinite-dimensional or is a metric space, all the statements
remain true except the fact that @y # X.

Remark 4.6. As in view of Remark 4.4 we have U, (¢, 7,X) = Ur)e (t — 7,0, x),
we obtain in fact that the map X' x X 3 (o, x) — U, (¢, 7, x) has closed graph for
anyt > 7.
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As before, we say that the family of MP {U,} is pointwise dissipative if there
exists By € B (X) such that

dist (U4 (¢,0,B), By) —> 0ast — 4o0.

Theorem 4.5. Let the conditions of Proposition 4.4 be satisfied, L1 B — L3B hold,
U, be pointwise dissipative, and let the map (x,0) + U, (¢,0,x) have closed
values and be w-u.s.c. for any t € Ry. Then the family of MP U, has the global
compact uniform attractor @y .

Theorem 4.6. Let the conditions of Theorems 4.4 or 4.5 hold. Also, assume that X
is a connected topological space and that for any t > 0, the map ¥ x X > (0, x) —
U, (2,0, x) is upper semicontinuous and has connected values, and ®x C By, By €
B(X), where the set B is connected. Then the global attractor Oy is connected.

We will prove also that the attractor is invariant if the processes U, are strict.
Lemma 4.8. Let the conditions of Theorems 4.4 or 4.5 hold. Also, assume that the
Jamily of MP U, is strict. Then

Oy =Uyt (1,0, Oy) forallt > 0.

Proof. Let us prove first that w, x (B) C Ut (t,t,w. 5 (B)) for all t > t and
B € B(X). Let £ € w; x(B). Then there exists a sequence &, € U4 (,, 7, B) such
that §, — & ast, — +oo. Using L3R fort > 7, we have

Us,(ty, v, B) CUs, (th,ty —t + 7, Uy, (8, —t + 7,7, B))
C Ur@,—)o, (¢, T, Uy, (t, — t + 1.7, B)),
and, therefore, &, € Ur(,—1)o, (¢, T,8y), Where §, € Us, (t, —t + 1,7, B). As X' is
compact, we can assume that T (¢, — t) 0, — o. Then we can consider that §, — £,
¢w = ¢ € wr x (7). Since in view of Remark 4.6 X' x X > (0, x) — U, (¢, 7, x) has

closed graph, ¢ € U, (¢, 7,w. 5 (B)) . Hence, w; x (B) C Uy (¢, T, w. 5 (B)).
Then, using Remark 4.4, we have

o,y (B) C U"r (Zv Os o,y (B)) = U+ (t + .1, o,y (B)) s

forall T € R, t € Ry. Hence, for arbitrary £ € wo x (B) and t > p, it follows that
§ e U,(t, p,wy 5 (B)) forsomeo € X. Then forany t >t > p,

Us(t,7,8) C U (t, 7, Us(z, p,wo 5 (B))) = Us(2, p,wo. 5 (B)).
Therefore, by L2R — L3R, we have

Ui(t. T, 005(B)) CUL(t, p,wox(B)) CUL(t + 7 — p, 7. w0,5(B)).
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Then forallt > s > 1,

Ur(t.7.00.5(B)) C cly(|_J Uy (k.7.0.5(B)))

k>s
c elx(JUr k. v.005(B)) = wes(@os(B)) C O,
=T k>s
Thus, U4 (2,0, ®x) C Oy and the theorem are proved. O

4.2 Global Attractors for Nonautonomous Differential
Inclusions

In this section, we shall consider multivalued semiprocesses generated by nonau-
tonomous evolution inclusions.

4.2.1 Abstract Setting: Construction of the Multivalued
Semiprocess

Let X, X* be a real separable Banach space and its dual, with norms |-|| y, ]| y =,
respectively, and pairing denoted by (-,-), Z be a complete metric space and
Z (R4, Z) some functional space. Consider the evolution inclusion

L e AW () + Foy (@), t € [r,T],

; S A.11)

where T >7>0,0() € ¥ C F(R4,Z)and A: D (A) C X — 2%, F,() () :
R, x X — 2% are multivalued maps satisfying:

(A) The operator A is m-dissipative, that is, Vy, v, € D(A), V& € A(yi),i =
1,2, 3j(y:, &) € J(y1 — y2) such that

<$l_$25j >§ 07

and Im(A — AI) = X, VA > 0, where J : X — 2% is the duality map
defined by

J() ={Ee X* |[<y.&>= |y} = |El%+}, Vy € X.

(Gl) Vo (1) € X, Fo(y (1) : R x X — Cb(X), where Cb (X) is the set of all
nonempty, closed, bounded subsets of X.
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(G2) Vx € D(A), 0 € X, the map ¢t — Fy() (x) is measurable, and for any
o€ X, T>rt>0,thereexists k (-) € Ly ([t, T]) such that Vx;,x, € D (A)

disty (Fo) (x1), Fo@y (x2)) <k (0) [|x1 — x2f|y , ae.t € (7. T).

(G3) Forany T > t > 0,0 € X, thereexists x € D (A)andn : [t,T] — R4,
n(-) € Ly ([t, T]), such that

H Fo) (x) ||+ <n(), ae.te(t,T),

where || K[| = sup,ex ¥y -

We assume also that for any 7 € Ry, the shift operator T (h) : ¥ — X,
T (h)o (s) = o (s + h), is defined.

Definition 4.9. The continuous function u, (-) € C ([r, T], X) is called an integral
solution of (4.11) if u, (tr) = u, and there exists / (-) € L; ([t,T], X) such that
[ (t) € Fo) (us (2)),ae.on (7, T), and V& € D(A), Vv € A(§),

t
lug (1) — £ < IIMa(S)—EII§+2/ <Ir)+v.us(r)—§ >4 dr. t =5, (4.12)
where < 1,y >4=sup; ;) <1, J >.

Supposing that conditions A, G1 — G3 hold for any u, € D (A), there exists at
least one integral solution of (4.11) for any 7 > t > 0 [40, Theorem 3.1]. We shall
denote this solution by u, (-) = I (u;)I (-). We note that u, (t) € D (A) for all
t > 0.Forafixedo € X, let 9, (x, T) be the set of all integral solutions defined
on [0, T'] corresponding to the initial condition u (t) = x. Denote

QJ,T(X) = UT>O-@U,‘L' (X, T)

For any integral solutions uy, () = I (u:)li (), vo () = I (v;) 2 (-), the
following inequality holds

luo (2) =vo ()lx = llus(s) = vo (S)||x+/ 1) =L ()l x dr. t =s. (4.13)

In the sequel, we shall write u instead of u, for simplicity of notation. We shall
define the map Uy : Ryy x D (A) — P (D (A)) by

Us (t,7,x) ={z:3u(-) € Dy (x),ut) =2z}.
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Proposition 4.6. Foreacho € X, (t,1) e Ryy, h e Ry, 7 <5 <t,x € D (A)

U, (t,5,Uy (s,7,x)) = Uy (2,7, X),
Uriye (t.1,x) =Us (t + h, T+ h,x).

Hence, Uy is a multivalued semiprocess for each o € X and condition L3 holds.

Proof. Given z € U, (t; + t2, 7, x), we have to prove that z € U, (t; + t5, 12, U,
(t2, 7, x)). Take y () € Yy (x) such that y (r) = x and y (t; + t») = z. Clearly,
v (t2) € Uy (t2,7,x). Then if we define z(¢) = y (¢) for t > t,, we have that
z(t2) = y (t2) and obviously z () € P, (¥ (12)). Consequently, z = z () + 1) €
U, (t1 + 12,15, U, (12, T, x))

Conversely, given z € U, (1] + t2,1, Uy (12, 7, X)), we have to prove that z €
Us (ti + 12, 7, x). There exist y; (-) € Dy (X), ¥2() € Dss, (1 (12)), such that
7=y (t; + t). Define

@), ift <t <,
w@),ifty <t <t + 1,

y(r)z{

L), ift <t<t,
Lt),ifty <t <t + 1,

l(t)={

where y; (1) = I (x) 11 (), y2(-) = I (01 (12)) [ (). Clearly, [ (1) € Fy¢) (y (1)),
a.e. on (7,1 + tp). We claim that y () € %, (x). Indeed, firstly y () = x.
Secondly, we have to check that (4.12) holds. The cases s <t < f, 1) < s <t
are straightforward. If s < £, <, then

Iy —&1% = Ily2() —E% < ly2(2) — &%

+2/ <L)+ v, y2(r)—& >4 dr

15}

< () €1 +2/2 <L)+ V() —E >4 dr

+z/’ < b(r) + v, y2r) — £ >4 dr

15}

t
— Iy~ 85 +2 [ <10) 4 vy0) = >4
Hence,z=y, (t1 + ) =y (t1 + o) € U, (t; + 12, T, X).
Consider now the second equality. Given z € U, (t; + h, T + h, x), where
h € Ry, there exists y () € D45 (x) such that z = y (¢; + h). Let w(t) =
y(@t+h), I, (@) =1(+h), where [ (t) € Fyq) (v (2)), ae.on (v +h,ty +h),
y () =1x)1(), sothatly, (1) € Fogin (v (1 + 1) = Fraer (w(t)), ae. on
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(r.t1), and w(r) = x. We can show that w (:) € Zr)s. (x) as follows
2 2 2
Iw(t) =&llx =y +h) —&lx < ly(s +h) —&lx

t+h
+2/ <I(r)y+v,y(r)—§& >, dr
s+h

— o(s) = 61 42 [ <)+ vwl0) = >

S

Therefore, z = w (t1) € Urmye (11, T, X).

Finally, let z € Urgyo (t1,7,x). Then z = y (1), where y (:) € Drpnyer (X).
Define w(t) = y(t—h), 1, (t) = [(t —h), where [ (t) € Fyu4n) (¥ (1)), ae.
on (7,t1), y() = I (x)I(-). Hence, [,,(t) € Fouy (v (t —h)) = Fou) (w(2)),
a.e. on (t + h,t; + h). As before, we can prove that w(-) € Y45 (x); hence,
z=w(ti+h)eUs, (ti+h,t+h, x). |

Remark 4.7. Tt follows from the proof of the preceding lemma that any integral
solution can be extended to the whole-time interval [t, +00). Then if we define
Y5+ (x) as the set of functions u : [t, +00) — D (A), which are integral solutions
on every interval [z, '] with u () = x, then the operator U, does not change. In the
sequel, we shall use this definition of Z, ().

Consider the particular case where X = ¢ (§2, ®) is a real separable Banach
space of functions defined on the set £2 and taking values in the normed space ©.
Let us define the map F,, : R; x X — 2% by

Foooy (w) = F (t,u) + g0 (1) ,

where go (1) € L’z”" (R+.X) and F : Ry x X — 2% is generated by the
multivalued map fy : Ry x ® — K (0) (i.e., it has compact values) as follows

FO@tu)={yeX:yx)e fo(t,u(x)) forx € £2}.
Moreover, K (®) is endowed with the Hausdorff metric and f, € CRy,C
(0. K(0))).

Lemma4.9. Let ® be a locally compact, Lindelof, Banach space. Then
C (0, K (®)) is a complete metrizable space.

Proof. Under the above conditions, there exists a countablecover{V; : i = 1,2,...}
of the space ® by open sets such that their closure is compact. Foreachi = 1,2...

set K; = U'_, V;. The sequence of compact sets K; has the following properties:

. KiCK,C...CK,C....
2. For any compact set K C @, there exists i such that K C K.

Hence, in C (©, K (©)) is defined the topology of uniform convergence on { K },
thatis, F,, — F if and only if for any i
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pi (Fy, F) = sup disty (F, (x), F (x)) > 0,as n — +oo.

x€K;

This convergence can be realized by the metric

pi (F1, F>)

o0
p(FiFo) =) o s

i=1

where @; > 0 and ) 70| o < o0.
K (©®) is a complete metric space. Hence, C (©®, K (®)) is also complete. O

Let.# C C (0, K (®)) be aclosed subset (and then a complete metrizable space
with the metric of C (®, K (®))) and 0y (1) = (fo(t,-), g0 () € Z = M x X.
Assume that g (t +h) = (fo(t +h,-),g0(t +h)) € Z,Vh € Ri. Let X be
the hull 574 (0p) of the map oy (¢) in the space C (R4, .#) x L’z’f; R+, X) =
F (R4, Z), that is,

Y = ClC(R+,//l) {fot+h):heRy}x ClLéfa,(R+,X) {gt+h):heRy},

where cly denotes the closure in the space Y and le"; (R4, X) is the space

leoc (R4, X) with the weak topology.

It is obvious that the shift operator T (%) is continuous in C (R, .Z) x
leof; (R4, X). Further, we shall give conditions providing X to be a compact
positively invariant set.

Lemma 4.10. [/, Proposition 6.1] The hull 74 ( fo) = Clc(RJr,///){fO(l + h) :
h € Ry} of fois compactin C (Ry., A) if and only if:

1. The set { fo (t) : t € R4} is precompact in M .
2. fo (¢t) is uniformly continuous in R.

Lemma 4.11. Let conditions 1-2 of Lemma 4.10 hold and let

t+1
sup / g0 (@I1% dt < +oo. 4.14)
t

>0
Then the hull X is compact.
Proof. Condition (4.14) implies that the hull

4 (8o) = CZlef_):‘i,(R_,_,X) {go(t +h):heRy}

of go is compact in le"; (R4, X) (see [11, p.931]). From this and Lemma 4.10, we
obtain that X' is compact. O

Lemma 4.12. Foranyh e Ry, T (h) ¥ C X.
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Proof. Lety = (y1,y2) € X. Then there exists &, such that fo (t + h,) — y1 in
C Ry, M), g0+ hy) = y2in le"; (R4, X), as n — oo. It is clear that

T (h) (fo(t +hn).g@+hn)=(fo(t+hy+h).go(t+h,+h)eX
and in view of the continuity of 7' (k) ,
(Jo(t+hy+h). gt +hy+h) > 1 +h),y2(+h)),

inC Ry, A) x L’z"c (R4, X),sothat T (h)y € ¥. Hence, T (h) ¥ C X. O

W

Now, the maps F, : Ry x X — 2% are defined by

F(T(l‘) (u) =F° (Z,M) + &o (Z),

where
Foit,uy={yeX:yx)e fo(t,u(x)) forx € 2}

and (f5,g5) € X.
As a consequence of Theorems 4.1 and 4.2, Proposition 4.6, and Lemmas 4.11

and 4.12, we obtain the following abstract result:

Theorem 4.7. Let ©® be a locally compact, Lindeldf, Banach space. Suppose that
conditions A, G1 — G3 are satisfied and that for any t € Ry, the map (o, x) —
Uy (t,0,x) has closed graph. Let the family of MSP {U, : 0 € X'} be uniformly
asymptotically upper semicompact, and for any B € B (X) and v € Ry, there exist
T = T (B,t) such that y; 5 (B) = ng Yie (B) € B(X). Assume also that the
conditions of Lemma 4.11 hold. Then the family U, has the uniform global attractor
Oy defined by (4.10).

Moreover; if the family U, is pointwise dissipative and for any t € R, the map
(0,x) = Uy (¢,0, x) has closed values and is w-upper semicontinuous, then Oy is
compact.

4.2.2 Global Attractors of Nonautonomous Reaction-Diffusion
Inclusions

Let C, (R) be the set of all nonempty, compact, convex subsets of R and £2 C R” be
a bounded open subset with smooth boundary d2. Consider the parabolic inclusion

du
ax;

du n il
#-om

—2
! %)ef(t,u)—i—g(t), on 2 x (1.T).

4.15
ulap=0, (4.15)

u |t=1:: Ug,
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where p > 2, f : Ry xR — C,(R), g € Lo (R4, L, (£2)) and the following
conditions hold:

(F1) There exists C > 0 such that V¢ € Ry, Vu,v € R,

disty (f (t,u), f (t,v)) <C |lu—v|.

(F2) Foranyt?,s € Ry andu € R,

disty (f (z,u), f (s,w) < L (ju) o (|t =5]),

where « is a continuous function such that @ (f) — 0, as t — 0%, and [ is
a continuous nondecreasing function. Moreover, there exist K, K, > 0 such
that

|l (w)| < K; + K |u|, YueR.

(F3) 3D € R4, vy € R for which
| f (t.,v0)]4 < D, Vt € Ry,

where | f (tvo)ly = sup [€].
ge fltvo)
(F4) If p = 2, then there existe > Oand M > OsuchthatVu € R,V e R4, Vy €

St u
yu< i —e)u’ + M,

where A, is the first eigenvalue of —A in Hj (£2).
Lemma 4.13. There exist Dy, D, > 0 such thatVu € R,Vt € Ry, Vy € f (t,u),

[y] < D1+ Dy ul.

Proof. Since f (t,vo) is compact, forany u € R, t € R4, y € f (¢, u), there exists
Yo € f (¢, vo) such that dist (v, f (¢,v0)) = |y — yo|. Using F1 and F 3, we obtain

Iy =D+ Clul + Cvol.

O

Following the notation of the previous section ® =R, X = ¢ (£2,0) = L, (£2)
and fo(t,) =f(t,) : R>K(R),g0=g¢ € Loo (R+,L2(2)) C LY“(R4,
L, (£2)). Let W be the space C, (R) endowed with the Hausdorff metric p (x, y) =
disty (x, y). The space W C K (R) is complete.

Forany ¢ € W, let ||, = Iglea];g || . Define also the space

M ={y € CRW): [ )]y < Dy + Da v}
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The constants D, D, are taken from Lemma 4.13. If in Lemma 4.9 take K; =
[—R;, R;], where R < R, < ... < R, < .., with R, — o0, we have that ¥ —
if and only if

‘nllax disty (" (v),¥ (v)) - 0,asm — oo, VR > 0.
v[<R

The space .#Z C C (R, K (R)) is complete. Indeed, it is sufficient to check that
A is closed. If Y™ — 1, then it is clear from Lemma 4.9 that ¢ € C (R, K (R)).
Since W is complete, ¥ (v) is convex, and then ¢ € C (R, W). On the other hand,
if we fix v € R, we get

W™ |y = D1+ Dav|.Vm.
Hence, Ve > 0,Vy € ¢ (v),3y™ € ¥ (v) such that
ly=y"l <e
and then
[y] < D1+ Dafv[ +e.
Since y, ¢ are arbitrary, we have | (v)|, < Dy 4+ D, |v], sothatyy € .Z.
Lemma 4.14. In the space W, each bounded set is precompact.

Proof. 1t is clear that a sequence I, = [a,, b,] is bounded in W if and only if there

exists R > 0 such that
ly| < R,Vyel,, Vn.

If I,, is bounded, there exists a subsequence I, such that a) — a, b, — b. Therefore,
ca, + (1 —a)b, > ea+ (1 —a)b, Vo € [0, 1]. Hence, if I = [a, b], then

disty (1,,1) — 0,as n — +oo.

Let @ C . be the set
@ =y €A :disty (Y (w),¥ (v)) =Clu—v|,Yu,veR},

where C is defined in F1.
Lemma 4.15. The set @ is compact.

Proof. Let g be the projector of C ([—K, K], W) onto C ([—R, R], W), where
R < K. Let {y,} C @ be an arbitrary sequence. It is clear that these functions are
equicontinuous. On the other hand, in view of the definition of the space ., there
exists D (R) such that

[V W) < D(R),VYve[-R,R].
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By Lemma 4.14 and Ascoli—Arzela theorem, {1, } is precompactin C([—R, R], W).
Hence, we can take a converging subsequence V¥, — v in C ([—R, R],W).
Further, we take a subsequence {V»,} C {V¥1,} converging to ¥, in C([-2R,
2R], W). It is evident that wgy, = V. In the same way, we can construct the
chain of subsequences {V1,} D {¥2.} D ... D {¥ju}... such that ¥;, > V;
in C([-/jR,jR],X) and mj_yr¥;, = V-1, Yj > 2. We define a map
¥ € C (R, W) such that
TiRY =¥, Vi =1

The function ¥ belongs to @. Indeed, since ¥ C ., it is sufficient to show that
Y; satisfies the Lipschitz property for any j > 1. Let € > 0 be arbitrary and n be
such that disty (', (v),¥; (v)) < €, Vv € [=jR, jR]. For any u,v € [—jR, jR],
we have

disty (¥ (w), ¥ (v))

<disty (V; (). ¥jn W) + disty (Vju (), Y0 () +disty (Y; 0), Y0 (v))
<2+4+Clu—v|.

Since ¢ is arbitrary small, v; satisfies the Lipschitz property. Then ¢ € @, and
finally, we can see that the diagonal subsequence {w jj} convergesto ¥ in .. 0O

Recall that the hull of /" € C (R4, .#) is defined by
Ko (f) = cley .oy A C+h) :h =0}

Definition 4.10. The function f € C (R4, .#) is said to be translation compact if
its hull 574 (f) is compactin C (Ry, . Z).

Lemma 4.16. The function f is translation compact.

Proof. In view of F1 and Lemma 4.13, f (s,-) € @, Vs > 0. Hence, the set

{f (1)1 eRy}

is precompact by Lemma 4.15. On the other hand, F'2 implies that

o

_ | max<g, disty (f (¢,v), f (s,v))
pa (f ). J () = Zal 1 4+ max, <p, disty (f (t,v), f (s,v)) — €

i=1
if |t —s| < & (e). Hence, f (s) is uniformly continuous. By Lemma 4.10, f is
translation compact. O

Since g € Lo (R4, L, (§2)), we have that (4.14) holds, so that in view of Lemma
4.11, the symbol oy (t) = (f (t,-), g (¢)) is translation compact in the space
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C Ry, A) x LYy, (R4, L2 (£2)) .

The hull of this symbol will be denoted as before by X.

It is straightforward to check that for any f, € J#4 (f), conditions F1 — F4
hold. We note that all the constants and functions in F'1 — F4 do not depend on
oelX.

Lemma 4.17. For any g, € 7 (g),

||ga||Loo(R+,L2(g)) <Cy= ||g||Loo(R+,L2(Q)) .

Proof. If g, (t) = g( +h) for some h € Ry, the statement is obvious.
Let us suppose that g, € ClL[z?fu(R+*X) {g (t + h): h > 0}. Then there exists a
sequence g" (t) = g (¢ + h,) converging to g, in L’z"fv Ry, X) asn — oo.
Since ||g”||Loo(R+’L2(Q)) < Cy, passing to a subsequence g" — ‘g weakly star
in Lo (R4, Ly (£2)). Hence, g" — g weakly in L, ([0, T], L (2)), YT > 0, so
that’g = g,. Finally,

: n
||g”||Loo(R+,Lz(Q)) = hflsolip lg ”LOO(R_‘_,LZ(Q)) < Co.

O

Let us now define the family of multivalued maps F® : Ry x L, (£2) — 2522
Fo(t,u)={yel(2):y(x)e f,(t,u(x)), a.e.on 2},

where f, € 7 (f).
Let C, (L5 (£2)) denote the set of all nonempty, bounded, closed, convex subsets
of L, (£2).

Lemma 4.18. The following properties hold:

1. Fo(t,u) € C, (L2 (2)), ¥ (.u) € Ry x L, (2), Vo € X.
2. disty (F° (t,u), F° (t,v)) < C |u—v|l,,, Yu,v € L, (2),V1 € Ry, Vo € X.

Proof. We note that f, has compact values and that in view of F1 the set-valued
map f, (¢,-) is continuous in the sense of Hausdorff metric. It is well known
that a set-valued map with nonempty compact values is continuous if and only
if it is continuous in the sense of Hausdorff metric (see [1]). Hence, f; (¢,-) is a
Carathéodory map and then for any y(-) € L,(£2), the multivalued map f;(z, y(-)) :
£2 — C,(R) is measurable [2, p.314]. Hence, f,(¢, y(-)) has a measurable selection
(), E(x) € fo(t,y(x)) ae. on £2 [2, p.308]. Using Lemma 4.13, we have
£(-) € Ly(82). Consequently, F° (t,u) € P (Ly(£2)). O

Further, using Lemma 4.13 and integrating over £2, we have
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P /Q (D1 + Ds [y(x))>dx < D < o0, VE € F°(1, y)

Hence, F° has bounded values.

Next, we shall prove that F° is closed-valued. Let {§,} € F°(¢, y) be a sequence
such that&, — &in L,(£2). From {§,}, we can choose a subsequence (again denoted
by &,) converging to £ almost everywhere on §2. Since f,; (¢, y(x)) has closed values,
we obtain that £(x) € f, (¢, y(x)) a.e.on £2, thatis, £ € F(¢, y).

We must show that F° is convex-valued. Let &, & € F°(¢,y). Using that
fo(t, y(x)) is convex-valued, we get

(a1 + (1 —@)&)(x) € fo(t, y(x)) ae.on 2, Vo € [0, 1]

Hence, o) + (1 — )& € FO(t, y), Yo € [0, 1].
Letu,v € L,(§2) and £ € F°(¢,u) be arbitrary. We shall show that

dist(§, F7(t,v)) < C lu—v|y,

The maps £(x), f5(¢,v(x)) are measurable. For an arbitrary € > 0, we define the
measurable function p.(x) = C |u(x) — v(x)| + €. The set-valued map P(x) =
B(&(x), pe(x)), where B(c,r) is a closed ball centered at ¢ with radius 7, is
measurable [2, p.316]. In view of F1, the intersection D(x) = P(x) N f5(z,v(x)) is
nonempty for almost all x € §2. It follows from [2, p.312] that D(x) is a measurable
map. Hence, it has a measurable selection z¢(+), zc(x) € D(x) a.e. on £2. We have

|E(x) — ze(x)] < C |u(x) —v(x)| + €, a.e. on £2.
Integrating over §2, we get

1§ = zll7, < C*llu—vl7, + €r(82) +2¢C [lu—vll, (1(2))"?,

where p (£2) is the measure of £2. As € > 0 is arbitrary, we obtain
dist(§, F°(t,v)) = C |lu—vl|,

Since & € FO(t,u) is arbitrary, it follows that dist(F°(t,u), F°(t,v)) <
C |lu— ||, In the same way, we have dist(F?(t,v), F°(t,u)) < lu—v,,.

Lemma 4.19. For anyu € L, (S2), there exists D (u) not depending on o such that

sup |y, < D (w), Vt € Ry.
YEF (t.u)

Proof. In view of Lemma 4.13 forany y € F? (t,u), we have
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|y (x)] < Dy + Dy |u(x)|,a.e.on£2.

After integration, we obtain the required result. O

Lemma 4.20. There exist Ry, Ry > 0 such that Vo € X,
disty (F° (t,u), F° (s,u)) < (Ri + Ra[|ull,) e (|t —s]). Vi, s € Ry, Vu € Ly (£2).

Proof. Let y € F° (t,u) be arbitrary. The map x — f, (s, u(x)) is measurable,
since 7 > f, (s,7) is continuous (see [2, Theorem 8.2.8.]). For each ¢ > 0, we
define the measurable function x +—— [ (ju(x)])a (Jt —s|) + € = pe (x). Let
B (r, p) denote a closed ball centered at r with radius p. Condition F'2 implies that
the set-valued map D (x) = B (¥ (x), pc (x)) N f5 (s, u (x)) has nonempty values.
Moreover, it is measurable and there exists a measurable selection z. (x) € D (x),
a.e. x € £2 (see Theorems 8.1.3. and 8.2.4. and Corollary 8.2.13. in [2]). Again by
F2, we get

[y (x) —ze ()| < (K1 + Kz Ju(x)]) a (|t —s|) + €, a.e.on £2.
Hence, after integration, we obtain
Iy —zell7, < €1 (2) + Kio® (|t —s) n (2) + K30 (It — s|) Jul,
+ 2K K10 ([t = s) llull, (1 (2))" + 2€0 (|t —5]) Kip (2)
+ 2ea (|t — s]) Kz [lull, (n ()2

Passing to the limit as € — 0, we have
dist® (y, F° (s.u)) < &’ (|t — s) (Kfu (2) + K3 ||ul7, + 2K Ky [Jull, (1 (9))“2)
<o (1 =) (Kin (@) + K2KIu (@) + (1+ K3) Jul}, )
and then, there exist Ry, R, > 0 such that
dist (F (t.u) . F® (s.1)) < (Ry + Ra ull ) e (|t — s1).

The converse inequality is proved exactly in the same way. O
Corollary 4.1. Foreacho € X, u € L, (§2), themapt — F° (t,u) is measurable.

Proof. In view of Lemma 4.20, the map ¢t +— F° (¢,u) is continuous in the
Hausdorff metric. This implies that it is lower semicontinuous, that is, for any
t € Ry, y € F(t,u) and t, — ¢, there exist y, € F (t,,u) converging to y.
Hence, it is measurable (see [2, Theorem 8.2.1.]). O
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Further, we shall define the family of multivalued maps F, : R4 x L, (§£2) —
2La(£2)

Fou () = F° (t,u) + g (t) V1 € Ry, Yu € Ly (2).

It follows from the previous results that V¢ € Ry, Vu € L, (£2), the following
properties hold:

(S1) Foiy () € €, (L2(£2)).

(S2) disty (Foq) ), Foy (V) < C lu =]y, .

(S3) Foreachu € L, (£2),t — Fy(,) (1) is measurable.
(S4) For any u € L, (£2), there exists D () such that

sup |yl = D)+ llgo ), = D (u) + Co,ae. 1 € Ry.
yeFU(t)(M)

Therefore, conditions G1 — G 3 hold. Moreover, the functions k (t) = C,n (t) =
D (u) + Cy do not depend on either ¢ or (z, T).
)
! ﬂ) . with

On the other hand, the operator —A (u) = — > 7 0 ( du P

X

i=1 9x;
D(4) = {u e W, (2): A) € Ly (9)} is the subdifferential of the proper
convex lower semicontinuous function

{ LS g

2 dx, ifue Wy (92).,

+00, otherwise.

¢ (u) =
Therefore, inclusion (4.15) is a particular case of the abstract one
{ 40 1 99 (u (1)) € Fy (1)) on (z.7). 416

u |t=r: Ur.

The operator A is m-dissipative and D (A) = L, (£2) (see [33, Sect.3.2]).
Hence, (A) holds and by Proposition 4.6 and Lemma 4.12, we obtain the family
of semiprocesses {U, : 0 € X'}, where X is the hull of the symbol oy () =
(f (t,-),g(t)), whichis acompact metric space such that 7 (h) ¥ C X, Vh € Ry.

Let us now prove the properties needed to provide the existence of a uniform
global compact attractor. For this purpose, we shall use the fact that if /(-) €
L, ([z, T], X), then the integral solution u (-) of the problem

dult)
40 1 3¢ (u()) 31 (). on (. 7)., i
Uli=r= uy.
which is unique, is in fact a strong one, that is, u (-) is absolutely continuous on
compact sets of (t, T), a.e. differentiable on (z, T') and satisfies (4.17)a.e.in (¢, T),
and also that the semigroup generated by —dg is compact (see [33, Sect. 3.2]).
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Proposition 4.7. For any, t € Ry the map (o,up) — U, (t,0,u) has closed
graph.

Proof. Let y, € U, (t, 0, u’é) be such that

yl‘l _)ylan(Q)a
I/lg —> U in Lz (.Q),
0n = (fu-8n) = 0 = (fo.80) in C Ry ) x LY, (R4 L2 (£2)).
We have to prove that y € U, (t, 0, up).
There exist sequences u, (-) = 1 (ug) Iy (), 1y (8) € Fo,(5) (n (5)),a.e.in (0, T),
such that y,, = u, (¢).

Letv € L, ($2) be fixed. It follows from S2 and S4 that for any y € L, (£2),
oe€’,

: sup €l = D)+ ClvllL, +ClIyle, + & (), ae.s€(0,T).
EF(I(A) y

Therefore, Lemma 4.17 implies that there exist K, K, > 0 for which
1L Iz, < || Fouts) (n (D) < Ki + Kot (5)]|, - ae.in (0,T).  (4.18)
We shall show first the existence of a function m (-) € Ly (0,T), m(s) > 0,
such that ||/, (s)||,, < m(s), ae.in (0, 7). Let us introduce the sequence v, (-) =

I (uo) I, (-) and let z (-) be the unique solution of

% +dp(z(t))30, 0n (0,7),
Z(O) = Uy.

Let ro = max{z(s) :s € [0,T]} and r, = r{ + ro, where ||u0 — u ||L2 < r, Vn.
From (4.13), we have

S
liew (5) — 2 ), < o — )], + /0 W (), dr
and then, by (4.18),
e O, < 2@, + 71+ /0 (Ki + Koy ()],,) dr
N
<h 4 Kis4 Ko / ltw ()1, dr-
0

Hence, by Gronwall’s lemma,
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K K
It ()|, < —— + (12 + = ) exp (Kas) = 7 (s), Y1 € [0, T].
K, K,

Therefore, by (4.18),
11n (), < Ki + Kar (s) =m(s),ae.in (0,T).

The sequence {/,,} is then integrable bounded in L; (0, T, L, (£2)), and since
the semigroup generated by —d¢ is compact, this implies that the sequence {v,}
is precompact in C ([0, T'], L, (£2)) (see [14, Theorem 2.3]). We obtain that there
exist subsequences such that

vp > vin C ([0,T], L, (£2)),
l, — [ weakly in L, (0, T, L, (£2)) .

Since [, — [ weaklyin L, (0, T, L, (£2)), Lemma 1.3 from [40] implies that v (-) =
I (up) I (). Using again (4.13), we have [u, (s) — vy ()[|, < ||u’(§ (s) —uo (s) ||L2,
Vs € [0,T], so that u, — vin C ([0,T], L, (£2)) and y = v (¢). To conclude the
proof, we have to check that / (s) € Fy() (v (s)), a.e. on (0, T).

Since l, — [, g, — go,weaklyin L, (0, T, L, (£2)), wehave l,—g, = d, (-) =
| — go = dy (+), weakly in L, (0, T, L, (£2)) . Then we need to obtain that d,; (s) €
F°(s,v(s)),ae.on(0,T).Fixs € (0,T).

Note that since u, (s) — v (s) in L, (§2), passing to a subsequence if necessary
u, (s,x) = v(s,x) fora.a. x € £2. Hence, by F1,

dist (fo (s, up (5,%)), fo (5,v(5,%))) < C |u, (s,x) —v(s,x)| > 0,as n - +00,

fora.a. x € £2. On the other hand, as u, (¢, x) is bounded, that is |u, (s, x)| < C (x),
Vn, and f, convergingto f, in C (Ry, .#), we get

dist (fy, (s, up, (s, %)), fo (s,u, (s,x))) = 0, asn — 400,
fora.a. x € £2. Then

dist (d, (s,x), f (5,v(s,x))) <

< dist (fo (5,10 (5.%)) . fo (5.v(5,x))) + dist (fy (5. un (5. %)), fo (5. (5.%))) — O,
(4.19)

fora.a. x € £2.
In view of [40, Proposition 1.1] fora.a. s € (0,7T)

o0 o0
d(s) e r_wlwku di (s) = A (s).
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Denote <7, (s) = co :J dy (s) . It is easy to see that z € o7 (s) if and only if there
>n

exist z, € <, (s) such that Zn — Z,as N — 00, in L, (£2). Taking a subsequence,
we have 7z, (x) — z(x), a.e. in £2. Since z, € <, (s), we get

N
2 () =Y hidy (s),

i=1

where A; € [0, 1], Z,N:l A = land k; > n, Vi. Now, (4.19) implies that for any
e > 0anda.a. x € £, there exists n (x, €) such that

di (s,x) Cla(x)—e&b(x)+¢],Vk >n,
where [a (x),b (x)] = f5 (s,v (s, x)). Hence,
Zn(x) Cla(x)—eb(x)+e¢],
as well. Passing to the limit, we obtain
7(x) € [a (x),b (x)], a.e.on £2.
Therefore, z (s) € F° (s,v(s)),sothatd (s) € o/ (s) C F? (s,v(s)),a.e.on (0, 7).
It follows that [ (s) € Fy(y) (v (5)), a.a. on (0, T'), as required. O

Corollary 4.2. Foranyt € Ry, the map (o, up) — U, (¢, 0, ug) has closed values.

Proposition 4.8. For any, t € Ry the map (o,up) +— Uy (¢,0,up) is upper
semicontinuous, hence w-upper semicontinuous.

Proof. Suppose that for some (o, up), the map is not upper semicontinuous. Then
there exists a neighborhood O of U, (1,0, up) and sequences z, € Uy, (t,O, ug),
op > 0inC (Ry, #) x leof; (Ry, Ly (£2)), uf — uoin L, (§2), such thatz, ¢ O.
Repeating the same lines of the proof of Proposition 4.7, we can prove that for some
subsequence z,, — z € U, (¢, 0, up), which is a contradiction. O

Lemma 4.21. There exists Ry > 0 such that for any bounded set B and t > 0,
there is a number T (B, ©) for which

|Us (t.7. B)||f, < Ro, ¥t = T.Vo € X.

Proof. Let first p = 2. Let u(-) = I (u.)! (-) be an arbitrary integral solution.
Multiplying (4.17) by u (note that d¢p = —A) and using condition F'4 and Lemma
4.17, we obtain

1d €
57 1z, + 5 lulz, =< K. (4.20)
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where K = M (2) + 21—€C02. By Gronwall’s lemma, we get

K
4 @I, < exp (¢ (= D) (@I, + 2 (1 —ewp (e (= 0). @21)

Taking R(z) = % + §, for some § > 0, the result follows.
Let now p > 2. Since in view of Poincare inequality (—A (u) ,u) > y ||”||Z,, >

D ||u||£2, Yu € D (A), where D > 0, and as shown before (see (4.18)), there exist
Ky, K; >0suchthat Vu e L, (2),0 € X,

| Foty @), < Ki + Ko Jlull, . Vi € Ry,

we get
1d
2dt
Applying Young’s inequality, we obtain that for some D,Ks. Ky >0

2 2
lullz, + D llull7, < Killully, + Ko llul, -

D
5 | < K, (4.22)

5oz Nl + Sl — Ko < 5wl + 2wl

and we conclude the proof as before using Gronwall’s lemma. O
Let us denote by B (0, R) a closed ball of L; (§2) centered in 0 with radius R.

Lemma 4.22. Forany R > Ry, t,t € Ry, t > 1,0 € X, we have
U, (t,7,B(0,R)) C B(0,R).

Proof. Let us suppose the opposite, that is, there exist R > R, u (-) = I, (u;) ! (),
||z (7) ||%2 < R?and ¢ > 7 such that ||u (t)||i2 > R?. Since u (-) is continuous, there

exists 7 such that [lu (tr)||7, = R |lu(s)l|7, > R? Vig < s < t. Then (4.20)
implies

d
@I, < 8.Vt <5 <1,

where § > 0, and after integration, ||u (t)||i2 < RZ_§ (t —tg), Vtgr < s < t, which
is a contradiction. O

Corollary 4.3. Forany B € f(X), t € Ry, y5 5 (B) € B (X).
For any bounded set B and 7,7 € R, let us introduce the set
M (B,t,t) ={l € Li(v.,1;L2(82)) 1us () =1 (uc) 1 (),

XUg € Dy (U7) ,u; € B,o € X}
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Lemma 4.23. For any bounded set B and t,t € Ry, the set M (B, t,t) is bounded
in the space Lo (T,1; Ly (£2)) .
Proof. As shown before (see (4.18)), there exist K;, K, > 0 such that Yu €
Ly (2),0 € X,
|Fowy @], < Ky + Ka|lull, . Vi € Ry.
Hence, forany [l € M (B, t,1),
1), = Ki + Kz lus (9l , ae.s € (z.1),

where u, (-) = I (u;) [ (-) . But Lemma 4.22 implies that forany o € ¥, t <s <t¢,
uy () € Uy, (s,t, B), |us (s)||L2 < R for some R > Ry, so that the statement
follows. O

Proposition 4.9. There exists a compact set K such that for any B € B(X), t €
Ry, there exists T (B, t) for which

Uy (t,t,B)CK,ift >T.

Proof. Set K = U4 (1,0, B (0, Ry)). We claim that K is compact. Let
y € U+ (1,0, B (0, Ry))

be arbitrary. Then there exists u, () = I (up) ! (-), witho € X, uy € B (0, Ry),
such that y = u, (1). Multiplying the equation

du
dt” —Auy) =1 (4.23)
by u, and using Lemma 4.23; the inequality (—A4 (u) ,u) > y ||u||§,1_p, Yu € D (A),

where y > 0; and Young’s inequality, we have

1d 1 1
5= lte O+ lte Oy = 1O, ko )z, = 575 C+35D o ()12, -

The continuous injections Wol’p (£2) C L, (£2) C L, (£2) allow us to choose D > 0

such that D [[us (5)[|7, < ¥ llus (s)|I};,1,,- Hence, integrating over (0, 1), we obtain

1
1
H%OWL+VAH%@M%W§5C+WﬂZ- (4.24)

Recall that ¢ (1) = i Yo

P
%u ,ifu € Wol’p (£2). Consider first the case
i,

where uy € D (¢p) = Wol’p (£2). In this case, since / () € L, (0,1; L, (£2)),
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it is known (see [5, p.189]) that ¢ (u(¢)) is absolutely continuous in [0, 1] and

%(p (u(s)) = (8<p (u(s)), d;i”) a.e.on (0, 1). Further, multiplying (4.23) by s %= d””

we have

d
%Mg (S)

Lol +5Lowey st
sdtu,,st s 79 W) = s,

Ly

d 2
77l ()

Ly

1
< s IO, +

Integrating by parts over (0, 1), we get
!

| 5
0o 2

Using the fact that the norms ||« 1., and (Z

1 1
ds + ¢ (us (1)) < /0 o (u(s))ds + ZC'

d 2
Euo (s) .

1

d
E)V,

Poyr . .
H are equivalent in
LP

W,? (£2) and (4.24), we have

o ) = a (€4l ) + 4. @29

Let now consider the general case ug € L (§2). We take uy — uo with uj €
B (0, Ry). From [40, Theorem 3.1], we obtain the existence of a sequence u, (-) =
1 (u’(’)) Iy (), 1y (s) € Fyqs) (un (5)), such that u, — u, in C ([0, 1], L, (£2)). Hence,
by (4.25) and using the lower semicontinuity of ¢, we obtain

1 1
¢ (5 (1) < liminfg (u, (1)) < @ (Bc + ||uo||iz) +4C.

This implies that the set U, (1,0, B (0, Ry)) is bounded in the space W7 (£2).
Since the injection W7 (£2) C L, (§2) is compact, the set K is compact.

Further, let B € B (X) be arbitrary. Lemma 4.21 implies that for any 7 € Ry,
there exists some ¢ (z, B) for which U4 (¢, 7, B) C B (0, Ry), Vt > t;. Then Vo €
XY, Vt =5+ 1, wheres > ¢, (tr, B), we have by Proposition 4.6

U(T (ts T, B) = U(T (1 +S7S7UU (S, T, B))

= UT(s)a (1, 0,U, (S, T, B)) C UT(s)a (1, 0,B (0, Ro)) C K.

O

Corollary 4.4. The family of semiprocesses U, is uniformly asymptotically upper
semicompact.
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We have proved that the family of semiprocesses generated by (4.15) satisfies all
conditions of Theorem 4.7. We can then state the main result of this paper.

Theorem 4.8. If F1—F4 holdfor f : Ry xR—C, (R)and g € Lo, (R4, L, (£2)),
then the family of semiprocesses U, has the uniform global compact attractor @y .

Remark 4.8. If we consider the inclusion

n u P2 u
%_Zi=laim(aa_m %)Ef(fvu)—ﬁ(u)-i-g(l),OHQX(T,T),
ulpe=0,
“|t=r=“ta

where f; : R — 2R is a maximal monotone map and D (f;) = R, then the same
result can be proved. We have just to replace in F'4 the function f by f — f; and
define the operator —A in the following way:

P72 du

D (—A) = {u € WP (2): —Au) € Ly (2) .3 € Ly (2) -

ou

—Au) = o

i=1

S
yeumyywe—ig;(

+ f1 (u(x)),a.eon .Q} ,

X E() € fi () ae.

which is the subdifferential of the proper convex lower semicontinuous function

Bl gt [ Ji A () ds, ifu € Wy (2). i fi(s)ds € L1 (),

7 Xi=1 /o

w(u)=;

+00, otherwise.

The operator —d¢ generates also a compact semigroup (see [41] or [42]). Small
changes are needed in the proofs of Lemma 4.21 and Proposition 4.9 in order to
obtain (4.22) and (4.24), respectively. We have to use the existence of « € R, €
L, (2) suchthat Vu € D (—A),Vy € L, (£2),y (x) € f1 (u(x)) ae.,

yow) =y )=y (0) za+ (B.u),

where ¥ (u) = [, [y f1 (s)ds.if [, fi (s)ds € Ly (£2). and argue as before. The
last inequality follows from the fact that y € 9y (1) and v is bounded below by an
affine function (see [5]).

Remark 4.9. Let us consider the set ¥ = 7 (fo) x H#% (o), that is, the product
of the hulls of the functions fy and go. It is clear that ¥ C X. It is not difficult to
see that all the statements of this section remain valid if we change X' by Y.
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4.3 Applications for Chemical Kinetics Processes and Fields

We can apply this results for classes of diffusion processes from Introduction that
can be described by the first-order evolution inclusions (see Chap.2 and the next
chapter).

References

—

. Aubin JP, Cellina A (1984) Differential inclusions. Springer, Berlin

2. Aubin JP, Frankowska H (1990) Set-valued analysis. Birkhduser, Boston

10.

11

12.

13.

14.

15.

16.

17

18

19.

20.

21.

. Babin AV (1995) Attractor of the generalized semigroup generated by an elliptic equation in a

cylindrical domain. Russian Acad Sci Izv Math. doi:10.1070/IM1995v044n02ABEH001594

. Ball JM (1997) Continuity properties and global attractors of generalized semiflows and the

Navier—Stokes equations. J Nonlinear Sci. doi:10.1007/s003329900037

. Barbu V (1976) Nonlinear semigroups and differential equations in banach spaces. Editura

Academiei, Bucuresti

. Caraballo T, Langa JA, Melnik VS, Valero J (2003) Pullback attractors of nonautonomous and

stochastic multivalued dynamical systems. Set-Valued Anal 11:153-201

. Caraballo T, Langa JA, Valero J (2002) Global attractors for multivalued random dynamical

systems. Nonlinear Anal. doi:10.1016/S0362-546X(00)00216-9

. Caraballo T, Lukaszewicz G, Real J (2006) Pullback attractors for asymptotically compact

nonautonomous dynamical systems. Nonlinear Anal 64:484-498

. Chepyzhov VYV, Efendiev MA (2000) Hausdorff dimension estimation for attractors of

nonautonomous dynamical systems in unbounded domains: an example. Comm Pure Appl
Math 53:647-665

Chepyzhov VYV, Vishik MI (1994) Attractors of nonautonomous dynamical systems and their
dimension. J Math Pures Appl 73:279-333

. Chepyzhov VYV, Vishik MI (1997) Evolution equations and their trajectory attractors. J Math

Pures Appl. doi:10.1016/S0021-7824(97)89978-3

Chepyzhov VYV, Vishik MI (2002) Attractors for equations of mathematical physics. American
Mathematical Society, Providence, RI

Crauel H, Flandoli F (1994) Attractors for random dynamical systems. Probab Theor Relat
Field 100:365-393

Gutman S (1987) Existence theorems for nonlinear evolution equations. Nonlinear Anal.
doi:10.1016/0362-546X(87)90007-1

Hale JK (1988) Asymptotic behavior of dissipative systems. Mathematical Surveys and
Monographs 25, AMS, Providence RI

Hou Y, Li K (2004) The uniform attractor for the 2D non-autonomous Navier—Stokes flow in
some unbounded domain. Nonlinear Anal 58:609-630

. Kapustyan AV, Melnik VS (1998) Global attractors of multivalued semidynamical systems and

their approximations. Cybern Syst Anal. doi:10.1007/BF02667045

. Kapustian AV, Melnik VS (1998) Attractors of multivalued semidynamical systems and their

approximations. Dokl Akad Nauk Ukraini 10:21-25

Kapustyan AV, Melnik VS (1999) On approximations and dimension estimates of global
attractors of multivalued semiflows. Naukovy Visty KPI 2:126-131

Kapustyan OV, Melnik VS, Valero J (2003) Attractors of multivalued dynamical processes
generated by phase-field equations. Int J Bifur Chaos 13:1969-1983

Kapustyan AV, Valero J (2000) Attractors of multivalued semiflows generated by differential
inclusions and their approximations. Abstr Appl Anal 5:33-46



198 4 On Global Attractors of Multivalued Semiprocesses

22. Kapustyan OV, Valero J (2006) On the connectedness and asymptotic behavior of solutions of
reaction-diffusion systems. J Math Anal Appl. doi:10.1016/j.jmaa.2005.10.042

23. Kapustyan OV, Valero J (2007) Weak and strong attractors for 3D Navier—Stokes system.
J Differ Equat. doi:10.1016/j.jde.2007.06.008

24. Kapustyan OV, Valero J (2009) On the Kneser property for the Ginzburg-Landau equation and
the Lotka-Volterra system with diffusion. J Math Anal Appl 357:254-27

25. Kloeden PE (2003) Pullback attractors of nonautonomous semidynamical systems. Stoch Dyn
3:101-112

26. Ladyzhenskaya OA (1991) Attractors for semigroups and evolution equations. Cambridge
University Press, Cambridge

27. Melnik VS (1994) Multivalued dynamics of nonlinear infinite-dimensional systems. Prepint
No. 9417, Acad Sci Ukraine, Institute of Cybernetics

28. Melnik VS (1995) Multivalued semiflows and their attractors. Dokl Akad Nauk 343:302-305

29. Melnik VS (1997) Families of m-semiflows and their attractors. Dokl Akad Nauk 353:158-162

30. Melnik VS, Slastikov VV, Vasilkevich SI (1999) On global attractors of multivalued semi-
processes. Dokl Akad Nauk Ukraini 7:12-17

31. Melnik VS, Slastikov VV, Vasilkevich SI (1999) Multivalued semiprocesses in infinite-
dimensional spaces and their attractors, Reports NAS of Ukraine, no.7 pp 12-17

32. Melnik VS, Valero J (1997) On attractors of multivalued semidynamical systems in infinite-
dimensional spaces. Preprint No. 5, Departamento de Matematicas, Universidad de Murcia

33. Melnik VS, Valero J (1998) On attractors of multivalued semi-flows and differential inclusions.
Set-Valued Anal. doi:10.1023/A:1008608431399

34. Melnik VS, Valero J (2000) On global attractors of multivalued semiprocesses and nonau-
tonomous evolution inclusions. Set-Valued Anal 8:375-403

35. Moise I, Rosa R, Wang X (2004) Attractors for noncompact nonautonomous systems via
energy equations. Discrete Contin Dyn Syst 10:473-496

36. Papageorgiou NS (1997) Evolution inclusions involving a difference term of subdifferentials
and applications. Indian J Pure Appl Math 28:575-610

37. Schmalfuss B (2000) Attractors for the non-autonomous dynamical systems. In: Fiedler B,
Groger K, Sprekels J (ed) In Proceedings of Equadiff99, Berlin, World Scientific, Singapore,
pp 684-689

38. Sell GR (1967) Nonautonomous differential equations and topological dynamics. I. The basic
theory. Trans Amer Math Soc 127:241-262

39. Sell GR (1967) Nonautonomous differential equations and topological dynamics. II. The basic
theory. Trans Amer Math Soc 127:263-283

40. Tolstonogov AA (1992) On solutions of evolution inclusions.l. Siberian Math J.
doi: 10.1007/BF00970899

41. Valero J (1997) Existence and dimension of attractors in dynamical systems generated by
evolution inclusions. Ph D Thesis, Universidad de Murcia

42. Valero J (1999) Attractors of parabolic equations without uniqueness. Preprint No. 15,
Departamento de Matemiticas, Universidad de Murcia

43, Valero J (2000) Finite and infinite-dimensional attractors for multivalued reaction-diffusion
equations. Acta Math Hungar. doi:10.1023/A:1006769315268

44. Wang Y, Zhou Ah (2007) Kernel sections and uniform attractors of multi-valued semipro-
cesses. J Differ Equat 232:573-622

45. Yang L, Yang MH (2010) Attractors of the non-autonomous reaction-diffusion equation with
nonlinear boundary condition. Nonlinear Anal Real World Appl 11:3946-3954

46. Zhao C, Zhou Sh (2007) Compact kernel sections for nonautonomus Klein-Gordon-
Schrodinger equations on infinite lattices. ] Math Anal Appl 332:32-56



Chapter 5

On the Kneser’s Property for the Complex
Ginzburg-Landau Equation and the
Lotka—Volterra System with Diffusion

As we have seen in the previous chapters when we consider the Cauchy problem of
a differential equation and uniqueness fails to hold (or it is not known to hold), then
we have to consider a set of solutions corresponding to a given initial data. More
precisely, let us a consider, for example, an abstract parabolic differential equation

%:A(I,u(t)),rfth, (5.1)

with initial data
u(rt) =u, € X, (5.2)

where X is a suitable phase space. Assume that we have a theorem of existence
of solutions for every uy € X, but uniqueness fails, so that more than one solution
corresponding to this initial data can be. In such a case, we can consider the set of
solutions

D71 (u;) = {u(-) : uis asolution of (5.1) such that u () = u.}.

We can define then the set of values attained by the solutions at every moment of
time ¢ > 7, given by

Koy (u) ={u@):u(-)e Doy (ur)}.

This is the attainability set.

Has this set good topological properties? Is it closed? Is it compact? Is it
connected?

Let us consider a first-order ordinary differential equation

du
—_— = t,u),
= [ ()
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where f : R x R¥ — RY is continuous. Peano’s theorem guarantees the existence
of at least one local solution for every initial data u, € RY. However, there exist
well-known examples where uniqueness fails.

In 1923, Kneser proved the following result (see [8]):

Theorem 5.1. If all solutions for u(t) = u, exist at t, then the attainability set
K (ur) is closed and connected in RV.

In the modern literature, we say that the Kneser’s property holds if for every
moment of time # > t and every initial data, the attainability set K., () is compact
and connected.

This property has been studied in the last 30 years for several ordinary and partial
differential equations. We shall recall some results in this direction.

We shall start with some types of reaction-diffusion equation. In 1993, Kikuchi
[15] proved the Kneser’s property for the equation

9
M Au= |

ot

where x € £2 = R¥. Also, the case of £2 bounded and open with smooth boundary
and Neumann boundary conditions g—z = 0 on 02 was considered before (see the
references in [15]). This result was generalized in 2001 by Kaminogo [11] to general
continuous nonlinearities with sublinear growth. Namely, the authors considered the
problem
W —Au=f(u),
g—,’: = 0on 0S2,

where £2 C R" is open and bounded with smooth boundary and

f : R — Ris continuous,
I/ @] = Ci+ Colul.

In [1], it is considered the autonomous nonlinear wave equation

ZM u
%—Au+,3%+f(u)=0,
ulae=0,

u(x,0) zuo(x),%(x,O) =u (x), forx € £,

where 2 C R is a bounded open set with smooth boundary 952, 8 > 0 and
f : R — Ris continuous and satisfies the sign condition

lim inf 2%

lul>00 U

>—/\1,
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being A; > 0 the first eigenvalue of —A in H| (£2). When N > 3, it is assumed that

|/ @] = Co (1™ +1).

which guarantees the existence of at least one globally weak solution for every initial
datain H| ($2)x L, (£2) . Itis proved in [1] that the Kneser’s property holds. Weaker
conditions are used if N < 2.
Other important equation of the Mathematical Physics in which uniqueness is
not known to hold is the three-dimensional Navier-Stokes system.
Let £2 C R? be a bounded open subset with smooth boundary. For given v > 0,
we consider the autonomous Navier-Stokes system
& —vAu+ u-Vyu=-Vp+ f,
divu =0, (5.3)
ulsge =0, u(0,x) = up (x),

where u (¢, x) is the velocity of an incompressible fluid, p is the pressure, and f is
an external force.
If we consider the usual function spaces

¥ =t{ue (CO(R) : divu=0},
H = CI(Lz(.Q))37/7 V = Cl(Hl(_Q))Zv/V,

and assume that f € H, then the following results are well known (see, e.g.,
[3,18,29,30]):

1. For every uy € V, there exists a unique strong solution of problem (5.3) which
exists in some interval [z, T (||lu;||})).

2. For every uy € H, there exists at least one weak solution of (5.3) which exists in
the whole semiline [0, +00).

Therefore, strong solutions are unique but they can be not globally defined in
time. On the other hand, weak solutions exist globally in time, but it is not known
whether uniqueness holds or not. It is proved in [ 16,17] that the set of weak solutions
satisfies the Kneser’s property with respect to the weak topology of the space H.
If we consider the strong topology of H, then this problem remains open, and only
some conditional results are obtained.

Other equations for which Kneser’s property has been studied are, for example,
ordinary differential equations [27], delay differential equations [9-11], reaction-
diffusion systems [13, 14,22], phase-field equations [32], or differential inclusions
[25,31,32].

In this chapter, we study the Kneser’s property, and the asymptotic behavior
of solutions as well, for the complex Ginzburg—Landau equation and the Lotka—
Volterra system with diffusion. The complex Ginzburg-Landau equation is an
important model in many areas of Physics, which appears, for example, in the theory
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of superconductivity or in chemical turbulence. The Lotka—Volterra system is also
a well-known model describing the competition of several species in a common
region.

For these equations, it is an open problem so far whether the solution correspond-
ing to a given initial data is unique or not (this is only proved for some values of
the parameters). Therefore, if we assume the possibility that more than one solution
can exist, it appears the question about the topological properties of the set of values
attained by the solutions at a given moment of time. In particular, in this chapter, it
is proved that the Kneser’s property is true for these systems.

For this aim, we consider first a general reaction-diffusion system

W —(@Au); + fiul, .. out) =Rt x), i=1,....d, 5.4)

M|X€3.Q =0, M|t=r = ur(-x)v .
where £2 C R¥ is an open bounded set with smooth boundary and with f satisfying
suitable growth and dissipative conditions. We observe that we consider the case of
nonlinear functions f not having necessarily sublinear growth.

We study the asymptotic behavior of solutions of (5.4), proving the existence
of a global compact attractor in both the autonomous and nonautonomous cases.
Also, the Kneser’s property is proved, and using it, the connectedness of the global
attractor is established. As a consequence of these results, the Kneser’s property,
and the existence of a global compact connected attractor as well, is obtained for the
complex Ginzburg—Landau equation and the Lotka—Volterra system with diffusion.

The results of this chapter were proved at first in [13, 14]. The case of unbounded
domains was considered in [21,22]

5.1 Setting of the Problem

Let 2 C R” be an open bounded set with smooth boundary 952.
The nonautonomous complex Ginzburg-Landau equation is the following:

g—? = +n)Au+ RO u—1+ip @) |uu+gt x), (5.5)

ulae="0, u(x,7) = u, (x), '
where u = u(x,t) =u' (x,1) +iu®(x.1), (x,1) € 2 x[t,T], g(t) =g'(t) +
g>t)i € Ly(2,C), n,B(t) € R, R(t) >0. We assume that g' € Ly([r, T];
L>($2)) and also that the functions R (¢) and B (¢) are continuous.

If n > 3 and we do not assume the condition | ()| < +/3, then it is not known
whether this equation possesses the property of uniqueness of the Cauchy problem
or not. Therefore, we have to speak about a set of solutions for a given initial data
and, for a particular moment of time ¢ > 7, we can study the properties of the
attainability set. More precisely, our aim in this chapter is the following:
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1. To prove that the attainability set satisfies the Kneser’s property, that is, that it is
compact and connected.

2. To check that the global attractor of (5.5) is connected in both the autonomous
and nonautonomous cases.

We note that the existence of the global attractor for (5.5) in the phase space
(L, (.Q))2 was proved in [13] (see also [28]), but the question about the Kneser
property and the connectivity of the attractor was left as an open problem. If
n = 1,2, in the autonomous case, it is well known that the global attractor exists
and that it is connected [29, p.229]. Also, if n > 3 and |B (¢)| < /3, then we have
uniqueness of solutions and the existence of the global attractor was established
in [4, p.42 and 118] in both the autonomous and nonautonomous cases. Moreover,
from the general theory of attractors for semigroups (see, e.g., [29, p.23] or [7]), we
obtain that the attractor is connected. In the case n > 3, | 8| > /3, some results are
obtained in the phase space (Lp (!2))2 with p > N,if (n,B8) € P (N),and P (N)
is some subset of C (see [20]). Other existence and uniqueness results concerning
more general cases (including the p-Laplacian and larger classes of nonlinearities)
can be found in [23,24].

In this chapter, it is proved the Kneser’s property and the connectedness of the
attractor in the phase space (L, (£2))? for the case where n > 3 and the condition
\/E < 3 fails, that is, without any restrictions on the parameters.

We also study the Lotka—Volterra system with diffusion:

% = DiAu' +u' (ay (1) —u' —ap (1) — a3 (1) W),
33Lt = Dy Au* 4+ 1 (az (1) — u? — azy () u' — axs (1) u?) (5.6)
% = D3Aw® + 1 (a3 (1) —u® — a3 () u' —az (1) u?)

with Neumann boundary conditions % 0= 83‘—‘5 lo= % lao= 0, where ' =
u' (x,t) > 0 and the functions a; (t) , a;; (¢t) are positive and continuous. Also, D;
are positive constants and £2 C R.

Uniqueness of the Cauchy problem for this system has been proved only if
we consider solutions confined in an invariant region (e.g., in a parallelepiped
2 = {(u",u?,u*) : 0 < u' < k'} when the parameters do not depend on 7) (see
[19] and [26]). However, in the general case for initial data just in (L, ([2))3, it is
an open problem so far.

Hence, we can consider the same questions as before. Therefore, we prove also
for this system the Kneser’s property, the existence of a global compact attractor,
and its connectivity.
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5.2 The Kneser’s Property for Reaction-Diffusion Systems

Let d > 0 be an integer and 2 C R be a bounded open subset with smooth
boundary. We shall denote by |-| the norm in the space R”, where m > 1, and by
(-, -) the scalar product in R”. Consider the problem

W qAu+ f(tu) = h(t,x), (t.x) € (@, T)x 2,

5.7
“|x€3.{2 = 07 “|t=1: = M-L—(.X), ( )

wheret,T e R, T >1,x € 2,u= (ul (t,x),...,u? (t,x)),f = (fl,...,fd),
a is a real d x d matrix with a positive symmetric part ‘%“t > BIl, B > 0,
heLy(r,T: (L, (£2))%). Moreover, f = (fl(t, w),.... f, u)) is jointly contin-
uous on [z, T] x R? and satisfies the following conditions:

d ) d
Yol < i+ Y [l |, (5.8)

i=1 i=1

d
(ftw.u) = a Yy [ =G, (5.9)

i=1

where pi = 2,«, Ci,C, > 0.

We shall use the following standard notation: H = (L, (2))*,V = (H] (.Q))d,
V' is the dual space of V. By |||, ||I‘lly» we denote the norm in H and V,
respectively. For p = (py,.... pa), we define the spaces

L,(2) =1L, (£2)x---xL,, (£2),
L,y(t.T;Ly(2)) =Ly (v.T:Lp, (2)) x+--x Ly, (v, T: Ly, (2)).

We setq = (q1,...,q4), where % + qi =1
We say that the function u (-) is a weak solution of (5.7) if u € Wyr=1L,

(. T; L, (2)N Lo(zr, T; V)N C([r, T]: H). % € Ly(t.T;V') + Ly(x. T: L,
(£2)), u(r) = u,, and

/tr<%,§>dz+/tT/Q(V(au),V§)dxdz

+/tT/Q(f (x,t,u), &) dxdt =/TT/Q(h,§)dxdt, (5.10)

forall ¢ € L,(r,T;L,(82))N Lao(z, T; V), where (-,-) denotes pairing in the space
V! + L, (£2) and (Vu, Vv) = Y0_ | (Vid, V).
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Under conditions (5.8)—(5.9), it can be proved in a standard way that for any
u, € H, there exists at least one weak solution u = u(¢, x) of (5.7). This result is
obtained by using the Galerkin method with the special basis of the eigenvalues of
the operator —A in HOl (£2). For the details, see [4, p.284] (or [12, Theorem 3.9],
where the scalar case is considered).

It follows also that any weak solution satisfies d” € Ly (zr,T; H™ (£2)), where
r=(r.,....rq),r; = max{1; N (1/q; —1/2)}, and

Ly(O0.T: H7(2)) = Ly (0. T: H1(2)) % -+ x Ly, (0. T: H4(2)).

It is well known [4, p.285] that the function ¢ +> |u(t)||? is absolutely continuous

on[r,T]and < ||u(t)||2 = 2(‘31‘;, )for a.a.t € (t, T). Hence, it is standard to prove

using (5.8)— (5 9) and the properties of the matrix a that every weak solution u of
(5.7) from the class W; r satisfies forall # > s, ¢, s € [t, T], the following estimate:

@) + 28 [ @ de +a Y / W DI ydr < )P

i=1
t
+C /(||h(r)||2 + 1)dr. (5.11)

Indeed, multiplying the equation in (5.7) by u and using (5.9) and

t
@V, Vi) = (“ LA w) > Bl .

we obtain

LA +/3||u||v+a21||u O17, gy = 5 1O + 5l + €

1
=5 IhOPr +C3ZHM @+ €25 Do
i=1
o d . .
+5 2 1w]L, o)+ Co (5.12)

i=1

After integration, (5.11) follows.
We shall prove further a compactness property of solutions. For this aim, we will
need the following classical results [18].

Theorem 5.2. (Compactness Theorem) Let X C H C Y be Banach spaces, where
X,Y are reflexive and the embeddings are continuous. Moreover, the embedding
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X C H is compact. Let
. . d“ .
W={u:uelL, (T,T,X),E €L, (t.T;Y)},

where 1 < p; < oo, i = 0, 1. Then the Banach space W, endowed with the norm
d . . .
el 2, o) + || ¥n |L,,1 (e.1:yy IS compactly embedded in Ly, (v.T: H) .

Lemma 5.1. Let 2 C RY be a bounded subset and let g, (t) . g (t) be functions
Sfrom Ly (£2), 1 < q < oo, such that

lgnllz, 2 = C. Vn,
gn (x) = g (x) fora.a x € 2.

Then
gn — g weaklyin L, (£2).

Now, we are ready to prove our result.

Lemma 5.2. Let conditions (5.8)—(5.9) hold and let {u,} C W;r be an arbitrary
sequence of solutions of (5.7) with u,(t) — u,; weakly in H. Then there exists a
subsequence such that u,(t,) — u(ty) in H, for any t, — to, t,,ty € (t, T], where
u(-) € Wy.r is a weak solution of (5.7) and u(t) = u,.

Proof. In view of inequality (5.11), the sequence {u,(-)} is bounded in W, 7, and
Sf(t,u,) is bounded in L,(r, T; L,(£2)). It follows also that {aé‘t" ()} is bounded in
Ly(t, T; H7"(£2)). Hence, up to a subsequence, u, converges to a function u in the

following sense:

u, — uweakly star in Loo(7,T; H), (5.13)
u, — uweaklyin L,(z,T; L, (£2)), (5.14)
u, — uweakly in Lo(z,T; V), (5.15)
d d
% = d—i‘ weakly in L, (z. T H™ (2)). (5.16)

By the Compactness Theorem 5.2, we have that

u, > uin L, (t,T;H), (5.17)
u,(t) > u(t) in H fora.a.t € (r,7T), (5.18)
u,(t,x) — u(t,x) fora.a. (t,x) € (r,T) x £2. (5.19)

On the other hand, for any sequence t, — 1y, t,, ty € [z, T], it follows that

u, (ty) — u(ty) weakly in H. (5.20)
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Indeed, as 35;‘—[” is a bounded sequence of the space L,(0,7T; H™"(£2)), we have
that u,(¢) : [0,T] - H7"(£2) is an equicontinuous family of functions. By
(5.11) for each fixed ¢ € [0, T], the sequence u,(¢) is bounded in H, so that
the compact embedding L, (£2) C H™' (£2,), Vi, implies that it is precom-
pact in H™"(82). Applying the Ascoli-Arzela theorem, we deduce that u,(¢) is
a precompact sequence in C([t,T], H™"(£2)). Hence, since u, —u weakly in
L, (0, T; H"(82)), we have u, — uin C([tr,T], H™"(£2)). The boundedness of
u,(t,) in H implies then by a standard argument that u, (t,) — u(#y) weakly in H.

In particular, u, (t) — u (v) weakly in H, so that u (t) = u,.

Let us prove that u is a solution of (5.7). We note that (5.19) implies
St u,(t,x)) — f(t,u(t,x)) for aa. (¢,x) € (7,7) x £2, and then by the
boundedness of f(t,u,) in L,(t,T;L,($2)) and Lemma 5.1, we have that
S (. ua(-)) converges to f(-,u(-)) weakly in L,(z,T;L,($2)) , and then passing
to the limit in the inequality

/TT<ddb;",§>dt+/TT/Q(aVu,,,V§)dxdt+/TT/Q(f (t.un) . §) dxdt

:/f/g(h,é)dxdt,

forany § € Ly(v.T;V) N L, (t.T; L, (£2)), we obtain that u(-) € Wz is a
solution of (5.7) such that u(t) = u,.

Letnow t, — fo,1,,ty € (t, T]. We know by (5.20) that u,, (¢,) — u(ty) weakly in
H . Hence, liminf ||u, (¢,)| > ||u(t) |- If we prove that

lim sup [Ju, (22) || < [lu(0)].

then u, (t,) — u(ty) in H, as desired.
In a similar way as in the proof of inequality (5.11), one can see that u, and u
satisfy the following inequalities,

t

i ()]* < Nlutn (I + K (2 —5) + 2/(h(V),un ()dv,

s

t (5.21)
I < ()P + K (¢ —s) +2 [ (), u () dv,

for all + > s, t,s € [r,T], where the constant K > 0 does not depend on n.

t
Therefore, the functions J, (1) = |u,()||> — Kt — 2 [(h(v),u, W)dv, J() =

t
lu@®)|?> — Kt — 2 [(h(v),u, (v))dv are continuous and nonincreasing on [z, T].
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Moreover, since u,(t) — u(t) in H fora.a.t € (tr,T),u, — uin L, (z,T; H), we
have J,(t) — J(¢) fora.a.t € (7, T).

We state that limsup J,,(z,) < J(t). Indeed, let t < 1, < fo be such that
Jn (tw) — J (tn). We can assume that ¢, < ¢,. Since J,, are nonincreasing, we
obtain

Jn (tn) = J (10) = | (tw) = T (ta)) | + |J () = J (10)].-

For any ¢ > 0, there exist t,, (¢) and ng (t,,) such that J, (t,) — J (ty) < e, for all
n > ng, and the result follows.

Hence, since }(h(v), u, (v))dv — ft(h (v),u (v))dv, we have
limsup J,,(t,) = limsup ||u, (t,)||> — Kot — /(h(v), u()dv

< lu(to) |2 — Kot — / (h(v). u (9)dv.

Therefore, lim sup ||u, (£,)] < ||u(to)]- O

Itis important to point out here that under conditions (5.8)—(5.9), in general, more
than one solution can exist (at the end of this section an example is given in the case
where the function f can depend on x € §2). Therefore, the following question
appears naturally: is the set of values attained by the solution at any moment of time
t connected? We shall give a positive answer to this question.

We define a sequence of smooth functions ¥ : R4 — [0, 1] satisfying

1,if 0 <s <k,
Y () =90=<yr(s) <1,ifk <s <k+1, (5.22)
0,ifs >k + 1.

For every k > 1, we put fi(t,u) = Y (|ul) f7 (t,u) + (1 — ¥ (Ju)) &' (),

where g’ (1) = |14"|‘D"_2 u'. Then f; € C([r, T]xR?;RY) and sup sup | fi (¢, u)—
te[r,T] lul<A

f(t,u)] — 0, as k — oo, forany A > 0. Let p, : R — Ry be a mollifier,
that is, p. € C° (R%;R), supp pe C Be, [ga pe (s)ds = 1 and p. (s) = 0 for
all s € R?, where B, = {u eR? :|ul < 6}. We define the functions f(¢,u) =
Jwa Pe(s) fi(t,u—s)ds. Since for any k > 1 fj is uniformly continuous on [z, 7] x
Bj 41, there exist €, € (0, 1) such that for all u satisfying |u| < k, and for all s for
which |u — s| < €, we have

1
sup | fi(t,u) — fi(t,5)] < s (5.23)
te[r,T]
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We put f*(t,u) = f*(t,u). Then f*(r,-) € C®R?;RY), forall 1 € [r,T],
k> 1.
For further arguments, we need the following technical result:

Lemma 5.3. Forall k > 1, the following statements hold:

sup sup | fX(t,u) — f(t,u)) = 0, ask — oo, V A > 0, (5.24)
1€[r.T] |ul<A

d d d
DI w T < D+ Y|P, (fF @ w),u) =0 )] Wl |7 = D,

(5.25)
(fE@ ww,w) = —=Ds(k) |w|*, Yu,w, (5.26)

where D3(k) is a nonnegative number, and the positive constants Dy, Dy > Cy, 1)
do not depend on k. Here, f* denotes the jacobian matrix of f* with respect to u.

Proof. Since in view of (5.23) forany ¢ € [z, T'] and any u such that |u| < k we have

PR ) — filtu)] < /R P = )| filt.5) — fi(t.w)lds < .

we obtain that for any A > 0 and any u such that |u| < A, we get

IR w) — ftw] < 5w — filt,w) + 1 filtou) — ftw)] < % Vk=>A.

Hence, (5.24) holds. Let us verify estimates (5.8)—(5.9) for the function f;. It is
clear that

(e u),u) = Y (Jul) (f (1.0) ,u) + (1= (Ju])) (& @) )

d d d
= Y (Jul) (“ Dl — Cz) + =y (D) Y WP =@ P = G
i=1

i=1 i=1

where @ = min{1, «}. Also,

d
IR @ w

i=1

d d d
<D (clu + Y P + Z|uf|ﬂf) <D(Ci+1) (Z ' |7 + 1) :

i=1 i=1 i=1

7T <D (Z Y g (u)\m”l)

i=1 i=1
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for some constant D > 0. Thus, for 6’1 =D(Ci+1), 52 = G, @ = min{l, o},
we have (5.8)—(5.9) for the function f;.
Now, let us consider f*. Using (5.8) for f;, we have

d b d ﬁ pi
ki s TLI E (7% d I (7% i s — Fd
> 4wl §:((/de ©ds) " [ 7= s)

i=1 i=1

< CZ/ P (5) (1 + lud — 5117 )ds <

i=1

<C Z/ 61+ P+ elds = DuC1 4 3 .
i=1 i=1
Further, by using the Young’s inequality and, again, estimates (5.8)—(5.9) for the
function f;, we obtain

(). u) = / P () filt.u— ). — 5)ds + / Pec(5) (it u—5).5) ds
d Rd

= [ P @Y it — " — Coyds

i=1

_/ pﬂ(()Z( |fk(zu—s)|pl 1+K0|s |p,)

i=l1

2/ pek(s)(‘zw -

i=1

h_ Cz)ds

d

~ d ~
o i i1 i (07
—/desk(s) (EE ul —5"17 + Ko > (er)” +5)ds

i=1 i=1

d
Z / ng(S)( Z|u Si|Pi _CZ)dS—Kl 2 nZ|ui|Pi _Dz,

l—l i=1

for some constant K > 0, where in the last inequality, we have used that for some

D > 0,
i) ED(‘ui—s' pi +e,fi).

Let us show that for |u| > k + 2, we have (fuk(t, uw, w) > 0, forall w € RY.
Indeed, if |u| > k + 1, we have

‘Mi‘Pi_‘ _ +S‘P1<D(‘ s‘p’+|s
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Bf]f(t,u) _ 0g’ (t,u) _

fy (1. u)
ou; duy; u;

P20, e 0 if £,

(pi—1)|u ou,

so the matrix f, (¢, u) satisfies ( fx, (¢,u) w,w) > 0. Then for |u| > k + 2, we get

(fF(twyw,w) = / Pe (8) (fkw (t,u—s)w,w)ds > 0.
Rd
Finally, if |u| < k 4+ 2, we have

(£ wyw,w)| < 'W'Z/Rd Ve, (= )1 fiet, )l ds < D3(k) |wl*

For arbitrary u, € H and T > 7, we define the following set:
D:r(u;) = {u(-) : u(-) € Wy ris a weak solution of (5.7), u(r) = u.},

and for any ¢ € [z, T'] its corresponding attainability set

Ki(ur) = {u(t) @ u() € Der(ur)}.

Our aim is to prove the connectedness of the set K,(u,) C H for any ¢ €
[z, T]. We note that from Lemma 5.2, we immediately obtain the compactness of
K:(u;)in H.

Theorem 5.3. The set K, (u.) is connected in H for anyt € [t, T].

Proof. The case t = t is obvious. Suppose then that for some t* € (z, T'] the set
K+ (u;) is not connected. Then there exist two compact sets A, Ay C H such
that A; U Ay = K= (u;), A1 N Ay = 0. Let u;(+), uz(:) € D, 7 (u;) be such that
uy(t*) € Uy, up(t*) € U, where Uy, U, are disjoint open neighborhoods of A;, A,
respectively.

Letuf(t,y),i = 1,2, beequal to u; (¢),if t € [z, y], and let u¥ (¢, y) be a solution
of the problem

Y —adu+ fEtu)y=h(t.x), (1.x) € (nT)x R, (527)

ulvese =0, uli=, = u; (y, x),
if £ € [y, T]. In view of Lemma 5.3 for all k > 1, the function f* satisfies the same
type of conditions as f, so that problem (5.27) has at least one weak solution from
W, r. It follows from (5.26) that this solution is unique. Indeed, let w = v—u, where
v,u € W, r are solutions of (5.27). Then (5.26) and the properties of the matrix a

imply

1d
EEIIWII2 + BIVWI® < D3 (k)|lw|?, foraa.t € (. T).
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Hence, from the Gronwall’s lemma, we obtain

WO =< [lwy)llexp 2D3(k) (1 = y)) . (5.28)

and then we have w(z) = 0 on [y, T']. Arguing as in the proof of (5.11) and using
(5.25), one can easily obtain

IIM"(Z)||2+2/3/||uk(f)llvdf+UZ/IIM O @d

< llui (N)I* + K, /(IIh(V)II2 + Ddv. (529

Lemma 5.4. The maps y +— uf-‘ (t,y) are continuous for each fixed k > 1 and
telt, T
Proof. We shall omit the index i for simplicity of notation.

Let y — yp. Consider first the case where y > yy, thatis, y \( yo. Ift < yo < y,
then u*(t,y) = u(t) = u(t,y0). We note also that u* (¢,y) = u(t), forall t €
[z, ¥]. Now, if > o, then we can assume that ¢ > y, so that u* (¢, y) is the solution
of (5.27) on [y, T] such that u*(y, y) = u(y) and u*(¢, o) is the solution of (5.27)
on [y, T] such that u* (yo, o) = u(yo). Further, u(y) — u(yo), u* (v, y0) — u(yo),

as y — o, by continuity. Using (5.28) for w (t) = u* (¢, y) — u*(t, y), we have
(2, y) = u* (€, vl < 1 (v, ¥) — u* (v, o) | exp 2D (k) (1 — y))
= [lu(y) — (v, o)l exp (2D3(k) (¢ — ¥))
< (Juy) — u(yo) | + lluyo) — u* (v, yo) ) exp 2D3(k) (t —y)) = 0, as y = .
Letnow y < yo,thatis,y / yo.Ift < yo, then we can assume that¢# < y, so that
uk(t,y) = u(t) = u*(t, yo). We note also that u* (¢, yo) = u (¢), for all ¢ € [z, yo).

Ift > yo > y, then u (¢, y) is the solution of (6.13) on [y, T], u*(y,y) = u(y) and
uk(t, yo) is the solution of (5.27) on [yo, T] such that u* (yy, yo) = u(yo). Hence,

Ik (&, y) — u* (@t yo)l < 1uF(yo. ¥) — uF (yo. yo) |l exp (2Ds(k) (t — yo))
= [lu* (yo. y) — u(yo) | exp 2D3(k) (1 — yo)) -

To finish the proof of the continuity, we have to check that ||u* (yo, y) —u(yo)|| — 0,
asy / 7.

Since u(-) € C([0, T]; H) from (5.29), we can find a constant R > 0, which does
not depend neither on y nor k, such that
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lu* (2, 9)| < R,V € [y, T,

(5.30)
||uk .v) ”Lp()/.,T;Lp(.Q)) <R.

For the difference v¥ (¢, y) = u¥ (¢, y) — u(t), we have

1d
Eallvk(lw)llz+ﬁ||Vvk(l,V)||2+/ ((f5 @) uby + (f(tu), w) dx
2
(5.31)

szjumth+wﬁmhm»w,

fora.a.t € (y, T). Using conditions (5.9), (5.25) and integrating (5.31) over (¥, yo),
we obtain

i (vo. y) — u(o)I” < llu(y) —uI* + K[(vo — v)
+LFE Wy oz @ 1 L, Gost @)

k k
+ 175w Ly iz g@n 1l Ly oiz 20 ]

It follows from (5.30) and (5.25) that [|u* ||, (yy0:2.,(2)) and || f5 (2. ") |2, y0:L,2))
are bounded by a constant that does not depend on y. On the other hand, u €
Lp(y.v0: Lp (£2)) and f(t.u) € Ly(y. yo: Lq (£2)) (by (5.8)), so that

I/, gy @y =& Nulle,guse,@) = &

as soon as |y — yo| < 8 (g). Therefore, ||u* (yo,y) — u(yo)| — 0,asy / yo. O

Now, we put

()_{z—(r—z)x, if Ael=1,0],
VW=V ex =0, ifreol),

and define the function

k _ Juje,yQ), if Ae[-1,0],

o0 =) o
We have ¢ (—1)(t) = u’l‘(t, T) = ui(t), () (1) = u’{(l, T) = uy(t). The map
A — ¢X(A)(¢t) € H is continuous for any fixed k > 1, ¢ € [r,T] (note that
uk (t,7) = ub (1,7)) and ¢* (=1) (t*) € Uy, ¥ (1) (t*) € Uy, so that there exists
Ak € [—1, 1] such that o (X)) (t*) ¢ Uy U Us.

Denote u* (1) = ¢*(A)(t). Note that for each k > 1, either u* (1) = uk (¢, y(Ar))
or uk(t) = u§ (t, y(Ar)). For some subsequence, it is equal to one of them, say
uk(t,7(Ak)). Now, we shall consider the function v (z, y(A¢)), t € [z, T]. We have
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uqﬂz{uwxiftEKV@HL
Wkt y (M), if t €y, T,

where y(Ax) = yo € [, T]. We define the function

7k(l V) — { f(t,V), lft € [Tv V(Ak)]v

' fk(l,V), lft S (V(Ak)v T]s
By continuity, u;(y(Ax)) — wui(yo), & — oo. Moreover, from (5.29) and
(5.25), the sequence {u*(-)} is bounded in W, 7, and { f¥(¢,u*)} is bounded in

Ly(t,T;Ly(£2)). It follows also that {dd—“tk(-)} is bounded in L,(z,T; H™"(£2)),

where r; = max{l; (% - %)N }. Arguing as in the proof of Lemma 5.2, we have

that for some function u = u(z, x):

Uk = win Ly(t, T H), u*(t) — u(t) in H foraa.t € (r,T), (5.32)

uk (1, x) = u(t,x) fora.a. (t1,x) € (r.T) x £2, (5.33)
uk (1) — u(t) weakly in H, (5.34)
dit d
d_”t = d—i‘ weakly in L, (. T: H™ (2)). (5.35)

Moreover, ?k(t,ﬂk(t, x)) = f(t,u(t,x)) fora.a. (¢, x) € (z,T) x §2, and then the
boundedness of f*(z,u") in Ly(z,T; L,(£2)) implies that F¥(t, uk(t)) converges
to f(¢,u(t)) weakly in L, (7, T; L,(£2)) (see Lemma 5.1). It follows as in the proof
of Lemma 5.2 that u(-) is a weak solution of (5.7) and u(t) = u,.

Lemma 5.5. We have
uF(t*) — u(t*)in H.

Proof. From (5.11) and (5.29), we have

@I < Nl () 11* + D/(Ilh(V)IIZ + Ddv,

. (5.36)
1 < @I + D [P + 1
s
forallt > s,t,s € [t, T], where the constant D > 0 does not depend on k.
From (5.36), the functions Jy(t) = [uf(@)|> — th(llh(s)ll2 + 1)ds,

t
J(@) = |lu@)|> =D f(||h(s)||2 + 1)ds are continuous and nonincreasing on [z, T].

T
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Moreover, since uX(t) — u(t) in H fora.a. t € (r,T), we have Ji(t) — J(¢) for
a.a.t € (t,T). We state that limsup J(¢*) < J(¢t*). Indeed, let T < t,, < t* be
such that Jy (t,,) — J (t,,). Since Ji are nonincreasing, we obtain

T (%) = T (t%) < |k (tw) = T )| + [T () — T (£¥)].

For any ¢ > 0, there exist #,, (¢) and ko (#,,) such that J; (t*) — J (t*) < ¢, for all
k > ko, and the result follows. Hence,

t*
limsup Ji (t*) = limsup ||luf (t%)||> — D /(||h(s)||2 + ds <

< u@)|* - D /(IIh(S)II2 + Dds.

Therefore, lim sup ||u* (¢*)|| < |lu(t*)||. Since u*(t) — u(t) weakly in H, we have
liminf [[u* (¢*)| > |Ju(t*)|. Thus, u*(t*) — u(t*) in H. O

From this, we immediately obtain that u(¢*) ¢ U; U U,, which is a contradiction.
O

In applications, it is often necessary to consider the case of nonnegative vari-
ables u'. Denote RY = {u € R? : &’ > 0} and define the space
Ht = {ue H : u' (x) >0, Vi, forae. x € 2}
and the sets

DYp(u) ={u():u() € Der(u)andu(t) € H*, forallt},
K (ug) = {u(t) = u() € DF(ur)}.

We shall prove that under additional conditions for any u, € H™, there exists at
least one weak solution u (-) € D, 7 (u,) such that u (t) € H™T, for all . Hence, the
sets D:’:T (u;) and K, (u;) are nonempty, and we know by Lemma 5.2 that they are

compact. Moreover, we prove that K, (u,) is connected in H.

Theorem 5.4. Let (5.8)—(5.9) hold for u e R‘j_. Assume also the following condi-
tions:

The matrix a is diagonal; (5.37)

hi(t,x)— f! (t,ul,...,ui_l,O,ui+1,...,ud) >0,

: 5.38
foralli, ae xe 2,te(t,T), andw’ > 0if j #1i. (5.38)

Thenforallt € [t,T]andu, € H™, the set K;" (u.) is nonempty and connected.



216 5 On the Kneser’s Property for the Complex Ginzburg—Landau Equation

Proof. We shall prove first that the set K, (u;) is nonempty.

For every n > 1, we put f,/ (t,u) = ¥, (|ul) £ (t,u) + (1 = ¥, (lu) &' (1, u),
where g' (1, u) = |u’ |p"_2 u' + fi(t,0,...,0),and ¥, was defined in (5.22). Then,
fn € C([r.T] x R?;RY) and for any A > 0,

sup sup |f,(t,u) — f(t,u)| - 0, as n — oo.
tet,T] lul<A

We can easily check as in Lemma 5.3 that f,, satisfy conditions (5.8)—(5.9) for u €
Rf{_, where the constants do not depend on 7. Also, it follows from the conditions of
the theorem that

R(tx) = £, (tou) = Y (Jul) (B (%) = f7 (. w) + (1= W (Ju)) (B (2, %)
—f"(t,0,...,0)) >0,

forall ¢,i, a.e. x € £2 and u such that ' = 0 and u/ > 0 if j # i. Moreover, if
|u| > n + 1, then for any w € R?,

d
ot pwow) = (gu@pwow) = > (pi = D |ul [" w2z 0. (539)

i=1

For every n > 1, consider the sequence f,’ (¢, u) defined by

S (o) = /Rd Pe(s) fu(t,u—s)ds.

Since any f, are uniformly continuous on 7, T] x [k — 1,k + 1], forany k > 1,
there exist €, , € (0, 1) such that for all u satisfying |u| < k, and for all s for which
|u—s| < €k.n, we have

sup |y (1) — folt.5)] <~

t€lr,T]

We put £ (¢, u) = k1 (t, u). Then fk(t,) e C®RY;RY), forallt €[z, T], k,n >
1. Since for any compact subset A C R? and any n we have fnk — f, uniformly
on [t, T] x A, we obtain the existence of a sequence 8, € (0, 1) such that §,; — 0,
ask — oo, and | /¥ (t,u) — f! (1,u)| < 8y, for any i, n and any u satisfying
|u| < n + 2. Then the function Ff = (FM, ..., FF) given by

FY(tou) = fF(t,u) = Sue

satisfies /' (t,x) — FX' (¢t,u) > 0, for u such that u; = 0, u; > 0, j # i, and
lu| <n+4 2.
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Define a smooth function ¢, : Ry — [0, 1] satisfying

Lif0<s<n+1+y,
() =90<¢,(s)<l,ifn+14+y<s<n+2,
0,ifs >n+2,

where 0 < y < 1is fixed. Let ¥ (¢, u) be given by

Ly (6u) = o () F (60) + (1= by (Ju]) S (.10

Then if u is such that u; = 0, u; > 0, j # i, then we have

b (lul) (1 (2,) = F7 (t,0) = 0, (1= ([ul)) (A (2,) = f; (2.u)) = 0,

as ¢, (Ju]) = 0, for |u| > n + 2. Hence, h' (t,x) — ¥ (t,u) > 0.

On the other hand, arguing as in the proof of Lemma 5.3, we can prove the
existence of Cj, C,, and « (not depending neither on n or k) such that Fnk satisfy
(5.8)—(5.9) foru € R‘i, and then it follows easily that l,’f (¢, u) also satisfies (5.8)—
(5.9). It is also clear that Z,]f (t, u) is continuously differentiable with respect to u for
any ¢ and u. We obtain the existence of D4 (k,n) such that

(1% (t, uyw, w) = —Dy(k,n) |w|*, forallw e R?.
Indeed, if [u| <n + 1 + y, then [X(t,u) = F¥ (t,u), so that
(£, wyw, w) = (FE (. wyw,w) = (fE (¢ wyw, w) = =D (k,n) |w|”.
The last inequality can be proved in the same way as in the proof of Lemma 5.3.
If lu| > n+2, then l,]f(t, u) = f, (t,u),so (lfu(t, ww,w) = (fruu(t, u)w,w) > 0.
Finally,ifn + 1+ y < |u| <n + 2, we have

Ut w)w, w) = ¢ ([ua]) (Ff (2, w)w, w) + (1= by (1u])) (S, u)w, w)

d d
d . d )
+ D0 o (D) B G wwiwy = D7 o (Jul) (1 wpwiw;
ij=1 %% =1 0

> Dy (k,n) w]?,

where we have used similar arguments as in the proof of Lemma 5.3, (5.39) and also
that

0 4 .
‘W(pn (uh| < R (n), | £} (t,w)] < Ry (n), | Fy (1, u)| < Ry (k,m),
J
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for any u satisfyingn + 1+ y < |u| <n+2,¢t € [tr,T] and any i, j.
Let us consider the approximate problem

B qAu+ Ik =h(t.x). (t.x)€e(r.T)x£2, (5.40)

MIXEE)Q = 07 u|l=‘L’ = Uz. '
System (5.40) has a unique solution that will be denoted by u* (7). It is well known
(see Lemma 5.6 below) that u’,j (t) e HT, forallt > 0.

Repeating the same arguments of the proof of Theorem 5.3, we obtain that
(up to a subsequence) u,’j converges to a weak solution u,, of (5.7) (where we replace
f by f,) in the sense of (5.32)~(5.35) and also that u* (1) — u, (¢) in H for any .
Therefore, u, (t) € H™, forall ¢t > 0.

After that, repeating the same procedure as n — 00, we obtain that u,, converges
to a weak solution u of (5.7) and u (t) € H ™, for all ¢ > 0. Then we have that the
limit function u belongs to 9;} (ur). Hence, K, (u,) is nonempty.

The connectedness of the set K, (u;) is proved in a similar way as in the proof
of Theorem 5.3. O

Lemma 5.6. Let (5.8)—(5.9) hold for u € R’j_. Assume also that (5.37)—(5.38) hold
and that f (t,u) is continuously differentiable with respect to u for any t € [t,T],
ueRY, and

(fu(t,w)w,w) > —C3(t) |w|2,f0r allw,u e RY, (5.41)

where C3(-) € Li(t,T), C3(t) > 0. Then for any u, € H™T, there exists a unique
weak solution u (+) of (5.7), which satisfies u (t) > 0 forall t € [z, T].

Proof. Condition (5.41) implies in a standard way that at most one solution can
exist (see the proof of Theorem 5.3). Let us prove that this solution should be non-
negative.

Let u™ = max {u, 0}. Define the functions g’ (t,x,u) = h' (t,x) — f' (t.u) —
Cs (t) u'. Tt follows from the condition of the theorem that g’ (¢, x,u) > 0if ' =0
and u/ > 0 for j # i. Let us consider the scalar product

d
(g (t,x,u), (—u)+) = Zgi (t,x,u) (—ui)+ .
i=1

LetJ C I ={1,....d}besuchthatu’ <O0,fori € J,andu' >0, fori € I\J.
We denote the number of elements of J by d < d.Letg : [r,T] x 2 x RY — R?
be defined by g = (g"), - Itis clear that

(gt.x.w), () =>"g (t.x.w) (—u')" = (. x.u).(-w)").

ieJ
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Also, as g' (t,x,u™) > 0ifi € J,and u —u™ = —(—u)™, the Mean Value
Theorem and (5.41) imply
Zgi (t,x,u) (—ui)+ > Z (gi (t,x,u)—g' (t,x, u+)) (—ui)+
el iel
==Y (gl c.xvt.xw) . (—ub) (—u) "
el
d

==Y (gl c.xvt.xw) . (—ub) (—u) "

i=1

= — (g tx, vt xw) (—0)F (=) F) = 0.

We multiply the equation by (—u) ™. As (—u)™ € L, (v, T; V) and 54 || (=)™ | ’
= —(%, (—’4)+) [5, p-203], we have

1d

—EEH(—NIIZ—/? [0, E/Q(g (t.x,u) ., (—u) ") dx+Cs () (. (—u)T).

o) % || (—u)+||2 < C5(t) H (—u)+H2. By Gronwall’s lemma, we get H (=)t (1) ||
= 0, which means that u (x,¢) > 0, fora.a. x € 2 and all ¢ € [z, T].

Finally, we prove the existence of such solution. For every n > 1, we
put f,(t.u) = Y (lul) f*(t.u) + (1=, (lu))g" (t,u), where g’ (t.u) =
|u! ’p,-—z u' + £ (¢,0,...,0),as in the proof of Theorem 5.4. We have seen there that
£, satisfies conditions (5.8)—(5.9) for u € R<, where the constants do not depend
on n, and also that i’ (t,x) — f! (t,u) > 0, forall 7,i, a.e. x € £ and u such that
W =0and u/ > 0if Jj # i.Moreover, arguing as in the proof of Theorem 5.4,
one can check that for any w € RY, (f,, (¢, u)w,w) > —D (n) |w|2. It is easy to
see that (5.8)—(5.9) are also satisfied for any u € RY\RZ, although in this case the
constants can depend on n. Hence, the existence and uniqueness of weak solutions
in this case is a well-known result in the literature (see, e.g., [4]). As we have seen
before, this solution satisfies u, (t) € H +, forall ¢t > 0. By this property, we can
obtain estimates of the solution which are independent of n (as (5.8)—(5.9) hold for
u e R‘i with constant independent of n), and then repeating the same arguments
of the proof of Theorem 5.3, we obtain that (up to a subsequence) u, converges
to the unique weak solution u of (5.7) in the sense of (5.32)—(5.35) and also that

u, (t) — u(t) in H forany . Hence, u (t) € H™ forall t > 0. O
Remark 5.1. The results of this section remain valid if we change the Dirichlet
boundary conditions by Neumann ones (%heag = 0). In this case, V =
(H' (2))".

We could consider also the case where the nonlinear function f can depend
explicitly on x € £2. In order to obtain the Kneser’s property, we need to assume



220 5 On the Kneser’s Property for the Complex Ginzburg—Landau Equation

additionally that /' = (f'(x,z,u),..., f¢ (x,t,u)) is jointly continuous on [z, T']x
R¢ uniformly with respect to x € £2 and also that it is measurable on x for all (¢, u).
Moreover, the constants in conditions (5.8)—(5.9) do not depend on x € 2.

Then arguing in a similar way, we can prove that the statement of Theorems 5.3
and 5.4 remain valid in this more general case.

We can give an example for which we know that at least two solutions
corresponding to a given initial data exist. Let A; > 0 be the first eigenvalue of —A
in HOl (£2) and ¥ be the corresponding eigenfunction. Without loss of generality,
we can assume that /; (x) > 0, for any x € 2. It is known that ¥, € C(£2), so that
max [ (x)] < K. We put
XEN

B =M — Y1 (x)Ju, ifu € [0, 1],
TOW=0 e w1, itug o, O

and i = 0. It is easy to check that f(x,u) satisfies conditions (5.8)—(5.9) with
p = 4. Suppose thata = 1, © = 0, up = 0. Then u(z, x) = 0 s a trivial solution of
the Cauchy problem (5.7). For fixed r > 0, we define

0,0=<r=m
u(t,x) = 3 3t =), r <<+ 2
v (t,x),ift, <t <T,

where 1, = r + «/LE and v, (7, x) is a solution on [t,, T] with v, (t,,x) = &)

It is easy to see that till %(t —r)*Y(x) < 1, the function u, (¢, x) is a solution of
(5.7), and it is clear that |u,(z, x)| < 1, forall ¢ € [r,,]. Hence, u, (¢, x) is another
solution of problem (5.7), as the concatenation of solutions is again a solution (see
Lemma 5.8 below).

5.2.1 Application to the Complex Ginzburg—Landau Equation

Let us consider (5.5).

Forv = (u',u?), u = u' + iu? (5.5) can be written as the system

(1) Rt = (o' + ) (¢ = @) H(50)

a \n R@yw— (' +12]) (B @ +u) |\ €0

and conditions (5.8)—(5.9) hold with p = (4, 4).
Indeed, as

few) = (RO u' + PP (' =B ) w) ~ROw+ W (B O u' +1)).
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we have by using the Young’s inequality that
. 4 5 4 s g4 54
el <12 el = & (1RO () + e
4 4
w1418 01%) (W + w)) < o (ju'f* + ') + K.
where we have used that R (¢), 8 (¢) are uniformly bounded in [z, T']. Also,

vl ! |+ |t

(f @) ==ROPP+ "> Z- =Kz K.

Hence, from Lemma 5.2 and Theorem 5.3, it follows the following:

Theorem 5.5. For (5.5), the attainability set K, (1) is compact and connected for
anyt € [t, T].

5.2.2 Application to the Lotka—Volterra System with Diffusion

Let us consider now system (5.6). In this case, the function f is given by

—u' (a1 (t) —u' —ap () > — a3 (1) u?)
ftu = —u? (az(t)—uz—azl (t)ul—a23 (t)u3)
—u3 (a3 (t) - = asy (t) u — aszn (t) M2)

Then conditions (5.8)—(5.9) hold for u € R with p = (3,3,3). Indeed, as u’ > 0,
using the Young’s inequality, we have

(ul)3 + (uz)3 + (ug) —a (1) (ul)2 —ay (1) (u2)2 —as (1) (u3)2

(f (t.u) . u) ’
L) + (@) + (0)) - Ku,

IV v

and

= K (@) + (@) + ()) + Ke.

It is clear that (5.37)—(5.38) are satisfied. Hence, from Lemma 5.2, Theorem 5.4,
and Remark 5.1, it follows the following:
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Theorem 5.6. For equation (5.6), the attainability set K;© (u;) is compact and
connected for any t € [t,T].

5.3 Connectedness of Attractors for Reaction-Diffusion
Systems

Let us consider again the system of reaction-diffusion (5.7).

We have proved in Theorems 5.3, 5.4 that the solutions of this system satisfies the
Kneser’s property. Now, we shall use this property in order to check that its global
attractor is connected.

We shall define a multivalued process (MP) as given in Chap. 4. For this aim, we
need some additional conditions. As before, we assume that (5.8)—(5.9) hold with
constants not depending on ¢ € R. Suppose now that 4 € L’Z”" (R; H) and

t+1
1A ]2 = sup / I (5)]12 ds < oo. (5.43)
teER Jt

We define the hull JZ (h) =Cly {h(-+s):s € R}, where Cly denotes the
closure in the space Y and Y = LY (R; H), that is, Y is the space L5 (R; H)
endowed with the weak topology. Condition (5.43) implies that 57 (h) is compact
inY [4, p.105].

We shall assume also that the function f : R x R?— R satisfies

|f @t u)—f(v)]<o(t—s|+lu—v|,K), forallt,s eR,|ul,|v| <K, K>0,

(5.44)
where (I, K) — 0,as [ — 0T. We put

U =

d . d
Ve CRIR): Y|y @] < C (”ZW)} |

i=1 i=1

d oo i
Wl =Y S sup el
SRy )

where K, o are positive sequences such that K; — +oo0 and Zj’;l a; <oo.Uis
a Banach space. By an abuse of notation from any fixed s, we denote by f (s) the
element & of U given by & (1) = f (s,u). Since f (¢, u) is jointly continuous on
R x R?, (5.8) gives f (-) € C (R, U). It follows from (5.44) that the hull 27 () =
Clz{f (-+s):s € R}iscompact, where Z = C (R, U) [4, p.101].

Let W=Y x Z. We put ¥ =Cly {0 (- +5) : s € R}, where oy (s) = (h(s),
f(s)), whichis a compactsetin ¥ xZ.Itisclearthat 7 (s) ¥ C X', where T (s) 0 =
o(+s) = (he(-+5), fo(-+5)),s € R, and that this map is continuous, so
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that (Z1) — (Z2) are satisfied. Moreover, it is evident that if (5.8)—(5.9) hold with
constants not depending on ¢, and (5.43)—(5.44) are satisfied, then for any 0 =
(hs, f5) € X, we have that f, satisfies also (5.8)—(5.9) and (5.44) with the same
constants Cy, C, « and the same function w. Also, ||Aq|, < |&],, so that (5.43)
holds. Moreover, we have:

Lemma 5.7. If (h, ) satisfies (5.38) in any interval (t,T) C R, then every
(ho, f5) € X also satisfies (5.38) in any (z, T).

Proof. 1tis clear that for a.a. (¢, x) € (t, T) X §2 and any s, the functions (h,, f;) =
(h(-+5), f (+s)) satisfy (5.38). Let (hy, fo) = limy—oo (B (- + 8n), f -+ 51))
in W, with s, > £ oo. Let B. (xo) = {x € £2 : |x—xo| < &}. For a.a.
(t0, x0) € (r,T) x £2, taking a sufficiently small ¢ > 0, we have

1 1 to+e
2e p (B (x0)) Jig—e

Denote (h, (), fu (:)) = (W (+s,), f (- + s4)). Let (fo, xo) be a point where
(5.45) holds and (5.38) is satisfied for all (%, f,). Let n(¢,x) = Ip (x,) (x) be the
indicator function on the ball B, (x), which belongs to L, (7, T; L, (§2)). Then

/ hf, (t,x)dxdt — hf, (to, x0), forany i.  (5.45)
e (x0)

to+e

to+e )
/ / hy, (t,x)n(t,x)dxdt —
‘ Q2

0—¢&

/ hf, (t,x)n(t, x)dxdt,
Q2

th—e

SO

to+e ) tote
/ / he (¢, x)n(t,x)dxdt > (B (xp)) [l (t,u)dt,
P 2

0—¢ fo—e

ifu' =0,andu/ > 0if j # i. Hence,

1 1 to+e / ) 1 to+e )
P hl (t,x)dxdt > — fl(t,u)dt.
28 I"L (BE (‘XO)) tp—e - (x0) 7 2 to—e 7
Passing to the limit as ¢ — 0, we obtain that i’ (fy, xo) > £/ (to, u). O

With respect to the general setting of Chap.4, we put X = H = (L, (£2))¢
endowed with the strong topology.

We have seen before that for every 7 > 7 and u, € H, the set D 7 (u,) of weak
solutions of (5.7) is nonempty.

Lemma 5.8. Ifu(-) € D, r(u,), thenv(:) = u(s + ) € De—s7—s(uy), forany s, if
we change [ (t),h(t) by f (t +5),h(t + 5), respectively. If u (-) € D,(u,) and
v(-) € Dyr(u(t)), then

u(s), ifs €[z, t],

SO =0 ), ifs e [T,

belongs to D¢ 1 (u;).
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Proof. Ifu(-) € Z.r (u,), then
V() =u (S + ) € Wr—s,T—y
7 € Ly(t=s.T—s:V')+ Ly (t =5, T —5:Ly (2)) . v(t —5) = uy,

and

/T s<dV(Z) E(Z)>dz+/T_S/ . V) dud
=S T—5§ 2
/ / (f (¢ + 5.9(0). £0)) dxdr

=/ <d”(’) g(r—s)>dr+/ /(aVu(r) VE(r —s) dxdr

+/t /Q(f(r,u(r)),g(r—s))dxdr

-/ ' [ 0.0 = s avar = /j_ [ a0 g0y axar,

forany§ € L,(v—s,T—s;L,(2))NLo(t—s,T—s;V),sothatv € D7 (ur).

Ifu() € Dyy(uy) andv (-) € D; 1 (u(t)), then the function z (-) belongs to W 1.
Also, it is easy to see that z (+) is an H ™" (£2)-valued absolutely continuous function
in the interval [z, T']. Hence, z (-) is almost everywhere differentiable and

d“ +(t) foraa.r € (7,1),
b (t) fora.a.t € (t,T).

dz
Go=1i

Let Dz be derivative of z in the sense of H ™" (§)-valued distributions
2'(0.T: H™" (£2)). Since % € L, (r,T; H™ (22)), we have that Dz = 4 [2].
It follows also that % €L, (e.T;V')+ L, (1’, T;L, (.Q)). Finally,

/T <ﬁ é‘>d +/T/Q(aVZ,V§)dxdr+/tT/Q(f(r’Z(r))’s)dxdr
z[<@,s>dr+/t/ (aVu,VS)dxdr+/t/ (f (rou(r)) . ) dxdr
+/T<_ §>d +/ /("W Vf)dx‘l”/ /(f(r v(r)) , £) dxdr

= [ [oooaxas [ [ aereaa=[" [ o6

Hence,z € D; 7 (u;). |
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Hence, any weak solution can be extended to a global one (i.e., defined for t > 7).
We denote by D, (u,) the set of all global weak solutions (defined for ¢ > t) of
problem (5.7) with data (4, f5) instead of (h, f), such that u (t) = u,. For each
o € X, we define the map:

Us (t,7,u;) ={u(t) :u(-) € Dig (ur)}.

This map is well defined, as the set D, (u.) is nonempty for every o € ¥, € R
and u, € H.

Lemma 5.9. U, is a strict multivalued process and
Us (t + 5,7+ 5,u;) =Uryo (t. T, u;), forallu, € H,s e Rt > 1,

so that L3B holds.

Proof. Let y € U, (t,t,u;). Then y = u(t), where u(-) € D, (u,). Let
T < s < t. Itis easy to see that u(-) € D;, (u(s)), as well. Then we have
y=ut)e U, (t,s,u(s)) CU;(,s Us(s,,u)).

Letnow y € U, (¢, s, Uy (S, T,u.)). Then there exist u () € D, (u;) and v (-) €
D; s (u(s)) such that y = v (¢). Define the function

u(r),ifr ez, s],
2= v(r),ifr € [s,t].
Lemma 5.8 implies that z € D, (ug), sothat y = z(¢) € U, (¢, T, u;) .

Let y € Uy (t + 5,7 + s,u;). Then there exists u (-) € D4y, (u;) such that
y = u(t +s). It follows from Lemma 5.8 that v(-) = u(s ++) € D;1(5)s (U),
sothat y = v (t) € Ury)s (¢, T, u.). Conversely, if y € Ur(y)s (¢, T, u,), then there
iS u(-) € D;r(s)o (u;) such that y = u(¢). Again by Lemma 5.8, we have that
v() =u(—=s+:) € Drys5 (u;),sothaty =v(t +s5) €U, (t + 5,7+ s,u;). O

Theorem 5.7. Let (5.43)—(5.44)and (5.8)—(5.9) hold (with constants not depending
on t €R). Then the MP Us possesses the uniform global compact invariant
attractor O, which is connected in H.

Proof. 1Tt follows from Lemma 5.2 that the family of strict MP Uj; satisfies the fol-
lowing properties:

1. The map (o, x) — U, (¢, T, x) has closed graph for all 1 > 7.
2. The map (o, x) + U, (t, T, x) is upper semicontinuous for all ¢ > .
3. U, has compact values.

Indeed, in view of Lemma 5.2, U, has compact values. Let us prove that the map
(0,x) = U, (¢, T,u;) is upper semicontinuous for each fixed # > t. Suppose that
it is not true, that is, there exist u, € H,t > 1, 0p € X, a neighborhood O of
Us (t,t,u.), uy — ug, 0, = 0p, and &, € U, (¢, 7,u,) such that §, ¢ O. But
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Lemma 5.2 implies that (up to a subsequence) &, — & € Uy, (¢, T, u,), which is a
contradiction. Finally, if u,, — u,, 0, — 0y, and §, € Uy, (¢, 7,u,), & — &, then
again Lemma 5.2 implies that £ € Uy, (¢, 7, u;). Thus, the graph is closed.

Also, there is a compact set K such that for all t € R and B € B (H), there
exists 7 (z, B) such that Uy (¢t,7,B) C K ift > T.

Indeed, for any u (-) € Do (up) by (5.12), we obtain the inequality

d 2 ~ 2 2
Nl +@ > < Ko (14 AIP).

where @ > 0. We note that

o~ t —~ t—1
/?“mews/ewwwww+/ e ()| ds + ...
0 t—1 t—2

t

~ ~ —~ t—1
<e | e |h(s)|*ds + e”‘(’_l)/ Ik (s)|>ds + ...
t

t—1 -2

<1_—05_1’(7th2
= e e A -

Gronwall’s lemma implies that

Il () * < e Jluo|l* + K, (1 —~ e—?‘) A2 + S 2 e g + B2, forall £ > 0.

* (5.46)

Hence, the ball By = {u €H:|lul < vVR*+ 1} is absorbing for the map

(t,u) — Usx (t,0,u), that is, for any B € fB (H), there exists 7 (B) such that
Us (t,0, B) C By, fort > T. In particular, U, is pointwise dissipative.

We define now the set K = Uy, (1,0, By). Lemma 5.2 implies that it is compact.

Moreover, since By is absorbing, using Lemma 5.9 for all B € B (H), we obtain

the existence of 7 (B, t) such that

U, (t,7.B) = Uy (t,1 —1,U, (t — 1,7, B))
= Ur(—-1yo (1.0, Ur@r)s (t =1 — 7,0, B))
c Uy (1,0,30) C K,

forallo € X,ift > T (B, 7).

It follows that any sequence {&,} such that &, € U, (t,,7,B), 0, € X,
th— 4+ 00, B € B(H), is precompact in H. Hence, the family U, is uniformly
asymptotically upper semicompact. Also, by (5.46), we have y; 5 (B) € B (H) for
any B e f(H)andt € R.

As we have seen that L1B — L3 B hold, then all conditions of Theorem 4.5 and
Lemma 4.8 hold. Thus, the existence of a uniform global compact invariant attractor
follows.



5.3 Connectedness of Attractors for Reaction-Diffusion Systems 227

We know by Theorem 5.3 that the maps U, have connected values. Also, it
is clear that K is contained in some connected bounded set of H (e.g., a ball of
sufficiently big radius). Therefore, the connectedness of the attractor follows from
Theorem 4.6 if we check that X' is a connected space. The map s +— T (s)o
is continuous for each o € X. Indeed, the continuity of s + 7 (s) f in the
space C (RT, M) is evident from (5.44). The continuity of s + 7 (s)h in the
space L’Z”fv (R, H) follows from the fact that i, (1) = h (¢ + s) convergesto /4 () in
le"" (R, H) as s — 0 (see e.g., [6]). Hence, the set Usero (- + ) is connected, and
so is the set X. O

If conditions (5.37)—(5.38) hold for any on any interval (z, T), then Theorem 5.4
and Lemma 5.7 imply that nonnegative solutions exist for any u, € H', 0 € X,
and then we can define also D (u;) = {u(-) € D,y (u;) : u(t) € H*, for all

,0

t>tyandthemap U :R3x HT — P (H™) as

Ut (t,tu) ={u(t) :u() e D}, (u)}.

As before, Ut is a multivalued strict dynamical process and (Z3) holds.
In the same way as before, we prove the following:

Theorem 5.8. Let (5.43)—(5.44) and (5.8)—(5.9) hold for u € R‘i (with constants
not depending on't € R). Also, assume that (5.37)—(5.38) hold on any interval
(z,T). Then the MDP U ; possesses the global compact invariant attractor Oy,
which is connected in H.

Remark 5.2. The results of Theorems 5.7, 5.8 remain valid if we change the Dirich-
let boundary conditions by Neumann ones (g—\’f lxeae = 0).

Let us apply now these theorems to the complex Ginzburg—Landau equation and
the Lotka—Volterra system.

5.3.1 Application to the Complex Ginzburg—Landau Equation

We consider first the Ginzburg—Landau equation (5.5). We assume now the follow-
ing additional conditions:

(GL1) g’ € le"" (R; L, (£2)) and (5.43) holds.
(GL2) The continuous functions R (¢) and f (¢) satisfy

IB ()| < D,[R(s)| = C,

B@&)=BG)| <a(t—s]), [IR&)—R(G$)| <b(t—s|), (5.47)

forall¢,s € R, wherea (I) = 0,b(]) = 0,as | — O™,

Condition (5.47) implies that (5.44) is satisfied. As a consequence of Theorem
5.7, we have:
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Theorem 5.9. Let GL1 — GL2 hold. Then (5.5) generates a family of MDP U,
having a uniform global compact invariant attractor Oy, which is connected in
H = (L (2).

Proof. We have seen in Sect. 5.2.1 that (5.8)—(5.9) hold. Moreover, by (5.47), the
constants do no depend on ¢ € R. Also, GL1 — GL2 imply that (5.43)—(5.44) are
satisfied. Then the result follows from Theorem 5.7. O

5.3.2 Application to the Lotka—Volterra System with Diffusion

Consider now the Lotka—Volterra system (5.6). As in the previous example, let us
assume that the positive functions a; (f) , a;; (t) satisty condition (5.47), so that
(5.44) is satisfied. Also, we note that (5.37)—(5.38) hold on any interval (7, 7). As a
consequence of Theorem 5.8, we have:

Theorem 5.10. Let a; (t) . a;j (t) satisfy conditions (5.47). Then (5.6) generates a
family of MDP U™ having a uniform global compact invariant attractor ©x, which
is connected in

HY = {u € (Lr(£2)® ' (x) >0, Vi, fora.e x € .Q}

Proof. We have seen in Sect.5.2.2 that (5.8)—(5.9) hold for ueRi’_ with
p = (3,3,3), and by Lemma 5.7, we have that (5.37)—(5.38) are true. Moreover,
by (5.47), the constants do no depend on ¢ € R. Also, the new conditions on
a; (t), a;j (t) imply that (5.43)—(5.44) hold. Hence, the result follows from
Theorem 5.8 and Remark 5.2. O

Finally, let us consider the autonomous case, that is, let f(u) and & (x) do not
depend on 7.

In this case, we can define a strict multivalued semiflow G : Rt x H — P (H)
(ie.,G(0,)=1d,G(t +s,x) =G (t,G (s,x)),forallt,s > 0,x € H) given by

G (t,u0) = {u(t) 1 u() € Do (uo)},

where Dy (up) is the set of all global weak solutions of problem (5.7) with 7 = 0.
It is easy to see that considering that the set X' contains a unique element o,
then G (¢,x) = U, (t,0,x) = Uy (t,0,x) = Us (t + t,1,x), forany t € R.
As a particular case of Theorem 5.7, or using the general theory of attractors for
multivalued semiflows (see the proof of Theorem 10 in [13]), we obtain:

Theorem 5.11. Let (5.8)—(5.9) hold. Then the multivalued semiflow G possesses
the global compact invariant attractor ©, which is connected in H.

If (5.37)-(5.38) hold, then we can define also the map G* : Ry x HT —
P (HY)as
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GT (t,ug) = {u(t) 1u () € Dy (uo)j,

where D(;L (uo) is the set of all global weak solutions of problem (5.7) with t = 0
and such that « (1) € HT forall t > 0. As before, we obtain:

Theorem 5.12. Let (5.8)—(5.9) and (5.37)—(5.38) hold. Then the multivalued
semiflow G possesses the global compact invariant attractor ©, which is
connected in H.

Remark 5.3. As a corollary, we obtain that in the case where the parameters do not
depend on ¢, (5.5) and system (5.6) generate the multivalued semiflows G and G .
These semiflows have a global compact invariant attractor, which is connected in
H = (L,(2))?and Ht ={u € (L, (2))* : u (x) > 0, Vi, for ae. x € 2},
respectively.
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Chapter 6
Pullback Attractors for a Class of Extremal
Solutions of the 3D Navier-Stokes System

The study of the asymptotic behavior of the weak solutions of the three-dimensional
(3D for short) Navier—Stokes system is a challenging problem which is still far to
be solved in a satisfactory way. In particular, the existence of a global attractor in
the strong topology is an open problem for which only some partial or conditional
results are given (see [3,4, 6, 15,17, 19, 20, 27, 38]). Concerning the existence of
trajectory attractors, some results are proved in [13, 18, 36]. The main difficulty
in this problem (but not the only one!) is to prove the asymptotic compactness of
solutions (see [2], for a review on these questions).

With respect to the attractor in the weak topology, some results are proved in
[15,27]. Also, the Kneser’s property (i.e., the compactness and connectedness of
the attainability set for the weak solutions) in both the weak and strong topologies
is studied in [28,29].

In this chapter, we consider an optimal control problem associated with the 3D
Navier—Stokes system which, in our point of view, could give some light on all these
questions. Namely, let us consider the problem

B vAY +u-V)y=-Vp+f,
divy =0, (6.1)
Yl =0, y(v) = us,

where £2 C R® is a bounded open subset with smooth boundary, v > 0, and u is
a control function belonging to a suitable set U, (see Sect. 6.2). Then we will solve
the following optimality problem: to find a pair {u, y} such that y is a solution of
(6.1) associated to « and an appropriate functional J; (i, y) attaches its infimum at
(u, y).

We note first that this problem is nonautonomous. Also, we cannot guarantee
uniqueness of the problem for a given initial data y,, although for a given u, the
solution to (6.1) is unique. The reason is that more than one pair {u, y} can exist
as a solution of the optimality problem. Hence, in order to study the asymptotic
behavior of solutions of such problem, we use the theory of pullback attractors for

M.Z. Zgurovsky et al., Evolution Inclusions and Variation Inequalities for Earth 231
Data Processing 111, Advances in Mechanics and Mathematics 27,
DOI 10.1007/978-3-642-28512-7_6, © Springer-Verlag Berlin Heidelberg 2012
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multivalued processes developed in [9] (see also [1, 7, 8]). This theory generalizes
the theory of pullback attractors for single-valued processes and cocycles, which
has been studied intensively in the last years (see, e.g., [5,10-12,16,31,33,35,39],
among many others).

We note that, comparing with the uniform attractor defined in Chap. 4, we use
here a weaker concept of attractor, which allows to consider more general non-
autonomous terms, not being in particular translation compact.

First, we develop the theory of pullback attractors for multivalued processes.

We prove secondly that the optimal problem has at least one solution for every
initial data in the phase space H, and then, we construct a multivalued process
associated to these solutions. The main theorem of the chapter states the existence
of a strictly invariant pullback attractor for this process. Moreover, we prove the
existence of a uniform global attractor for the process in the sense of [34] (see also
[14] for the single-valued case), which contains the whole pullback attractor.

Finally, in the last section, we study the relationship of the pullback attractor
of the optimal control problem with the global attractor of the 3D Navier—Stokes
systems under the unproved condition that globally defined strong solutions exist for
any initial data in V. In particular, we prove that in this case, the global attractor of
the Navier—Stokes systems coincides with the pullback attractor. This result shows
that there exists a close relation between the dynamics of the solutions of the optimal
control problem and the dynamics of the solutions of the 3D Navier—Stokes system.
Therefore, we hope that the optimal control problem will help us in the future to
gain an insight into the problem on the existence of the global attractor for the 3D
Navier—Stokes system.

These results were proved in [26].

6.1 Pullback Attractors for Multivalued Processes

Let X be a complete metric space with the metric p, P(X) be the set of all nonempty
subsets of X, and B(X) be the set of all non-empty, bounded subsets of X. Put
Ry = {(t,s) € R*:t > s}.

Definition 6.1. U : R; x X + P(X) is called a multivalued process (m-process
for short) if:

1. U(r,7,x) = x, YT eR,Vx € X.
2. U(t,t,x) CU(t,s,U(s,t,x)), Vi >s>1, Vx € X.

U is called strict if in (2) a strict equality holds.
Fort € R, B € B(X), we define the omega-limit set

o(t.B) =\ JU@.7.B).

s<t t<s
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Let dist(A, B) = sup,, infrep p(y, x) . We shall denote by O.(B) = {y € X :
dist(y, B) < &} an e-neighborhood of B.

Definition 6.2. The family of compact sets {®(¢)};cr is called a pullback attrac-
tor if:

1. For any ¢ € R, the set @(¢) attracts every B € S(X) in the pullback sense, that
is,
dist(U(t,t,B),0(t)) = 0, ast — —o0. (6.2)

2. O(t) C U(t,s,0(s)), YVt > s (negatively semiinvariance).
3. O(t) is the minimal closed pullback attracting set for all ¢ € R.

The pullback attractor is strictly invariant if @ (¢) = U(t, s, O(s)), V t > s.

Theorem 6.1. Let us suppose that there exists a family of compact sets {K(t)};er
satisfying (6.2) and that the map x — U(t, t,x) has closed graph for all t > t.
Then there exists a pullback attractor {O(t)};er, O(t) C K(t), Vt € R, defined by

on = J otB).

Bep(X)
Moreover, if there exists a closed set By € B(X) such that for all B € B(X),

supdist (U(s + 7,7, B), By) = 0, as s — 400,
T€R

then ©(t) = w(t, By) C By.
In addition, if U is strict, then ©(t) = U(t, s, O(s), for any t > s, that is, O(t)
is invariant.

Proof. We prove first the existence of a pullback attractor. First, we shall prove that
forany B € f(X) andt € R, the o-limit set w (¢, B) = (., J U (¢, 7, B) is

T<s§
non-empty and compact and satisfies

dist (U (t,7,B),w (t,B)) > 0as t — —o0. (6.3)

We note that £ € w (¢, B) if and only if there exist sequences &, € U (¢, t,, B),
with 7, — —o0, such that §, — £. We take an arbitrary sequence &, € U (¢, t,, B),
where 17,, > —o0. In view of

dist (U (t,7,B),K (t)) — 0, as T — —o0, (6.4)

and the compactness of K (), it is easy to see that £, has a converging subsequence
&, Hence, §,, — £ € w (t, B), so that w (¢, B) is nonempty.

If ¢ € w(t, B), we have that §, — &, where &, € U (¢, 1,, B) and 1, —> —o0.
Thus, £ € K (¢) and then w (¢, B) C K (t), which implies that it is compact.



234 6 Pullback Attractors for a Class of Extremal Solutions of the 3D Navier-Stokes System

Suppose further that (6.3) is not true. Then we can find ¢ > 0 and a sequence
& € U (t,s,, B), where s, — —oo, such that dist (§,,w (t, B)) > ¢, for all n.
But condition (6.4) implies that {£,} has a converging subsequence &,, and that
&, — & € w (¢, B), which is a contradiction.

Also, o (¢, B) is the minimal closed set satisfying (6.3). Indeed, let Y be a closed
set for which (6.3) holds. For any y € w (¢, B), we can obtain a sequence £, €
U (t,s,, B) convergingto y as s, — —oo. Take an arbitrary ¢ > 0. Since Y satisfies
(6.3), there exists no such that dist (§,,Y) < 5 and p (y.§,) < 5, forall n > ny.
Therefore,

dist(y,Y) < p(y.&) +dist (§,.Y) <e.

Since Y is closed, we finally obtain that y € Y.

Moreover, w (t, B) is semiinvariant, that is, w (¢, B) C U (¢, s, B (s, B)) for all
t > t.Indeed, for an arbitrary y € w (¢, B) we can find a sequence &, € U (¢, s,, B)
convergingto y as s, — —oo. For any s, < v <, we have

U(t,s,,B)CU(t,t,U (t,s,,B)),

so that §, € U (¢,1,¢,), where ¢, € U (z,s,, B). It follows again by (6.4) that
passing to a subsequence {, — ¢ € w (t, B). Since the graph of x — U (¢, 7, x) is
closed, we gety € U (¢,7,{) C U (¢, t,w (t, B)). It follows that

w(t,B)CU(t,t.0(z,B)),

forany B € B (X), and then, w (¢, B) is semiinvariant.

It follows from (6.3) that ® (¢) satisfies the first property in Definition 6.2. Also,
the minimality property is a consequence of the minimality of the omega-limit sets
 (t, B) . It remains to prove that ® (t) C U (¢,7,0 (7)) fort > . Let y € O (1)
be arbitrary. Then there exists a sequence y, € o (¢, B,), B, € B (X), converging
to y. Since the omega-limit sets are semiinvariant, for any t < f, we can obtain a
sequence {, € o (t, B,) such that y, € U(t, 1, ,). By the compactness of K (1),
we can assume that {, — ¢ € © (7). Finally, using the fact that the map X > x +—
U (t, 7, x) has closed graph, we have y € U (t,7,{) C U (t,7,0 (7)). Hence,
O@)cU(t,r,0()).

Hence, we have proved that @ (¢) is a pullback attractor.

Further, we can write

ot.B) = JUt.1-5.B).

T>0s>T

So, putting 7, =t — s, from

| JUu.t—s5.B) = J U (z; + 5.7.. B) C O(By). VT = T(B.2).

s>T s>T
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for an arbitrary small & > 0, it follows that w(z, B) C By and, hence, ®@(¢) C By.
On the other hand,

w(t,B) C U(t,s, o(s, B)) C U(t,s, By) — o(t, By), ass — —o0.

So, w(t, B) C w(t, By), and it follows that ®@(¢) = w(t, By).
If U is strict, then from

w(t, Bo) C U(t,s,w(s, By)), YVt > s,
we obtain
U(p,t,w(t, By)) C U(p, t,U(t,s, w(s, Bo))) C U(p,s, By).
Since U(p, s, By) = w(p, By), as s — —o0, we obtain
U(p.t.o(t, Bo)) C w(p.Bo),Vp =1,

and then,
O(p) =U(p.1.0(1)),Vp > 1. O

6.2 Setting of the Problem and Main Results

Let £2 C R? be a bounded open subset with smooth boundary. We shall define the
usual function spaces

Y = {ue (C(2))° : divu =0},
H =cly@p?. V= clyoyp?

where cly denotes the closure in the space X. It is well known that H,V are
separable Hilbert spaces, and identifying H and its dual H*, wehave V C H C V*
with dense and continuous injections. We denote by (-,-), |-| and ((-,-)), || - || the
inner product and norm in H and V, respectively. (-, -) will denote pairing between
V and V*. We set Ly(£2) = (L4(£2))* with the norm denoted by || - L, We will
denote by Bpg a closed ball with radius R and centered at O in the space H.

For u,v,w € V, we put

3

av;
b(u,v,w) = / Z uia—;wjdx.

o =l !
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It is known [37] that b is a trilinear continuous form on V and b(u,v,v) = 0, if
ueVve (HO1 (.Q))3. As usual, for u,v € V, we denote by B (u, v) the element of
V* defined by (B (u,v),w) = b(u,v,w), forallw e V.

We consider also the Stokes operator A : D(A) — H, D(A) = (H2 (52))3 nv,
where Au = —PAu, P is the Helmholtz—Leray projector and A is the Laplacian
operator (see, e.g., [20] for more details).

We consider the 3D controlled Navier—Stokes system

d_y =
y(r) =y € H,

where f € H and

U € Loo(T, +00; H) N LY(z, +00; V) N LY (1, +00; La(R2)),
+o00
u() €Uy =3 [ |lu(p)|?e™*Pdp < oo, |u(p)| < Ry fora.a. p > 1,

|lu() |, <« foraa.r> 1,
(6.6)

+o00
Jo(u.y) = / 19 (p) — u(p) e~ dp — inf, 6.7)

T

withd = Av, Ry = % and where A, is the first eigenvalue of the Stokes operator
A and @ > 0 is some constant.

We have two aims. The first one is to prove that the solutions of the optimal
control problem (6.5)—(6.7) generate a multivalued process U, which has a pullback
attractor. The second aim is to prove that under the unproved assumption about
strong global solvability of the 3D Navier—Stokes system, the pullback attractor
coincides with the global attractor of the multivalued semiflow for the 3D Navier—
Stokes system given in [27].

By using standard Galerkin approximations (see [37]), it is easy to show that
for any y, € H and u(-) € U,, there exists a unique weak solution y(-) €
Loo(t, +00; H) N LY¢(z, +00; V) of (6.5), that is,

% (y,v) +v((y,v)) + b(u,y,v) = (f,v),forallv e V. (6.8)

Indeed, let us prove existence of a weak solution of (6.5). Let {w;} C D (A4)
be the sequence of eigenfunctions of A, which are an orthonormal basis of H. Let
Y™ (t) = DI, gim (1) w; be the Galerkin approximations of (6.5), i.e.

D" L VAY" + Py B (4, y") = Py f,

6.9
¥ (1) =y, ©
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where P, is the projection onto the finite-dimensional subspace generated by the
set {wi, ..., wp}. Also, y” belongs to this subspace and y — y, in H.

We need to obtain some a priori estimates for the approximative functions {y™}.
Multiplying (6.9) by y™, we obtain

1d

m\2 my2 _ m
Sy v I = (), (610

where we have used the equalities (P, B (u,y™),y") = (B (u,y™),y™) =
b(u,y™, y™) = 0.
Also from (6.10), we obtain for all p € [s,T], s € [t, T] that

p
@y [ @Pde = [T @0 @vde+ 36 P 6

In view of (6.11), we conclude that {y™} is boundedin L, (t,T; V)NLo (t,T; H) .
Therefore, passing to a subsequence, we obtain y” — y weakly in L, (¢, T; V)
and weakly star in Lo, (7, T; H). From the inequalities

b, y™ w)| < dlullLly" [Iwll, Yw e V.

and
[P B (u, y" )= < 1B @, y") [l y=

due to the choice of the spacial basis, we immediately obtain that P, B (u, y™) is
bounded in L, (z, T; V*). Then

d d
Eym > oy weakly in L, (7, T: V*).,
sothat y € C([t, T]; H), and by the Compactness Lemma (see Theorem 5.2), we
have
y™ — ystrongly in L, (¢, T; H) .

Hence, y”(t) — y(t) strongly in H for a.at € (t,T). Since one can easily
prove using the Ascoli-Arzela theorem that y” — y in C ([t, T]; V'*), a standard
argument implies that y™ (¢) — y (¢) weakly in H for all ¢ € [r, T]. In particular,
(@) = y-.

On the other hand, from

< | Milia 7], 04 < €
Lz(T,T;Lz(Q))_/t luillzue) |77 L@

iy

we obtain u; y}" — u;y; weakly in L, (t, T'; L, (£2)), so that
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T .
/b(u,y’”—y,w)dt Z// A—y] v;{dxdt—>0,

i,j=1
for any w € L, (z, T; V). This implies
B(u,y") — B(u,y) weakly in L, (7, T: V™).

So we can pass to the limit in (6.9) and deduce that y is solution of (6.5). To prove
uniqueness, we should note that if y;, y, are solutions of (6.5), corresponding the
same control function u, then

d(y1 —y2)
dt

b(u,y1 —y2,y1 —y2) = 0.

d
E|J’1—y2|2=2( V1= )2),

So after simple calculations, we have

d
Eb’l —»* < Clyi =yl

and therefore, y; = y».
Moreover, by the inequality

b, y, V)| = |b(u, v, )| < crllulle, VIl < cxcrlluli, VIV Y, y,v eV,

and (6.6), we have B(u(-),y (1)) € LY(t, +00; V*), so ‘g € Live(z, +00; V*)
as well. Hence, it follows that y(-) € C([zr,+00); H) (so the initial condition

y(t) = y, makes sense for any y, € H) and standard arguments imply that for all
r=s5s>r1,

F(y(0) := (ly@)]* = R})e™ < F(y(s)), (6.12)

1 t t
V@) = sOF + [ Iy@)Pdp = [(yody < Vo). 613

! 2
OF + v / y)Pdp < Iy + ] Yoo, 6.14)

Indeed, multiplying the equation by y (¢) and using the property b (u, y, y) = 0,
we obtain

1d
S P+ = (£9). (©.15)
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After integration over (s, 7), we obtain

1 ! ! 1
SOF e [y @IFdr = [y ondp+ 51y 6P,
and then (6.13) follows. Taking s = 7 in (6.16) and using the inequality

|f|2

Ly () =11y (P < T

LAy (D =

\/_

we have

|f|

ly O] + V/ Ly (»)11*dp < Iy(f)|2+ S -0

Finally, from (6.15), we obtain

d 2 2 |f|2
— A{ <_'
i P vy <

VAt

Multiplying the last inequality by e"*!" and integrating, we get

|y (t)|2 v/hl‘ |y (S)lz VALS L{lz(ellvt \1/115)’

and then, (6.12) holds.
So, foralln > 0,

T+ (n+1) T+(n+1)
/ y(p) —u(p)|?e dp < 2e750*0 / Iy (p)|I*dp
Ttn T+n
(1)
+2 / lu(p) e dp
T+n
2
< ze—S(n+‘L’) Iy | Ifl
V) w\
(1)
12 / lu(p)|Pe dp.
T+n

From this,

v 2
+3 Iy (I,

239

(6.16)
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o THEFD
s =Y [ Iy -ume iy
n=0 T+n
287 2 o 0 TT@tD)
=X U 123 [ ey <oo
n= =Y 4

Therefore, the functional J, and the optimal control problem (6.5)—(6.7) are
correctly defined.

Lemma 6.1. For any t € R and y, € H, the optimal control problem (6.5)—
(6.7) has at least one solution {y(-), u(-)}, and, moreover, % € le"c (t, +00; V*),
y(-) € C([r, +00); H) and (6.12)—(6.14) hold.

Proof. Let {y,,u,} be a minimizing sequence such that

+o00 |
[ 1up) = w e <d vz 1
where d = inf J;(u, y). Thus, forall T > t,

T
S 1yu(p) = un(p)|Pe™"dp < d + ;.
7 (6.17)

T
S 1yn(p) = ua(p)|IPdp < (d + )e’T.

From (6.12) to (6.14), we obtain that { y,, } is bounded in Loo(z, T; H)NLy(z, T; V).
Hence, (6.17) implies that {u,} is bounded in L,(z, T; V) and from the definition
of U,, it follows that
lun(p)l < Ro, Vp =1,
len(P) |14 < @ fora.a. p > 7.

Therefore, there exist u € Loo(t,T; H) N Ly(t,T; V) N Loo(t, T;L4(82)) and
v € Loo(t,T; H) N Ly(t, T; V) such that

u, — uweakly in L,(z,T; V),
u, - u x —weakly in Loo(7,T; H),
u, — u * —weakly in Loo(z, T:L*(£2)), (6.18)
yn — y weakly in Ly(z, T; V),
yn — ¥y x —weakly in Loo(z,T; H).
Moreover, || B(uy, yu)|lv+ < c1l|yallll4nllL,- Hence, % isboundedin L, (7, T; V*).
From this using standard arguments, we obtain that y(-) € C([z,T]; H) is the
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solution of (6.5) with control u(-), y(-) satisfies (6.12)—(6.14), and for this control,
the following relations hold:

lu(p)| < Ry, foraa.p>rT,
lu(p)llL, <a foraa. p>r,

uel)(t,T;V),
[ 1(p) — u(p) 2~ dp < d.

The fact that y()isa solution with control u (-) is proved in a standard way.

iy — iy weakly in L (7, T: V™)
de”" " dt I

Thus, y € C([r, T]; H) and arguing as in the proof of the existence of solution for
(6.5), we obtain

yn — y stronglyin L, (¢, T; H),
yn(t) — y(t) strongly in H fora.at € (¢,T),
yn(t) — y(t) weakly in H forall z € [7,T].
From ) ’
u?y}? T (@) S/t [l ||L4(Q) Hy] HL @ dt < C,

we obtain u; y;." — u;y; weakly in L, (z, T'; L, (£2)), so that

T
/ b(u", y", wydt = Z/ / ]y = ’dxdt—>/ b(u,w, y)dt,

i,j=1

forany w € L, (7, T; V). This implies
B(u,y™) — B(u, y) weakly in L, (7. T; V*).

Hence, we can pass to the limit in (6.5) and obtain that {u, y} is a solution. Also,
Y (‘L—) =z

By using a standard diagonal procedure, we can claim that y(-) and u(-) are
defined on [z, 400), ¥, — y, u, — u in the previous sense on every [z, T],

and
400

/ 1y(p) — u(p)|Pe~?dp < d. 6.19)

T



242 6 Pullback Attractors for a Class of Extremal Solutions of the 3D Navier-Stokes System

By (6.14), arguing as before,
T+n+1

[eirera =Y [y @reay
n=07%

T +n

—§t 2 00
e 2 |f| —én

o+ = e < 00,
- (|y| vl D

n=0

IA

and from (6.19), we have

+o0
/ lu(p)2e ™ dp < oo.
T

It follows that u(-) € U, and from (6.19), we obtain that {y(-), u(-)} is an optimal
pair of problem (6.5)—(6.7). O

Now, we are ready to construct a multivalued process associated to the solutions
of problem (6.5)—(6.7).
Forevery y, € H,7r € R,and ¢t > 7, we put

¥(-) is a solution of the

6.20
optimal problem (6.5)-(6.7), y(t) = y; (6.20)

Utz y) = {y(r)

Lemma 6.2. The multivalued map U defined by (6.20) is a strict multivalued
process.

Proof. Ttis obvious that U(z, , y;) = y-.

Let £ € U(t,t,y,;). Thus, & = y(t), where {y(:),u(-)} is an optimal pair of
problem (6.5)—(6.7) with y(t) = y,, u(-) € U;. Then of course, y(s) € U(s, T, y;),
for all s € (z,t). We should prove that y(¢) € U(t,s, y(s)), that is, Bellman’s
principle of optimality. Let

+o0 s +o0
Jo = I = / 15 —iilPedp = / \F—iilPe " dp + / 15 —iilPe""dp.

T s

We consider the problem (6.5)—(6.7) on the interval [s, +00) (formally s instead of
7) with the set of controls Uy and the initial data (s, y(s)). It is easy to verify that
{¥(), u(-)} on [s, +00) is a solution of the optimal control problem. Indeed, we note
that u(-) € U and that y(-) is the unique solution of (6.5) corresponding to u(-). Let
{y(), u(-)} be an optimal pair of this problem. Suppose that

+o00 +o00

/ 15 — alPerdp < / 15 — e dp.

s s
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Let us consider the control

u(t), t € [t,s),
u(t), t €[s, +00).

u(t) =

We claim that u(-) € U,. Indeed, it is clear that |u(p)| < R, for a.a. p > 1,
lu(®)|+ < o fora.a.t > t,
u(-) € Loo(t, +00; H) N LY (7, +-00; V),
+o00
[ e rap < .

T

Then u(-) € U; and

(50 1 € [ns),
= % (1), 1 € [s. +00).

is the solution of problem (6.5) which corresponds to the control u(-) (because of
uniqueness of the solution of problem (6.5) for a fixed u(-)).
Finally,

K 400
T y) [ 15— alPe b dp + / 15 —alPedp > J. =
T S

s —+o00
[ 15— lPerdp + [ 15 — lPe " dp.

s

which is a contradiction. Hence, {y(-), &(-)} is an optimal pair on [s, +00) and then
y(t) € U(t, s, y(s)), so that U is a multivalued process.

Let us prove that it is strict. Let § € U (¢,s,U (s, t, y;)). Then § = y,(¢) and
{¥2(:), u2(-)} is an optimal pair of problem (6.5)—(6.7) with y,(s) = ys, u(:) € Uy,
and y; = y;(s), where {J;(-), #;(-)} is an optimal pair of problem (6.5)—(6.7) with
y1(t) = y¢, u1(-) € U;. Let us consider the control

u(t) = L~t1(t), t €t,s),
uy(t), t € [s, +00).
As before, u € U, and

_ il(t)v te ['L',S),
v = { $2(0). 1 € [s. +00)
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are the solutions of problem (6.5) which correspond to the control u(-). Also, it is
clear, as j,(-) is a solution of problem (6.5) on [s, 4-00) corresponding to #; (-) that

K 400
T, y) = [ 151 =i |2e 7 dp + [ 15> — o2~ dp

p +o00
< [1n=alperap + [ 15— mle
T s
Hence, & = y(r) € U (¢, 7, y,). ,

Theorem 6.2. For the multivalued process U, given by (6.20), there exists a strictly
invariant pullback attractor {©(t)},er such that ©(t) C Bg,, forallt € R.

Proof. First of all, from (6.12) for every R > Ry, y. € H such that |y,| < R, it
holds

ly(s + D> = R§ < e "F(|y: > — R)e™.
ly(s +7)]> < e (R?— R2) + RZ.

So,

supdist(U(s + 7.7, Bg), Bg,)) = 0, as s — +oo. (6.21)
T€R

In virtue of Theorem 6.1 and
U(t,s,Br) CU(t,t —1,U(t —1,s,Bg)) CU(t,t — 1, Bry+1),

where the last inclusion follows from (6.21) by taking a sufficiently small s, we only
need to prove that the set K(¢) := U(f,t — 1, Bg,+1) is compact and that the map
x +— U(t,t,x) has closed graph. These two properties are true, if the following
statements holds for all t > t:

e (Ul)If n, — n weakly in H and &, € U(¢, 7,7,), then the sequence {§,} is

precompact in H.

e (U2) If n, — n strongly in H and §, € U(t, t,n,), then up to subsequence

& —> €Ut 1,n).

Let &, € U(t, t,n,), where 5, — n weakly in H. Then &, = y,(¢), y.(tr) =
Nn, Where {7, (-), u,(-)} is an optimal pair of problem (6.5)—(6.7), u,(-) € U,. We
have that {7y, ()} satisfy (6.12)—(6.14). If we consider the control u(-) = 0 € U,
and the corresponding solution of (6.5), y,(-), with y,(t) = n,, then

+o0 oo TTk+1

S5 < 3030 = [P dp =Y [ Il ap.
T k=0 t+k
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But y, (-) satisfies (6.12)—(6.14), so

ThkF —8(k+71) | f2

_ e
lya(p)Pe™Pdp < ———(|na|* + =)
T+k Y v

Thus, J; (i, y,) < C , Where C does not depend on n. Then in the same way as

in Lemma 6.1, we obtain (up to a subsequence) that u, — u € U;, y, — y in the

sense of (6.18) on any interval (z, T'), where y € C([t, +00); H) is the solution of

problem (6.5) with control u(-). Moreover, in a standard way (see, e.g., the proof of

Lemma 11 in [27]), one can prove that y,(s) — y(s) strongly in H for all s > 7.
Lets > 7. Since ¥, (s) — ¥ (s) weakly in H, we have that

[y (s)| < liminf [y, (s)].

If we can show that limsup [y, (s)| < [V (s)|, then lim [y, (s)| = [7 (s)| and the
proof will be finished. For ¢t € [z, T] with T > s, we set

1

S0 =3 FOF - [ Fenan

5@ = 55 OF = [ (£F, )

We note that 3, () — V(¢) fora.a. t € (r,T) and then J, (t) — J (¢) for a.a. ¢.
First, we state that limsup J,(s) < J(s). Indeed, let 0 < #; < s be such that
Jn () = J (t). In view of (6.13) J, (¢), is nonincreasing, so that

Jn (8) = J () = [n () = J ()| + | (&) = T (5)].

Since J (t) is continuous at s, for any ¢ > 0, there exist #; and m (#;) such that
Jo (k) — J (s) < e, for all m > my, and the result follows. Therefore, since
Jo LT () dr — [7 (£ (r) dr, we have limsup [V, (s)| < [7(s)].

Therefore, (U1) holds.

Assume now additionally that n, — n strongly in H. Let us prove that
{y(-),u(-)} is an optimal pair.

Fix an arbitrary u(-) € U;. Let y,(-) be the solution of problem (6.5) with
control u(-) and initial data y,(tr) = n,. Then, of course, y,(-) — y(-) in the
sense of (6.18), where y(-) is the solution of problem (6.5) with control u(-) € U,
and initial data y(t) = 7. Also, one can prove that y,, — y strongly in L,(z, T; V)
forall 7 < T'. Indeed, in a standard way, we obtain

1d
3, — v+ vy =yl + B, yu =y, ya — y) = 0.
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As B(u,y, —y.yn —y) =0, we have

T
a(T) = (TP +2v/ 1 = yIPds = ln — P — 0,asn — oo, (6.22)

T

Further, since {y,(-), ,(-)} is an optimal process, we have

Jr(ﬁns )h)‘n) = Jt(ynv M)»

so that, forall 7 > 7,

T T
/ 15 — fnl2edp < / Iy — ulPedp +
T T

+o00 “+o00
4 / lya — ul2e?dp — [ 150 — inll2e P dp.
T T

(6.23)

As we showed before ~
Jo(itn, yu) < C,

where C does not depend on 1. Moreover, since {7, (). i,(-)} is an optimal pair
on [T, +00) (see Lemma 6.2), if for any 7" > 7 we consider the problem (6.5)—(6.7)
with initial data (7, y,(T)), the control u(-) = 0 € Uz, and the corresponding
solution of (6.5) z,(-) with z,(T') = y,(T), then

+o00 +o0
/ 15 — i l2e 7 dp < / lzalPedp.
T T

But z,(-) satisfies (6.12)—(6.14), so that for any ¢ > 0, there exists 7 (¢) such that
forany T > Ti(g), n > 1, we have

+o00
.. _ e
[ 15 = alrerap <
T
The functions {y,(:)} from (6.23) also satisfy (6.12)—(6.14), and u(-) € U,. Hence

+o00 +o0 too
/ lyn —ull?e™"dp <2 / Iyal?e™"dp + 2 / lul2e=* dp,
T T 4
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and for any & > 0, there exists T»>(e, u) such that for all T > Tr(e,u), n > 1,

+o0

&
[ 1= uperap < 3.
T

Hence, for any ¢ > 0, there exists 7'(e, u) such that forall T > T'(g,u), n > 1,

T T
/ 150 = |?e™"dp < / yn —ul?e™"dp + e. (6.24)
Then by (6.22), passing to the limit in (6.24), we obtain

r T
(17 —al?e™*rdp <liminf,—eo [ ||Fn — it||e " dp
’ T

T
< [lly —ul?>e™dp + & VT = T(e.u).

Thus, letting T — 400, we obtain
Jo (i, y) < J(u,y) + &, YVue U, Ve >0,

and {J,u} is an optimal pair.
The property ©(t) C Bg, follows from Theorem 6.1. Also, by Lemma 6.2 and
Theorem 6.1, we obtain that @(¢t) = U(¢, s, ©(s)), forall t > s. O

Further, we shall obtain that a uniform global attractor exists and that it contains
the pullback attractor ®(¢).

However, we introduce here a slightly different concept of uniform attractor for
the process U'.

Definition 6.3. The compact set .o/ is called a uniform global attractor for the
multivalued process U if

lim supdist(U(t + 7.7, B), 7)) =0, ¥V B € B(H), (6.25)

t—>+00 1 eR

and it is the minimal closed set satisfying this property.

Let us define now the multivalued map G : Rt x H — P(H) given by
G(t,y0) = UrerU(t + 7, 7, y0)-

Lemma 6.3. G is a multivalued semiflow in the sense of Definition 1.1.
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Proof. 1tis clear that G(0,-) = Id.Let& € G(t + s, ¥o). Then for some t € R,

EeUt+s+t,5,y)CU(t+s+rt,s+7,Us+1,1,)0))
C G(1,G(s, yo)).
Hence, G(t + s, y0) C G(t,G(s, yo))- O

Theorem 6.3. For the multivalued process U, there exists a uniform global attrac-
tor of . Moreover, O(t) C of, forallt € R.

Proof. In view of (6.21), we have that for all B € B (H), there exists T'(B) such
that G(s, B) C Bg,+1if s > T. Hence,
G(t,B) C G(1,G(t — 1, B)) C G(1, Bry+1), YVt > T(B). (6.26)

We will show that the set G(1, Bg,+1) is precompact. If §, € G(1, Br,+1), then
there exist 7, € R, 1, € Bg,+1 and optimal pair {y, (), #,(-)} of problem (6.5)-
(6.7) with , (-) € U,, such that§, = y,(z, + 1), yu(74) = n,. We have that {y,(-)}
satisfy (6.12)—(6.14), so

SupsE[t,,,t,,+l] |)7n(s)| =< Cl’
S5 ()] ds < Cs, forall n,

T

Also, by [| B(itn, yu)llv+ < crl|yallllitn L, < crel|yull, we have

41
/77\11

Arguing as in Theorem 6.2, we obtain also that

d i, |*
dt

ds < Cs.

Vo

7+l )
/ I, ()| ds < Ca.

Indeed,

o0 T +k+1

TRCAE S ENACESED SR B TR T e
k=0 T, +k

where the constant C does not depend on n and z,(-) is the solution of (6.5)
corresponding tou = 0 € U, and z,(t,) = 1,. So
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7 +1 T+l T, +1
e mth / i, (p)|Idp < / ||ﬁn(P)||2€_8pdp§2/ 172 (P)IPe~* dp
T n Tn
7+l

+2 / 150 = i Pe?dp < 267 (C, + €,

Tn

and we obtain the required estimate.

Let us define the functions y,(¢t) = y,(t + 1), u,(t) = u,(t + 7,), t > 0. The
functions y, (-) are the unique solutions of problem (6.5) with initial data y, (0) =
n, and control u, (-). By the previous estimates, there exist functions y (-) and u (-)
for which the convergences (6.18) hold in the interval (0, 1). Also, u € Uy and

d d
;[" — d_Jt} weakly in L,(0, 1; V™).

Hence, by standard arguments, we obtain that y € C([0, 1], H) and that it is the
solution of (6.5) with control « (-) and initial data y (0) = 7. Then in a standard way
(see the proof of Theorem 6.2), one can prove that y, (s) — y(s) strongly in H for
all s € (0,1]. Hence, &, = y,(z, + 1) = y,(1) is convergent and G(1, Bg,+1) is
pre-compact.

By Theorem 1.1, the omega-limit set of any B € B (H) given by w(B) =
Ns>0Ur>sG (¢, B) is nonempty, compact, and attracts B, that is,

dist(G(t, B),w(B)) - 0ast — oo.

Since G(p + s,B) C G(p, Bry+1), forall p > 0, s > T(Rp), we deduce that
w(B) C w(Bgy+1) forall B € B (H). Then the set

A = Ugepy@(B) = w(Bpry+1)
is compact and attracts every B € B (H). Hence,

lim supdist(U(t + t,t, B), o)) = 0. (6.27)

t—>+00 1 eR

The set <7 is the minimal closed set satisfying (6.27). Indeed, let % be a closed
set satisfying (6.27) with B = Bpg,+; and such that &7 ¢ % . Then there exists
y € o/ such that y & 4. We take sequences y,, t, such that y, € G(t,, Br,+1), S0
that y, € U(t, + t, T, Bry+1) for some 7, € R, and converging to y as n — oo.
Since

dist(y,,€) — 0asn — o0,

we have y € ¥, which is a contradiction.
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Thus, <7 is a uniform global attractor.
Finally, since ©(t) C Bg,, for all r € R, we obtain that

Ot) CcU(t,t—s,0(t—s) CUEt —s,Bg,) = Uty + 5,7, Bry)
C G(s, Bg,) — o/ as s — +o00.

Hence, ©(t) C </, forallt € R. O

6.3 Relationship with the Attractor of the 3D Navier-Stokes
System

Consider now the three-dimensional (3D) Navier—Stokes system

&+ Ay+BO.y) = [ 6.28)
y(r) =y € H .

Our aim now is to study the relation between the pullback attractor of the optimal
control problem (6.5)—(6.7) and the global attractor for the multivalued semiflow
generated by (6.28). We recall first some conditional results proved in [27].

Assumption 1 Assume that for any © € R, y; € V, there exists a unique globally
defined strong solution y(:) of the 3D Navier—Stokes system, that is,

y()) € C([r. +00); V) N LY (t, +00;: D(A)).

Then following [27], one can correctly define the map G : Rt x H + P(H)
by
G(t,y) = {y(t) : y(-) is a weak solution of (6.28)
with y(0) = yo such that y(-) satisfies (6.13)}. (6.29)

We state a result about existence of regular solutions.

Theorem 6.4. [27, Theorem 5] Let Assumption 1 hold. Then for any R > 0 and

vo € H such that |yg| < R, there exists at least one weak solution of (6.28) such
that

y () € C([0,400).H), (6.30)

V()€ Loo([s,T]; Ly (£2)), forall0 <s < T, (6.31)
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forall T > 0,0 < 8§ < T and for a.a. t € (8,T), where R — G (R, T,9),
T +— G (R, T,0) are nondecreasing functions. Moreover, (6.13) holds.

Recall that a bounded complete trajectory of (6.28) is a weak solution defined on
(—00, 00), which satisfies (6.13), and such that |y (t)] < C, forall 7 € (—o0, 00).

Theorem 6.5. [27, p.261-262] Under Assumption 1, the multivalued map (6.29) is
a multivalued semiflow which has a strictly invariant global attractor A, consisting
of all bounded complete trajectories, that is,

A ={p(t) : ¢() is a bounded weak solution of (6.28) 6.33)
satisfying (6.13) and defined on (—oo, +00)}, '

where t € R can be chosen arbitrarily.

Now, we are ready to prove that the global attractor A of (6.28) and the pullback
attractor ®(t) of (6.5)—(6.7) coincide.

Theorem 6.6. Under Assumption 1, there exists C (Ry) such that ifa > C (Ry) in
(6.6), then A = ©(t),Vt € R.

Proof. First, we shall check that A C ©(¢), for any + € R. We know from
[27, p.259] that the ball Bs = {y € H : |y| < Ry + &} is absorbing for G for
any § > 0, and then, it is clear that A C Bg,. Also, it follows from Theorem 6.4
the existence of C > 0 such that ||§||p, < C, for any £ € A. Indeed, since
A = G(1,A), we can choose a weak solution y (-) of the Navier—Stokes system
(6.28) satisfying (6.13) and such that y (0) € A4, y (1) = £. This solution is unique
in the class of weak solutions satisfying (6.13) [27, p.262]. Then (6.32) implies that

1 1
1y Ollye < G (Ro, 1 E),for al<ist,

Choosing C = G (Ro, 1, %), we obtain the desired property.

Let us take « > C in (6.6). Then for any § € A, t > 1, there exists n € A
and a weak solution y(-) of the 3D Navier—Stokes system (6.28) satisfying (6.13)
such that § = y(t), n = y(7), y(p) € A, forall p = 7. So, |y(p)s = C
and y(-) can be taken as a control, that is, y(-) € U;. Thus, y(-) is in fact the
optimal control, because for u(:) = y(-), y(-) = y(:), we have J. (i, y) = 0. So,
E§=y(@) e U, t,n) C U, 1, A) and taking T — —o0, we deduce that £ € O(1).

Further, we shall prove that @ () C A, for any t € R. Let £ € ©(¢). Since
Ot) = Ult,s,0(s)), for all t > s, there exists an optimal pair {y(-),#(-)} of
problem (6.5)—(6.7) with ¥(s) = y; € ©(s), u(-) € Uy, such that y(z) = &.

We take s < ¢t — 2. In view of (6.14) and |ys| < Ry, there exists s < sp < ¢ — 1

such that ) )
R
B, P

y 2< 0 R2. 6.34
7 (so)lI” < > o 1 (6.34)
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It is clear that y(so) € V N ©(so). From the arguments in Lemma 6.2 u(-) € Uy,
and the pair {J(-),u(-)} is also an optimal pair of (6.5)—(6.7) in [so, +00). But
by Assumption 1 for the initial data y(so), there exists a unique globally defined
strong solution y () of the Navier—Stokes system (6.28). We shall check that
{0 (), ¥o (-)} is an optimal process of the problem (6.5)—(6.7) with y¢(so) = J(s0),
() € Uy,

First, we note that any strong solution of (6.5) satisfies (6.12). Using this
inequality and |y (so)| < Ro, it is obvious that |yo (r)| < Ro for all r > sy.

It is known [38, p.382] that

sup ly )] = K (R, T —s0) < 400, (6.35)
||yA0||§R1J€[Sho]

where y (-) is the unique strong solution of system (6.5) corresponding to y;,. We
note that the function K is nondecreasing with respect to both variables. Then, (6.34)
and (6.35) imply

lyo (M) < K (R1,2) forall so <r <so+2.

Since yq (-) also satisfies (6.14), one can choose 5y € (so + 1,50 + 2) such
that yo (5o) satisfies (6.34). Hence, using again (6.35), we obtain that ||y, (r)| <
K (Ry,2) for all s < r < 5o + 3. Repeating the same arguments inductively, we
obtain that || yo (r)|| < K (Ry,2) for all r > s¢y. Therefore,

yo (ML, < cK (Ry,2) forall r > so.

Finally, f+°° | vo (r)||2 e~ dr follows from (6.14).

50

We choose @ > max{G (RO, 1,%),CK (R1,2)}. Then yo(-) € U,,. Since
Jso (0, ¥0) = 0, the pair {yo (-), yo (-)} is an optimal process.

It follows that Jy, (¥, %) = Jy,(yo,y0) = 0, so that y(-) = u(-) and y(:) is a
weak solution of the Navier—Stokes system (6.28). As y(-) is unique in the class of
weak solutions satisfying 7(-) € LY (so, +00; Ly (£2)) [37, p.297-298], we have
Yo = ¥ on [s9, +00) and then yo () = &. We note that O(s) = U(s, so, ©@(s0)),
for all s > s¢, implies that yo (s) € @(s), forall z > s > s50. In the same way for
some s; < §p — 2, we can define a weak solution (in fact strong) y; (-) such that
1 (S0) = Yo (S0), y1(s) € O(s), for all 51 < s < 5¢. The same can be done for
some sequence Sy > §1 > S§» > ... > §, — —oo. Concatenating the functions
Yk (+), we obtain a weak solution y (-) of (6.28) defined on (—o0, ¢] and such that
y() =& y(s) € O(s), forall s < ¢. It is easy to see that y satisfies (6.13). On
the other hand, in the interval [t, 4-00), we take an optimal process {¥(-), #(:)} of
(6.5)—(6.7) such that y(#) = £ and in the same way one can check that y(-) is the
unique strong solution of (6.28) with y(¢) = &. Hence, we put y (s) = j(s) for
s > t. The invariance property @(s) = U(s,t, ©(¢)) implies that y (s) € O(s),
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for all s > t. By Theorem 6.2, we have ®(s) C Bg,, so that the function y (-) is
bounded on R. It follows from (6.33) that § = y(¢) € A.
Therefore, A = ©(t), forallt € R. O

6.4 Applications for Hydrodynamic Problems

Let us consider the problem from [41, Appendix A], [21-25]. There, we considered
some hydrodynamical application to differential-operator equations in infinite-
dimensional spaces. We developed a coupled Larangian—Eulerian numerical scheme
for modeling the laminar flow of viscous incompressible fluid past a square prism at
moderate Reynolds numbers. Then we solved the two-dimensional Navier—Stokes
equations with the vorticity-velocity formulation that can be reduced to differential-
operator equation. The convection step simulated by motion of Lagrangian vortex
elements and diffusion of vorticity will be calculated on the multilayered adaptive
grid. To reduce the dynamic loads on the body, the passive control techniques
using special thin plates will be proposed. The plates will be installed either on
the windward side of prism or in its wake. In the first case, the installation of a pair
of symmetrical plates produces substantial decreasing the intensity of the vortex
sheets separating in the windward corners of prism. In the second case, the wake
symmetrization is achieved with the help of a long plate abutting upon the leeward
surface. Both the ways bring narrowing of the wake and, as a result, decrease of the
dynamic loads. With optimal parameters of the control system, the drag reduction
has be shown to decrease considerably.

Let us consider a two-dimension laminar flow of viscous incompressible fluid
past a square cylinder. Assuming critical parameters are the remote flow velocity
U and the length of the side of a square a, we obtain the following dimensionless
Navier—Stokes equations:

v 1,
— 4+ (V-V)V ==Ap+ —V-V, (6.36)
ot Re

V-V =0, (6.37)

where V(x, y,t) is the fluid velocity, p(x, y,t) is the pressure, v is the fluid
viscosity, and Re = Uxoa/v.

Performing the operation rotor with respect to each term of the (6.36) and putting
the vorticity @ = V x V in view of (6.37), we obtain the equation describing
evolution and diffusion of vorticity in the considered domain. Particularly, for two-
dimensional problems we have

ow 1
— V- Vo = —Aw. .
o + ( )w Re w (6.38)



254 6 Pullback Attractors for a Class of Extremal Solutions of the 3D Navier-Stokes System

Equation (6.38) implies: if in the time point ¢ velocity and vorticity are given,
then the vorticity distribution in the next time point ¢ + Af can be found.
Thereafter, under obtained values w, using Biot-Savart formula and taking into
account boundary conditions on the body surface, we can find new velocity values in
the domain. This computation cycle, which firstly was described by Lighthill [32], is
the foundation of the vortex method. The distinctive feature of numerical algorithms
based on this cycle consists in the way how diffusion and vorticity convection are
calculated and also in different approaches to modeling of vorticity generation on
the body wall.

To solve the diffusion problem for vorticity w, it is necessary to fulfill boundary
conditions of the body and boundary conditions of infinity. For velocity V(x, y,t) =
Va(x,y,t) + Vi(x,y,t), these are the standard non-percolation and adhesion
conditions:

V,,(X, yvt)lL = Unbadya (639)
Velx, y7t)|L = U‘L’b()dyv (6.40)
where Upoay = Uy pody + Uz poay 1s the body velocity consisting of translation and

rotation velocities in general case and L is the boundary of the body.

The choice of a boundary condition on the surface of the body L for the function
 is a nontrivial problem. It is associated with the way one describes the vorticity
generation on the body wall. Due to Lighthill’s method, which is effectively used in
the modeling of discrete vortexes, the body surface is replaced by vortex sheet. In
this case, the vorticity value on the wall @y depends on intensity of the vortex sheet
y. There are different approaches to finding a function @. One of them is based on
the fact that a jump of tangential velocity (V) in incompressible ideal fluid crossing
the vortex sheet is equal to y/2. Then under the adhesion condition, on the surface
L, the following relationship must be fulfilled:

V2 +y/2=0.

Taking into account that wy = y/ h, (h is a given short distance from the wall along
the normal line or an appropriate sampling interval for computational grid associated
with the body) we have:

210

h (6.41)

wy =
L
The velocity V; in formula (6.41) is calculated directly on the wall (Figs.6.1
and 6.2).
In [40], the magnitude wy was determined using the expansion of tangential
velocity into Taylor’s series near the body surface. In this case, taking for instance
the horizontal wall, we have
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Fig. 6.1 Computation y
domai .
omain [41, Appendix A] B c
o _
®=0 L W Qe
=
U, 0 ax
T _ X
ot
—=0
S dy?
A D
Fig. 6.2 Grid element Wi 1

2V (x,h/2 2 T
wy = — V(xh /)+aayz h/4+00) + ... . (6.42)

y=0

If in formula (6.42) only terms containing first-order infinitesimals are left, we
obtain an expression which is an analogue of well-known Thompson’s formula in
w — ¥ model. Expressions (6.41) and (6.42) are the examples of Dirichlet condition
on the function wy. In the work [30] for vorticity flow, Neumann condition is used.
It should be noted that there is no rigorous mathematical substantiation of boundary
conditions for the function @ which would correlate the intensity of the vortex
sheet around the body with vorticity generated by its walls. The choice of boundary
condition for the function w essentially depends on the numerical method used for
solving vortex transfer (6.38).

Let us consider an unbounded fluid flow. Then for fluid velocity perturbations
caused by the body, the damping condition is satisfied:

V(x,y,1) > Uso, if r=+/x*+y?— . (6.43)
The problem formulation is supplemented with initial conditions:

V()C, Y, 0) = Uoo(xv y),
(6.44)
w(x,y,0) =V xUx(x,y).

In [41, Appendix A], it presented numerical algorithm, its approbation, computa-
tion of hydrodynamic loads, and algorithms for flow past a square cylinder structure



256 6 Pullback Attractors for a Class of Extremal Solutions of the 3D Navier-Stokes System

control. But here, by using previous results, we can simplify conclusions. For a
long-time forecast, we can investigate only the rest points of this problem. The state
functions will be exponentially tends to compact invariant set in the phase space
(attractor) uniformly, etc.
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Chapter 7

Properties of Resolving Operator
for Nonautonomous Evolution
Inclusions: Pullback Attractors

One of the most effective approaches to investigate nonlinear problems, represented
by partial differential equations, inclusions and inequalities with boundary values,
consists in the reduction of them into differential-operator inclusions, in infinite-
dimensional spaces governed by nonlinear operators. In order to study these
objects, the modern methods of nonlinear analysis have been used [7, 10, 11, 26].
Convergence of approximate solutions to an exact solution of the differential-
operator equation or inclusion is frequently proved on the basis of the property
of monotony or pseudomonotony of the corresponding operator. In applications,
as an example of a pseudomonotone operator, the sum of a radially continuous
monotone bounded operator and a strongly continuous operator was considered in
[11]. Concrete examples of pseudomonotone operators were obtained by taking
elliptic differential operators for which only the terms containing the highest
derivatives satisfy the monotony property [26]. The papers [4, 5] became classical
in the given direction of investigations. In particular, in the work [5], the class
of generalized pseudomonotone operators was introduced. Let W be real Banach
space continuously embedded in the real reflexive Banach space Y with dual
space Y*, and let (-,-)y : Y* x Y — R be the pairing between Y and Y *. Further,
by C,(Y ™), we denote the family of all nonempty closed convex bounded subsets
of the space Y *. The multivalued map A:Y — C,(Y™) is said to be generalized
pseudomonotone on W if for each pair of sequences {y,},>1 C W and {d,},>1 C
Y* such that d, € A(y,), y» — y weakly in W, d, — d weakly in Y *, from the
inequality
limsup(d,., y»)y < {d,y)y

n—o00

it follows that d € A(y) and (d,, y,)y — (d, y)y. LV. Skrypnik’s idea of passing
to subsequences in classical definitions [39], which was used for stationary and
evolution inclusions by several authors (see [17-20, 23, 24, 28,29, 46, 47] and the
citations there), enabled to consider the class of w),-pseudomonotone maps, which
includes, in particular, the class of generalized pseudomonotone on W multivalued
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operators. Also, the sum of two w,,-pseudomonotone maps continues to be
wy,-pseudomonotone. Let us remark that any multivalued map A:Y — C,(Y™)
naturally generates the upper and, accordingly, lower form:

[A(y), 0]+ = sup (d,w)y,
de A(y)
[A(y), 0] = de“}f(y)(d’W)Y’ y.w € X.

The properties of the given functionals have been investigated by M.Z. Zgurovsky
and V.S. Mel'nik (see [24, 28, 46]). Thus, together with the classical coercivity
condition for single-valued maps, that is,

(A(y), y)y

— 400, as Iylly = +o0,
Iylly

which ensures some important a priori estimates, one can define the property of
+-coercivity (and, accordingly, —-coercivity) for multivalued maps, that is,

(A, Y]+

— +00, as Iylly = +oo.
Iylly

Clearly, 4--coercivity is a weaker condition than —-coercivity.

The recent development of the monotony method in the theory of differential-
operator inclusions and evolutionary variational inequalities ensures existence of
solutions of the associated equations if the operator is —-coercivity, quasibounded,
and generalized pseudomonotone (see, e.g., [6,9, 12—-14,32] and the citations there).
Further, the results of V.S. Mel’nik [30] allowed to consider evolution inclusions
with +-coercive wy,-pseudomonotone quasibounded multimappings (see [17-20,
23,24,44,48,49] and the citations there).

In this chapter, we introduce a differential-operator scheme for the investigation
of noncoercive nonlinear boundary-value problems for which the terms of the oper-
ator corresponding to the highest derivatives do not satisfy a monotony condition.
In this framework, the properly Si of a multivalued operator will be essential. In this
way, we obtain a new theorem of existence of solutions for evolution inclusions.

A multivalued map A : Y — C,(X™) satisfies the property Sy on W, if for any
sequence {y,},>0 C W such that y, — yo weakly in W, d, — dy weakly in Y'*
asn — +oo, where d, € A(y,), Yn > 1, from

lim (dmyn - yO)Y = Oa
n—>o00
it follows that dy € A(yy).
Now, we consider the simple example of Sy type operator. Let £2 = (0, 1),
Y = HO1 (£2) be the real Sobolev space with dual space Y* = H~!(£2) (see for
details [11]). Let A : Y x [—1, 1] — Y * be defined by the rule
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d d
Ay, a) = o (aay) .

Then the multivalued map
r5M(y) = {A(y,Ol)|Ol € [_15 1]}5 y € Yv

satisfies the property Sy; it is +-coercive but not —-coercive; it is not generalized
pseudomonotone and (—<) is not generalized pseudomonotone too (see [15]
for details). We remark that stationary inclusions for multimappings with the Sy
property were considered by V.O. Kapustyan, P.O. Kasyanov, and O.P. Kogut [15],
whereas evolution inclusions for +-coercive wy,-pseudomonotone quasibounded
maps were studied in [17-20,23,24] and [44, 48, 49].

We note that the results of this chapter, are new for evolution equations too.

7.1 New Theorems for Existence Solutions for Skrypnik’s
Type Operators

In this section, we introduce the differential-operator scheme for investigation non-
linear boundary-value problems with summands complying with highest derivatives
are not satisfied monotone condition. A multivalued map A4 : ¥ — C,(X ™) satisfies
the property Sk on W, if for any sequence {y, },>0 C W such that y, — y, weakly
inW,d, — dyweakly in Y* as n — +o00, where d, € A(y,) Yn > 1, from

lim {(d,, y, — yo)y = 0,
n—>oo

it follows that dy € A(yo). Now, we consider the simple example of Si type
operator. Let £2 = (0,1), Y = H/(£2) be the real Sobolev space with dual space
Y* = H7'(£2) (see for details [11]). Let A : ¥ x [~1,1] — Y * defined by the rule

d d
A(y,a) = ~Ix (O(Ey).

Then the multivalued map

satisfies the property Si; it is +-coercive; but it is not —-coercive, it is not
generalized pseudomonotone and (—.<7) is not generalized pseudomonotone too
(see [15] for details). We remark that stationary inclusions for multimaps with Si
properties were considered by V.O. Kapustyan, P.O. Kasyanov and O.P. Kogut [15]
and the evolution inclusions for 4-coercive wy,-pseudomonotone quasibounded
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maps by V.S. Mel’nik, P.O. Kasyanov and J. Valero (see [17-20, 23,24, 44, 48,49]
and citations there). The obtained in this paper results are new results for evolution
equations too (Fig.7.1).

In works [42,43] and papers [16-20, 22, 25-27, 38-41] differential-operator
inclusions with +-coercive W),-pseudomonotone maps closed with respect to the
sum are considered. In the paper [36] it is showed that in general cases the classes
of A¢-pseudomonotone maps coincide with the classes of the classical pseudomono-
tone maps. Therefore, results from [19, 42, 43] (references from [36]) concerned
inclusions with sums of Ag-pseudomonotone maps can be strengthened to the pseu-
domonotony in the classical sense. It is worth noting that works [42,43] and papers
[16-20, 22, 25-27, 38—41] contain results concerned inclusions with +-coercive
maps, about what the authors of [36] keep silent, at that they make wrong
conclusions about—coercivity of +-coercive map. The results of works [42,43] and
papers [16-20,22,25-27,38-41] remain fundamentally new in such directions: (1)
sufficiently weakened +-coercivity in comparison with the classical —-coercivity
(2) possibility of considering the sum of classical pseudomonotone maps (3)
justification of new methods of search of approximate solution for such objects.

In fact, the conditions of theorems that the authors of work [36] refer to in the
majority of cases (as it is showed in this book) allow us to study the dynamics of all
weak solutions as in # — oo of evolution equations and inclusions, the structure of
the global and trajectory attractors for m-semiflows for all weak solutions. In this
book it is showed that, for example, in the autonomous case all weak solutions are
uniformly attracted to the compact in the phase space invariant global attractor. The
theory of differential-operator inclusions is not exhausted by these cases. Therefore,
we introduce, in particular, in this chapter, the results on inclusions with conditions
that contain as partial cases the classical pseudomonotone, coercivity etc. Results of
this section are borrowed from [16,21,22,43,45].

7.1.1 Problem Definition

Let (V1. - llv,) and (Va,| - |lv,) be some reflexive separable Banach spaces,
continuously embedded in the Hilbert space (H, (:,+)) such that
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V=W ﬂ V, is dense in spaces Vi, V, and H (7.1)
After the identification H = H*, we get
Vic HCV}, Vo C HCV), (7.2)

with continuous and dense embeddings [11], where (V;*, || || V,-*) is the topologically
conjugate of V; space with respect to the canonical bilinear form

() VExVi >R (3 =1,2)

which coincides on H x V with the inner product (-, -) on H. Let us consider the
functional spaces

X; =L, (S; H)N L, (S; V;),

where S = [0,7],0 < T < 400,11 < p; <r; < +4oo (i = 1,2). The spaces X;
are Banach spaces with the norms [|y||x, = [|¥llz,, s;vi) + ¥z, (s:1). Moreover,
X; is a reflexive space.

Let us also consider the Banach space X = X, () X, with the norm |y|x =
[l yIlx, +llyllx,. Since the spaces L, (S; V;*)+ L, (S: H) and X;* are isometrically
isomorphic, we identify them. Analogously,

X* =X+ XS =Ly, (S: V") + Lg(S: V5 +L,,(S;H) + L., (S; H),
where rl-_1 +ri71 = Pi_l +ql.—1 =1.

Let us define the duality form on X * x X

(fiy) = / (@), y(@)udr + / (fua®). y(O) wdr + / (D) y (D)) d
S S

S

+ [ (f2(0). y()ndr = [ (f(7), y(0))dr.
/ /

S

where f = fi1 + fia + foar + fo2, f1i € Ly, (S: H), foi € Ly (S: V7).

Following by [26], we may assume that there is a separable Hilbert space V,; such
that V, C Vi, V, C V, with continuous and dense embedding and V, C H with
compact and dense embedding. Then

VeCVicHCV CV), VoCVCHCV,CV}
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with continuous and dense embedding. Fori = 1, 2, let us set
Xi,a = Lri (Sv H) N Lp,' (Ss Va)s X, = Xl,o N XZ,Gs
Xifo :L’i’(S;H)+LQi(S;VG*)’ X: :Xl*,o—“_XZ*,U’
I/Vi,(r Z{yeXi |yl€X,<TU}, Wa = I/Vl,am%,a‘

For multivalued (in general) map A : X = X*, let us consider such problem:

u + A(u) > f,

(7.3)
u)=a, ue WCC(S;H),

where @ € H and f € X* are arbitrary fixed elements. The goal of this work is to
prove the solvability for the given problem by the Faedo—Galerkin method.

7.1.2 The Class 57 (X*)

Let us note that B € 77 (X*), if for an arbitrary measurable set £ C S and for
arbitrary u, v € B the inclusion u+ (v—u) yg € B is true. Here and further ford € X*

1, 7e E,

(dyp)(x) =d()ye(r) forae.t €S, ye(r)=
0, else.

Lemma 7.1. [42] B e st (X™) if and only if Yn>1, V{d;}/_, CB, and for
arbitrary measurable pairwise disjoint subsets { E ; };’.=1 of the set S: U’;:l E; =S,
the following 3 _, d; x&; € B is true.

Let us remark, that @, X* € 2(X*); Vf e X* {f} e/ (X*),if K : SZV*isan
arbitrary multivalued map, then

(feX*| f(t) e K@t) forae. t € S} € #(X*).

At the same time, for an arbitrary v € V*\0 that is not equal to 0, the closed con-
vexset B={feX* | f=av, acl0, 1]} ¢5(X*),as g(-) =V xjo:1/2(-) € B.

7.1.3 Classes of MultiValued Maps

Let us consider now the main classes of multivalued maps. Let Y be some reflexive
Banach space, Y* be its topologically adjoint, {(-,-)y : Y* x Y — R be the
pairing and A : Y Y™ be the strict multivalued map, that is, A(y) # @ Vy € X.
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For this map, let us define the upper ||A(y)||+ = sup ||d|x+ and the lower

degl(y)
A() | = , i;l{f ld || x+ norms, where y € Y. Let us consider the next maps which
€4/ (y)

are connected with 4 : coA4 : Y ZY* andco A : YY™*, which are defined by
the next relations (co A)(y) = co (A(y)) and (co A(y)) = co (A(y)), respectively,
where co (A(y)) is the weak closeness of the convex hull of the set A(y) in the space

Y*. It is known that strict multi-valued maps A, B : Y = Y'* have such properties
[24,28,47]:

L [A(y),vi + a4+ = [AY). vil+ + [A(Y), va]+.
[A(Y).vi + 2= = [A(Y), vi]- + [A(Y),va]- Yy, v, €Y.
2. [A(y), v+ = —[A(y), —v]-.
[A(Y) + B(Y),Vl+(—) = [AD)V]+-) + [B(Y),V]+-) Yy, veE Y.
3. [A(¥). V)4 = [C0A(Y), V]+(—) Yy, vEY.
4. [AD) v+ = 1A+ vllys [AG) + B+ < 1A+ + 1BOD)II+3

partially, the inclusions d € co A(y) is true if and only if
[A(y), v+ = (d,v)y VveY.

Let D CY.Ifa(,-) : DxY — R, then forevery y € D, the functional Y > w
a(y,w) is positively homogeneous convex and lower semicontinuous if and only if
there exists the multivalued map A : Y 2 Y * with the definition domain D(A4) = D
such, that

a(y,w) =[A(),w]l+ Vy e D(A), VweY.
Further, y, — y in Y will mean, that y, converges weakly to y in Y.

Let W be some normalized space that continuously embedded into Y. Let us
consider multivalued map A : Y 2 Y * (Fig.7.2).

Definition 7.1. The strict multivalued map A : Y XY * is called:

o Ao-pseudomonotone on W , if for any sequence {y, },>0 C W such, that y, — yq
inW,d, = dyin Y* asn — 400, where d, € co A(y,) Vn > 1, from the
inequality
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lim (dy, y» — yo)y <0 (7.4)

im
n—o0

it follows the existence of subsequence {y,, , dy, }x>1 from {y,, d, },>1, for that

Lim (dy, yu —w)y = [A(Y0), yo—w]- VweY (7.5)
k—o00

is fulfilled.
* Bounded, if for every L > 0, there exists such [ > 0 that

VyeY:|ylly <L, itfollowsthat |[A(y)|+ <.

Definition 7.2. The strict multivalued map 4 : X = X* is called:

o The operator of the Volterra type, if for arbitrary u,v € X, t € S from the equality
u(s) = v(s) fora.e. s € [0, 1], it follows, that [A(u), & ]+ = [A(v), &]+

V& € X @ &(s) =0 forae. s € S\[0,¢].

e +(—)-coercive, if there exists the real function y : Ry — R such that y(s) —
400 as s — 400 and

[AD), Y]+ = vUyIID)Iylly VYyeY

e Demiclosed, if from that fact, that y, — yinY, d, — d in Y*, where
d, € A(y,), n > 1, it follows that d € A(y)

Let us consider multivalued maps that act from X,, into X,;, m > 1. Let us
remark that embeddings X,, C ¥, C X} are continuous and the embedding W,,
into X, is compact [26].

Definition 7.3. The multivalued map </ : X,, — C,(X)) is called (W, X,;)-
weakly closed, if from that fact, that y, — y in W, d, — d in X}, d, € </ (y»)
Vn > 1, it follows, that d € o7 (y).

Lemma 7.2. The multivalued map <7 : X,, — C,(X,,) satisfies the property Sy on
W if and only if &7 : X,y — Cu(X,) is (Wi, X,)-weakly closed.

*

Proof. Let us prove the necessity. Let y, — y in W,, d, — d in X,;, where
d, € &/(y,) Yn > 1. Then y, — y in X,,, and (d,,, y, — y)x,, — O asn — +o0.
Therefore, in virtue of <7 satisfies the Sy property on W,,, we obtain that d € <7 (y).
Let us prove sufficiency. Let y, — y in W, d, — d in X,;, (d,, y» — ¥)x,, <0
asn — 400, where d, € o/(y,) YVn > 1. Then y, — y in X,,, and d € &7 (y).
The lemma is proved. O

Corollary 7.1. If the multivalued map </ : X,, — C,(X,) satisfies the property
Sk on W, then < is Ay-pseudomonotone on W,
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7.1.4 The Main Results

In the next theorem, we will prove the solvability and justify the Faedo—Galerkin
method for the problem (7.3).

Theorem 7.1. Leta = 0, A : X — C,(X*) N A (X*) be +-coercive bounded
map of the Volterra type that satisfies the property Sy on W,. Then for arbitrary
f € X*, there exists at least one solution of the problem (7.3) that can be obtained
by the Faedo—Galerkin method.

Proof. From +-coercivity for A : XZ X*, it follows that Vy € X

[A). yl+ = vy IOy llx-

So,3rg > 0:y(ro) > || fllx+ > 0. Therefore,

VyeX: |lylx =ro [A(y) = fiy]l+ > 0. (7.6)

The solvability of approximate problems (Fig. 7.3).
Let us consider the complete vectors system {/; };>1 C V such that:

(1) {hi}i>1 orthonormalin H.
(a2) {hi}i>1 orthogonalin V.
(3) Yi =1 (hi,v)y = Ai(hi,v) VYveV.

where 0 < Ay < A,,...,4; = o0 as j — oo, (-,)y is the natural inner product
in V, that s, {/;};>1 is a special basis [40]. Let foreachm > 1 H,, = span{h;}/_,,
on which we consider the inner product induced from H that we again denote by
(-,). Due to the equivalence of H* and H, it follows that H)) = H,; X, =
Lpy(S; Hp), Xy = Lgo(S; Hp), po = max{ri, r2}, qo > 1: 1/po + 1/q0 = 1,
(. x = C)xlxpxx,, Wi = 1{y € Xl y' € X}, where y’ is the derivative
of an element y € X,, is considered in the sense of 2*(S, H,,). For any m > 1,
let 1,, € Z(X,,; X) be the canonical embedding of X,, in X and 7, be the adjoint
operator to 1,,. Then

Vm>1 |Iyllexsx: =1 (7.7)
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Let us consider such maps [17]:
Ap:=1y0A01ly: Xy — C(X"), fu:i=1,T

So, from (7.6) and corollary 7.1, applying analogical thoughts with [17, 20],
we will obtain that:

(j1) A is Ap-pseudomonotone on W,,.
(j2) A is bounded.
(J3) [An(¥) = fm: ¥+ =2 0Vy € Xyt [|yllx = ro.

Let us consider the operator L,, : D(L,,) C X,, — X, with the definition domain
D(Ly) = {y € Wy | y(0) =0} = W,
that acts by the rule:
VyeW, Luny=Y.

where the derivative y’ we consider in the sense of the distributions space
2*(S; Hy,). From [17] for the operator L,,, the next properties are true:

(ja) Ly, is linear.
(Js) Yy e Wy (Lny,y) 0.
(je) L, is maximal monotone.

Therefore, conditions (j;)—(j¢)and the Theorem 3.1 from [18] guarantee the
existence at least one solution y,, € D(L,,) of the problem:

Lin(Ym) + An(Ym) 2 fmr  Nymllx <10

that can be obtained by the method of singular perturbations. This means that y,, is
the solution of such problem:

y;/n + A (Ym) 3 fin

_ (7.8)
Ym(0) =0, ym € Wi, [lymllx <R,
where R = ry.
Passing to the limit.
From the inclusion from (7.8) it follows, that Vim > 13d,, € A(y,,) :
I,:dm = fm - y;/n € Am(ym) = ];A(ym) (7.9)

1. The boundedness of {d,,; }m>1 in X * follows from the boundedness of A and from
(7.8). Therefore,
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Fig. 7.4 Configuration of the
grid (see Sect. 6.4 and
[41, Appendix A])

dc; >0 Vm > 1 ||dm||X* <. (7.10)
2. Let us prove the boundedness {y, }»>1 in XZ. From (7.9), it follows that

Vm > 1y, = I*(f —dp), and, taking into account (7.7), (7.8), and (7.10), we
have

Iynllxs < lymllw, <c2 < +oo. (7.11)

In virtue of (7.8) and the continuous embedding W, C C(S; H,,), we obtain
(see [37]) that A ¢3 > O such, that

Vm=1,VteS |ym®|n =<c3 (7.12)
3. In virtue of estimations from (7.10)—(7.12), due to the Banach—Alaoglu theorem,

taking into account the compact embedding W C Y, it follows the existence of
subsequences

{J’mk}kzl - {le}mZI’ {dmk}kzl C {dm}mzl
and elements y € W, d € X*, for which the next converges take place (Fig. 7.4):

Y =~y inW, dy, —din X"
Y, (t) = y(¢) in H foreacht € § (7.13)

Y (t) = y(t) in H forae. t € §, as k — oo.

From here, as Yk > 1 y,,, (0) = 0, then y(0) = 0.
4. Let us prove that

y = f—d. (7.14)
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Letp € D(S), n € Nand h € H,. Then Yk > 1: my > n, we have

(/ P(O) Yy (1) + dun (T))dT. h) = (Vy, + - V).

N

where ¥ (t) = h-¢(t) € X, C X. Let us remark that here we use the property
of Bochner integral [11, Theorem IV.1.8, p.153]. Since for my > n H,, D H,,
then (y;, + dm,. ¥) = (fn,» V). Therefore, Vk > 1 :my > n

(oo W) = (/ o(7) f()dr, h),

S

Hence, forall k > 1: my > n,

( / oDyl (D)dr. h) =~ dy V)

S

— (/ () (f(r) —d(r)dr, h) as k —> oo (7.15)

N

The last follows from the weak convergence d,,, to d in X*.
From the convergence (7.13), we have

(/ @)y, (D)dr, h) — (¥ (@). h) as k — oo (7.16)

S

where
Ve e () () = —y) =~ [ 30y (e
S
Therefore, from (7.15) and (7.16), it follows that

voez) vhelJty 0'o1h = [ e - dwden

m>1 S

Since |J H,, is dense in V, we have that
m>1

Ve 2(S) V() = / o()(f(x) — d(2)dr.

N

Therefore, y' = f —d € X*.
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5. In order to prove that y is the solution of the problem (7.3), it remains to show
that y satisfies the inclusion y’ + A(y)> f. In virtue if identity (7.14), it is
enough to prove that d € A(y).

From (7.13), it follows the existence of {r;};>; C S such that t; /T as | — +o0
and

VIi>1 yu(u)—y()in H ask — 400 (7.17)
Let us show that for any [ > 1,
(d,w) <[A(y),w]l+ VYwe X : w()=0forae.t €[, T]. (7.18)
Let us fix an arbitrary v € {r;};>;. Fori = 1,2, let us set
Xig(1) = Ly, (t.T: H) N L, (1. T:V,),  Xo(7) = X15(0) ) X2 (7).
X' (@)=L, (t,T:H)+ Ly, (¢. T: V), X7(v) = X[, (1) + X7, (1),
Wio(t) ={y € Xi(@) | Y € X1 (D)}, Wolr) = Wig() [ | Wao (7).
ap =y(v). ar =ym(v). k=1
Similarly, we introduce X (z), X *(t), W(r). From (7.17), it follows that
ar — ao in H as k — +oo0. (7.19)

For any k > 1, let zz € W(t) be such that

Z;{ + J(zx) 3 0,

(7.20)
7 (7) = ay,

where J : X(r) — C,(X™*(7)) be the duality (in general multivalued) mapping,
that is,

[J@),ul+ = [Jw). ul- = lluliq, = 1T@I5 = [T@WIZ,  ue X().

We remark that the problem (7.20) has a solution z; € W(t) because J is
monotone, coercive, bounded, and demiclosed (see [1,2, 11, 18]). Let us also note
that for any k > 1,

lze (T3 = llar Gy = 2(zi 2) xo) + 2llz iy = 0.
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Hence,

1
V=1 |zlx+@ = lalxe = —=llaclla < cs.

V2

Due to (7.19), similarly to [11, 18], as k — +o00, z; weakly converges in W to
the unique solution zo € W of the problem (7.20) with initial time value condition
z(0) = ag. Moreover,

Zk — 20 in X(7) as k — +o0 (7.21)

because . @ Iz 5y = llz0ll%(e)> 2 = 20 in X(z) and X () is a Hilbert space.
—

For any k > 1, let us set

e (£) = { Ym (1), if £ €0, 7], () = { dp, (t), ift€][0,7],

7k (1), elsewhere, cik (1), elsewhere,

where d\k € A(ug) is an arbitrary. As {uy }x> is bounded, A : X=X ™ is bounded,
then {dj }r>1 is bounded in X *. In virtue of (7.21), (7.13), and (7.17),

k—4o00

lim (g, ur —u) = k—lil-il-loo /(dk(t),yk(t) —y(@))dt = kliTOO / (f(t)
0 0
—yi(0), yi (1) — y(1)) dt

= i [ 01050 - o) ar
0
1

= Jim = (IO = Iy @17)

k—+o00

+ tm [ (o 0)ar
0

(IO - Iy©I%) + / V(). () d

0

NI>—‘

So,

lim (gk,ur —u) =0. (7.22)

k—>+o00
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Let us show that g € A(ur) Vk > 1. For any w € X, let us set

w(t), ift €0, 1], 0, ift €0, 7],
we(r) =9 - wi(t) =
0, elsewhere, w(t), elsewhere.

In virtue of A is the Volterra type operator, we obtain that

(W) = (d,. we) + (die.w")
< [AQm)- wels + (die.w")
= [A(u). wely + (diw")
< [A(ur), wel+ + [Au), w']+.

Due to A(ux) € S (X™), similarly to [42], we obtain that

[A(ur), wel+ + [AGu), w'l+ = [A(ug), w]+.

As w € X is an arbitrary, then g € A(ur) Vk > 1. Due to {u }x>1 is bounded
in X, then {g }x>1 is bounded in X*. Thus, up to a subsequence {uy;, g, }j>1 C
{uk, gk tk>1, for some u € W, g € X*, the next convergence takes place

ug, ~wuin Wy, g, —gin X" as j — oo (7.23)
We remark that
u(t) = y(), g()=4d() forae.t €0, 1] (7.24)

In virtue of (7.22), (7.23), as A satisfies the property S; on W,, we obtain that
g € A(u). Hence, due to (7.24), as A is the Volterra type operator, for any w € X
such that w(z) = 0 fora.e. ¢t € [t, T], we have

(d,W) = (gs W) =< [A(Lt),W]+ = [A(y),W]+

As T € {11};>1 is an arbitrary, we obtain (7.18).

From (7.18), due to the functional w — [A(y),w]+ is convex and lower
semicontinuous on X (hence, it is continuous on X'), we obtain that for any w € X
(d,w) = [A(y),w]4. So,d € A(y).

The theorem is proved. O

In a standard way (see [26]), by using the results of the theorem 7.1, we can obtain
such proposition.

Corollary 7.2. Let A : X — C,(X™*) N A (X*) be bounded map of the Volterra
type that satisfies the property Sk on Wy. Moreover, let for some ¢ > 0
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[A(Y), y]+ —cllAW) I+
yllx

— 400 (7.25)

as ||yllx — +oo. Then forany a € H, f € X*, there exists at least one solution
of the problem (7.3) that can be obtained by the Faedo—Galerkin method.

2
llally
2c2

Proof. Letussete = . We consider w € W'

w +eJ(w) =0,
w(0) = a,

where J : X — C,(X ™) be the duality map. Hence ||w||x < ¢. We define A X -
C,(X*) (2 (X*) by the rule: A(z) = A(z4+w),z€ X.Letusset f = f —w €
X*.1If z € W is the solution of the problem

7+ AR > f,
z(0) = 0,

then y = z+w is the solution of the problem (7.3). It is clear that Ais abounded map
of the Volterra type that satisfies the property Sx on W. So, due to the Theorem 7.1,
it is enough to prove the 4--coercivity for the map A. This property follows from
such estimates:

[A(2).2)+ = [AG 4+ w). 24+ w4 — [Az + w), ]+

> [A(z +w), 2+ wlt —cll[Az +w) |+,
>

lzllx = llz +wlx —c,

The corollary is proved. O
Analyzing the proof of the Theorem 7.1, we can obtain such result.

Corollary 7.3. A : X — C,(X*) N (X™) be bounded map of the Volterra type
that satisfies the property Sk on Wy, {antns0 C H: ay, — apin H asn — o0,
yn € W, n > 1 be the corresponding to initial data a, solution of the problem
(7.3). If yo—yoin X, asn — +o0, then y € W is the solution of the problem (7.3)
with initial data ag. Moreover, up to a subsequence, y, — yo in Wy (C(S; H)
(Fig.7.5).

Example 7.1. Let us consider the bounded domain §2 C R” with rather smooth
boundary 02, S = [0,7T], Q0 = 2 x (0;T), I'T = 382 x (0; T). Fora,b € R, we
set [a,b] = {aa + (1 —a)bla € [0,1]}. Let V = H/(£2) be real Sobolev space,
V* = H™'(£2) be its dual space, H = L,(2),a € H, f € X*. We consider such
problem:
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Fig. 7.5 Vorticity
distribution in the wake past
the square cylinder at
different Reynolds numbers,
T = 25 (see Sect. 6.4 and
[41, Appendix A])

oS = NS M = NS o = oS N =

) Re=5000
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ay(x,t)
ot

+ [_Ay(xvt)vAy(xsZ)] > f(xvt) in Qv
y(x,0) = a(x) in £,
y(x,t) =01in I7. (7.26)

We consider 4 : X — C,(X*) N2 (X*),

A(y) ={Ay - plp € Loo(S),| p(1)] <1 ae.in S}.

where A means the energetic extension in X of Laplacian (see [11] for details),

(Ay - p)(x,t) = Ay(x,t) - p(¢t) forae. (x,t) € Q.
‘We remark that

A+ = Iy lx. [AD). ¥+ = IVl (7.27)

We rewrite the problem (7.26) to the next one (see [11] for details):

y +A®»)> f y(0) =a. (7.28)

The solution of the problem (7.28) is called the generalized solution of (7.26).
Due to the Corollary 7.2 and (7.27), it is enough to check that A satisfies the
property Sy on W. Indeed, let y,—y in W, d, — d in X*, where d,, = p,A y,,
Pn € Loo(S), |pa(t)] < 1forae.t € S.Then y, — yinY and up to a
subsequence p, — p weakly star in Lo (S), where |p(t)] < 1 forae. t € S.
AS [ pnAyn— Pn Ayl Lys:—2(2)) < lyn = ylly = 0, then p, Ay, — pAy weakly
in L,(S; H72(£2)). Due to the continuous embedding X* C L,(S; H2(£2)), we
obtainthatd = p Ay € A(y). So, we obtain such statement.

Proposition 7.1. Under the listed above conditions, the problem (7.26) has at least
one generalized solution’y € W.

7.2 Noncoercive Evolution Inclusions for S; Type Operators

For a large class of noncoercive operator inclusions, including those generated by
maps of Sj type, we obtain a general theorem on existence of solutions. We apply
this result to a particular example. This theorem is proved using the method of
Faedo—Galerkin approximations.

One of the most effective approaches to investigate nonlinear problems, repre-
sented by partial differential equations, inclusions, and inequalities with boundary
values, consists in the reduction of them into differential-operator inclusions in
infinite-dimensional spaces governed by nonlinear operators. In order to study these
objects, the modern methods of nonlinear analysis have been used [7, 10, 11, 26].
Convergence of approximate solutions to an exact solution of the differential-
operator equation or inclusion is frequently proved on the basis of the property of
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monotony or pseudomonotony of the corresponding operator. In applications, as an
example of a pseudomonotone operator, the sum of a radially continuous monotone
bounded operator and a strongly continuous operator was considered in [11].
Concrete examples of pseudomonotone operators were obtained by taking elliptic
differential operators for which only the terms containing the highest derivatives
satisfy the monotony property [26]. The papers [4, 5] became classical in the given
direction of investigations. In particular, in the work [5], the class of generalized
pseudomonotone operators was introduced. Let W be real Banach space contin-
uously embedded in the real reflexive Banach space Y with dual space Y *, and
let (-,-)y : Y* x Y — R be the pairing between Y and Y *. Further, by C,(Y*), we
denote the family of all nonempty closed convex bounded subsets of the space Y *.
The multivalued map A:Y — C,(Y™) is said to be generalized pseudomonotone
on W if for each pair of sequences {y,},>1 CW and {d,},>1 CY* such that
dy, € A(yn), yn — y weakly in W, d, — d weakly in Y *, from the inequality

lim sup{d,, yu)y < (d, y)y,

n—o0

it follows that d € A(y) and (d,, y»)y — (d, y)y. L.V. Skrypnik’s idea of passing
to subsequences in classical definitions [39], which was used for stationary and
evolution inclusions by several authors (see [17-20, 23, 24, 28, 29, 46, 47] and the
citations there), enabled to consider the class of w),-pseudomonotone maps, which
includes, in particular, the class of generalized pseudomonotone on W multivalued
operators. Also, the sum of two wy,-pseudomonotone maps continues to be
w;,-pseudomonotone. Let us remark that any multivalued map A:Y — C,(Y™)
naturally generates the upper and, accordingly, lower form:

[A(y), 0]+ = sup (d,w)y,
de A(y)

[A(y), w]- inf (d,w)y, y,oelX.

de A(y)

The properties of the given functionals have been investigated by M.Z. Zgurovsky
and V.S. Mel’'nik (see [24, 28, 46]). Thus, together with the classical coercivity
condition for single-valued maps, that is,

(A(y), y)y

— 400, as Iylly = +o0,
Iylly

which ensures some important a priori estimates, one can define the property of
+-coercivity (and, accordingly, —-coercivity) for multivalued maps, that is,

(A, Y]+

— +00, as Iylly = +o0.
Iylly

Clearly, 4--coercivity is a weaker condition than —-coercivity.
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Fig. 7.6 Time dependence C Cy
of drag coefficient C, — 1 and
of lifting force C, — 2 of 3 7
the square prism at different S
Reynolds numbers 2 \/\/\/\/\/\/Q\/v
(see Sect. 6.4 and A P e N
[41, Appendix A]) 1F A i \ / ! !i jr! ‘ﬁ\
o .‘I l‘\\ fr'l “l rfl “i r.fI “\
i / kS ; 5 } \ 1 b
I LY \
-1 1: /,a’ \ '.-J \ﬂ\‘; \\Jr 1
2 \ F.’ 1 I I L 1
0 5 10 15 20 25 T
a) Re=250
GG :
3 [
2
. 4%y 2 AN
\ | R L
1
1 \ :rj \\‘ / i \u‘
' ! v ;r \
0 ! ! \ ! |
1 Il' j I\l |I I‘
- v ] 1
Nk “\ ,’J \
2 . o

15 ZIU 25 T
b) Re=1000

The recent development of the monotony method in the theory of differential-
operator inclusions and evolutionary variational inequalities ensures existence of
solutions of the associated equations if the operator is —-coercivity, quasibounded,
and generalized pseudomonotone (see, e.g., [6,9,12—14,32] and the citations there).
Further, the results of V.S. Mel’nik [30] allowed to consider evolution inclusions
with 4-coercive wy,-pseudomonotone quasibounded multimappings (see [17-20,
23,24,44,48,49] and the citations there) (Fig.7.6).

In this chapter, we introduce a differential-operator scheme for the investigation
of noncoercive nonlinear boundary-value problems for which the terms of the oper-
ator corresponding to the highest derivatives do not satisfy a monotony condition. In
this framework, the properly S; of a multivalued operator will be essential. In this
way, we obtain a new theorem of existence of solutions for evolution inclusions.

A multivalued map A4 : Y — C,(X™) satisfies the property Sy on W, if for any
sequence {y, },>0 C W such that y, — yo weakly in W, d,, — dy weakly in Y * as
n — 400, where d,, € A(y,), Vn > 1, from

lim (d,, y» — yo)y =0,
n—>00

it follows that dy € A(yy).
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Now, we consider the simple example of Si type operator. Let 2 = (0, 1),
Y= HO1 (£2) be the real Sobolev space with dual space Y* = H~!(£2) (see for
details [11]). Let A : Y x [—1, 1] — Y ™* be defined by the rule

d d
Ay, a) = ~Ix (oz—y) .

Then the multivalued map
A(y) ={Ay.0) |a € [-1. 1]}, y €7,

satisfies the property Si; it is +-coercive, but not —-coercive; it is not generalized
pseudomonotone and (—&7) is not generalized pseudomonotone too (see [15]
for details). We remark that stationary inclusions for multimappings with the S
property were considered by O.V. Kapustyan, P.O. Kasyanov, and O.P. Kogut [15],
whereas evolution inclusions for +-coercive w),-pseudomonotone quasibounded
maps were studied in [17-20,23,24] and [44,48,49].

We note that the results of this chapter are new for evolution equations too.

7.2.1 Preliminaries: On Some Classes of Multivalued Maps

In this section, we will consider some classes of multivalued maps, which are
necessary in order to prove the theorem of existence of solutions for evolution
inclusions.

Let Y be some reflexive Banach space, Y * be its topologically adjoint, (-,-)y :
Y*xY — R be the pairing between them, and let A : Y Z Y * be a strict multivalued
map, that is, A(y) # @, Vy € X. For this map, let us define the upper norm

A+ = sup |[|d]x~
dedd (y)

and the lower norm

A = inf ||d| x*,
14091 =, inf [ x

where y € Y. Let us consider also the maps coA : Y Y * andcoA : Y Y™, which
are defined by

(coA)(y) = co(4(y))

and
(c0A(y)) = co(A(y)),

respectively, where co(A(y)) is the weak closure of the convex hull of the set A(y)
in the space Y*.
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It is known that for any multivalued maps A, B : Y 2 Y *, the following properties
hold [24,28,47]:

A v+l S [AD) i+ + [A), val+-

A v )= = [A),vi]- + [A(Y), va]-, Yy, vi,m €Y.
[AG) vl = —[A), —v]-.

A + BO) Vo) = [AD) V4o + [BOY) V4. Yy, vEY.
. [A(y),V]+(—) = [EA(y),V].H—), Vy,v ey.

Ao < 1AW +o V-

MAG) + BDWI+ = 1A+ + 1BO)I+-

. d € CoA(y) is true if and only if

el N B e Y R O

[A(y),Vv]+ = {d,v)y, VveY.

9.Let D C Y. Ifa(-,-) : D xY — R, then for every y € D, the functional
Y > w > a(y,w) is positively homogeneous convex and lower semicontinuous
if and only if there exists a multivaluedmap A : D C Y — C, (Y *) with domain
D(A) = D such that

a(y,w) =[A(y),w]+, Vye D(A), VweY.

Further, y, — y in Y will mean that y, converges weakly to y in Y.

Let W be some normalized space continuously embedded into Y . Let us consider
a multivalued map 4 : Y — C,(Y*). We shall introduce some important classes of
maps.

Definition 7.4. A strict multi-valued map 4 : Y — C,(Y'*) is called:

*  Ao-pseudomonotone on W, if for any sequence {y, },>0 C W such that y, — yo
in W, d,—~dy in Y* as n - + oo, where d, € A(y,), Vn > 1, from the
inequality

lim Sup(dnv Yn — y0>Y <0,

n—o0

it follows the existence of a subsequence {y,, ,dy }r>1 from {y,,d,},>1, for
which

liminf(d,, ., y,, —w)y = [A(¥0), Yo — W],
k—00

forallwe Y.

* A map satisfying the property Sy on W, if for any sequence {y, },>0 C W such
that y, — yo weakly in W, d,, = dy weakly in Y* as n — + oo, where d,, €
A(yn), Vn > 1, from

lim (dns Yn — y0>Y =0,
n—o00

it follows that dy € A(yo).
e Bounded, if for every L > 0, there exists / > 0, such that for any y € Y satisfying
lvlly < L itfollows that |A(y)||+ <.
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Fig. 7.7 Dependence of a Strouhal number on a Reynolds number for the flow past the square
prism and comparison of the obtained results with the experimental data. [33]: black circle
computations, open circle, open triangle . .. experiment (see Sect. 6.4 and [41, Appendix A])

Definition 7.5. A strict multivalued map 4 : X — C,(X*) is called:

* Anoperator of the Volterra type , if for arbitrary u,v € X, t € S from the equality
u(s) = v(s) fora.e. s € [0,1], it follows that [A(u), &1+ = [AW), &+, V& € X
such that & (s) = 0 fora.e. s € S\[0, ¢].

e +(—)-coercive, if there exists a real function y : R4 — Rsuch that y(s) — +o0
as s — +oo and

[AD): Y]+ = vUIyInlylly, Yy eY.

e Demiclosed, if from the fact that y, — yinY,d, — d in Y *, where d, € A(y,),
n > 1, it follows that d € A(y) (Fig.7.7).

7.2.2 Setting of the Problem

Let V, H be real Hilbert spaces. We consider the inner product (-,-) in H and
identify this space with its conjugate H*. Let the embedding V' C H be compact.
Then we obtain the following chain of compact and dense embeddings:

VCHCV"
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where V* is the topologically adjoint space to V. Let us denote a finite interval of
time by S = [0, T'], and let

X = Ly(S:V), X*=LyS:;:V*),
Y =Y* = Ly(S; H).

The linear space W = {y € X | y/ € X*} is a Hilbert space with the norm
Ivllw = Iyllx + Iy llx*, where y’ is the derivative of y € X in the sense of the
space of distributions 2*(S; V*) [11]. For an arbitrary v € X and f € X*, let us
consider

(fov) = / (f(0),v(1))y dr.

N

Here, (-,-), : V* x V — Ris the canonical pairing, which coincides with the inner
product (+,-) in H on H x V. Hence, (f,v) = [ (f(7),v(r))dr if f € Y. In the
S

sequel, for simplicity, we shall use the last notation even if f € X*.
For a multivalued (in the general case) map A : X X*, let us consider the
problem

/
u' 4+ A(u) 3 f, (7.29)
u)=a,ueW CC(S;H),
where @ € H and f € X™ are arbitrary fixed elements. The goal of this work is to
prove the solvability for the given problem by the Faedo—Galerkin method.

Let us introduce a class of subsets of X*, which will be denoted by 7 (X ™).
We shall say that B € J7(X*), if for an arbitrary measurable set £ C S and for
arbitrary u,v € B, the inclusion u + (v — u)yg € B is true. Here and further for
deX*(dyp)(t)=d()ye(r) forae. t € S, where

1, 7e E,

T) =
1(®) 0, else.

Lemma 7.3. B € JC(X*) if and only if for all n > 1, {d;}/_, C B, and for
arbitrary measurable pairwise disjoint subsets {E; };’»:1 of the set S such that
U}}:lEj = S, it holds Z’;’=1 deEj € B.

Let us remark that @, X* € 27 (X™) and that the for all f € X™, the constant

function & (1) = f belongs to (X ™). On the other hand, if K : SZ V™ is an
arbitrary multivalued map, then

{f eX"| f@t) e K(t) forae.t € S} € H(X™).
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At the same time, for an arbitrary v € V*\0 (which is not equal to 0), the closed
convexset B={feX*| f=av, ac[0,1]} ¢ (X*),as g(:) = v-xj0,7/2 () € B.
In order to prove the solvability for problem (7.29), we will obtain some auxiliary
statements.
Let us consider a complete system of vectors {/;};>; C V such that:

(al) {h;}i>1 is orthonormal in H.

(a2) {h;}i>1 is orthogonal in V.

(063) (hi,V)V =)Li(hi,v), YVveV,Vi>1,
where 0 < A1 < A,,...,A; —> oo as j —> oo, and (-,-)y is the natural
inner productin V.

Thus, {h;};>1 is a special basis [40]. Let H,, = span{h;}/_,, foreachm > 1, on
which we consider the inner product induced from H, denoted by (-, -). Due to the
equivalence of H* and H, it follows that H} = H,,, X,, = L,(S; H,,) = X, and
()x, = (). Weput W, :={y € X, | y' € X}, where y’ is the derivative of
an element y € X,, considered in the sense of 2*(S, H,,). Let us remark that the
embeddings X,, C ¥, C X,* are continuous and that the embedding W,, into X, is
compact [26, p.70] (Fig.7.8).

Let further 7 : X — X™* be the canonical embedding.

Let us fix A € R. Let us set ¢; (1) = e *, ¢ € S. For an arbitrary y € X*, let
us define y; (as a map from S into V*) in the following way: v, () = ¢a(f)y(¢)
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fora.e.t € S. Let us remark that (y,)—; = y, forall y € X*. Also, we define the
element ¢, y by (92 y)(t) = y(t)pa(t) forae.t € S.

Lemma 7.4. The map y +— y, is an isomorphism and an homeomorphism as a
map acting from X, into X, (respectively from X into X, from W,, into W,
from X into X, from X* into X*, from Y, into Y,,, from Y into Y ). Moreover, the
map Wy, 3y —> yy € W, is weakly-weakly continuous, that is, from the fact that
Yn =y in Wy, it follows that y, . — y; in Wy,. Also, we have y; = ¢y + ¢y’ €
Xy, Vy e W,.

Let us consider the multivalued map &7 : X — C,(X*). Let us define the set
@ () € C,(X™) for fixed y € X by the next relation

[ (yi), 0]+ = [ () + Ay, @3]+, Vo€ X.

Let us remark that as the functional @ +—— [</(y) + Ay, w,]+ is semiadditive,
positively homogeneous, and lower semicontinuous (as the supremum of linear and
continuous functionals), <7, (y;) is defined correctly.

Lemma 7.5. If the map of : X — C,(X*) is bounded, then <, : X — C,(X™) is
bounded.

Let us consider now multivalued maps which map X, into X*.

Definition 7.6. The multivalued map &/ : X,, — C,(X,;) is called (W, X})-
weakly closed, if from that fact that y, — y in W,,, d, — d in X}, d, € </ (y,),
Vn > 1, it follows that d € 7 (y).

Lemma 7.6. The multivalued map <7 : X,, — C,(X,;,) satisfies the property Sy on
W if and only if &7 : X,y — Co(X,)) is (Wi, X,)-weakly closed.
Proof. Let us prove the necessity. Let y, — y in W,, d, — d in X, where
dy, € (y,), YVn > 1. Then y, — y in X,,, and (d, y» — y)x,, = Oasn — +oo.
Therefore, since .« satisfies the Sy property on W,,, we obtain that d € <7 (y).

Let us prove the sufficiency. Let y, — y in Wy,, d, — d in X}, (dn, yu —
Y)x,, — 0asn — +oo, where d,, € </(y,), Vn > 1. Then y, — y in X,, and
d € o/(y). The lemma is proved. O

Lemma7.7. If &/ : X,, — C,(X)) is (W, Xy)-weakly closed, then <) is
(Wi, X,)-weakly closed.

Proof. Let y,, — y, in Wy, d, — d in X, d, € /4 (yn ). Then in virtue of
Lemma 7.4 y, := (yus)-2 = ¥ = (W)-a in Wy, yua = yrin X, and y, — y
in X,,.

Further, as [2/ (yn) +Ayn, 03]+ > (dy, 0)x,,, forany o € X,,, we obtaind, —y €
2 (yn) + Ayy,. Therefore, g, := d, —) — Ay, € </ (y,). Let us remark that d, ) =
(dp)—p — d—j in X, and since X,, C X, continuously, we have g, — g in X;
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for some g € X,. Due to the fact that &7 is (W,,, X,)-weakly closed, we have that
g € &/ (y). Therefore,d, ) —Ay, — gin X,;, sothatd, _; — Ay + gin X,;, and
then, d, = (dy—3)x» — Ayx + g in X,;. Therefore, for all w € X,,,, we get

(d,w)x, = (Ayr + g1, 0)x,,
= Ay + g o1)x, < [Z(y) + Ay, o1+,

SO

d € G (y:).
The lemma is proved. O

Since the embedding W), into X,, is compact, from Lemmas 7.6, 7.7, it follows
the following corollary.

Corollary 7.4. If the multivalued map </ : X,, — C\(X) satisfies the property
Sk on Wy, then <) is Ao-pseudomonotone on W,.

7.2.3 Main Results

In the next theorem, using the Faedo—Galerkin method, we will prove the existence
of solutions for problem (7.29).

Theorem 7.2. Leta = 0, A : X — C,(X*) N J(X*) be a bounded map of the
Volterra type, which satisfies the property Sy on W. Moreover, let for some A > 0
the map A+ Al be +-coercive. Then for arbitrary f € X*, there exists at least one
solution of problem (7.29), which can be obtained by the Faedo—Galerkin method.

Proof. We shall divide the proof in several steps.
Step 1: A Preliminary Estimate.

At first, let us show that there exists a real nondecreasing function y : R — R
such that y(r) — 400 as r — 400, it is bounded from below on bounded sets and
forany y € X,

T
sup [ e 7 (d(v) + Ay(r), y(v))dr

deA(y) 0
>yUIyI)lyllx- (7.30)
For an arbitrary r > 0, let us set
_ d+ Ay,
YEX. Iyllx=r geA(y) yllx

and y(0) := 0. The following properties hold:
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(a) As A is bounded and the embedding X C X* is continuous, we have

V(r)> —oo
(b) From the construction of the functiony, we have that forall y € X,

[A(y) + Ay, ¥+ =Yy Iy llx- (7.31)

In virtue of the boundedness of A, it follows that y is bounded from below on
bounded sets.
(¢) From the +-coercivity of A 4+ A1, it follows that Y (r) — 400 as r — +o0.
(d) From (a)—(c), we have rir>1£')7(r) =:a > —o0.

For an arbitrary b > a, let us consider the nonempty bounded set of R given
by Ay = {c > 0| Y(c) < b}. Letcy = sup,.ey, ¢, b > a. Let us remark that
cp, < cp, < +oo, forall by > by > a, and ¢, — +00 as b — +o0. Let us set

a, t e [O,Ca+1],

7o a+k, te(CatkCarir1] k=1
Then 7 : R4+ — R is a bounded from below function on bounded sets of R, it is
a nondecreasing function such that y(r) — +o00, as r — o0, and Y(¢) < y(¢), for
any t > 0 (Fig.7.9).
Let us fix an arbitrary y € X. Since A is the operator of the Volterra type, for all
t € S, we have

t

T
sup / (d(2) + Ay(D), y(0)de = sup / (d(2) + Ay (0). y0(0)) dr
0

tilEA(y)0 deA(y)
=7y loOlyellx = vy lx) 1yl

y(1), T €0,1],

where || y|lx, = [yellx. yi(z) = 5 | Let for an arbitrary d € A(y)
. else.

ga(t) = (d(x) + Ay(r). y(x)), forae. t€S,

h@) =y Iylx)lylx,. €S

Let us remark that 2(z) > min{}(0), 0}||y||x and

t

sup /gd(r)dt > h(t), t €S.

deA(y
e(y)o
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Fig. 7.9 Configuration of the y f
body with control plates (see 'p
Sect. 6.4 and [41, ;
Appendix A]) A
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Let us show that
T T
sup /e‘””(d(r) + Ay(r), y(r))dr > e AT sup /(d(‘[)
deA(y) deA(y)
0 0
T
F Ry sup (@7
deA(y)
0
x (d(z) + Ay(7), y(1))dr. (7.32)

Let us set p(z) = e 2*T=9 7 € [0,T] (so ¢ € (0,1]). For any n > 1 we put
000 = T o) 1z woar (1) 7 € 0.7). Then (D), + (1~ p())ds € A(y),
Vd, € Aly). Vdy € A(y). Vi = 07 —T. Let us remark that o, (£) — (2| < ur,
Vt € [0, T]. In virtue of Lemma 7.3, we will obtain that d = r‘lil(qo(%)dl + (11—
(p(’;l—T))dz))([,,.,tiH)(r) € A(y), where t; = % Therefore, =

T

T
sup /e—zxr(d(r) + Ay(z), y(r))dr > /(d(r) + Ay(2), y(t)e~PP)de
deAM) & /

T
= /qon(r)(dl(r) + Ay(1), y(r)e ) de
0

T
+ | A= @n(0)(d2(7)
[

+ Ay (1), y(x)e *)de
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T
—2AT d A d
e (di(7) + Ay(2). y(v))dr
0

T
+ [ (@ = e (da()
!

+ Ay (1), y(v))dr

T
— (1AW I+ Iy llx + AyI7)-

If n — 400, then taking the supremum with respect to d; € A(y) and d, € A(y)
in the last inequality, we will obtain (7.32). From (7.32), it follows that

T

sup / e (d(x) + Ay(1), y())dr
deA(y) 0

T s

> e 2T R(T) + 21 sup / e / ga(v)drds
deA(y) 5 5

e—ZATh(T)

+2AT sup infe 2 /(d(‘[) + Ay (1), y(v))dr.
deA(y) €S

Let us show that

sup inf e / (d(D) + Ay(@). y(D)dr = —c1 1y |1x.
deA(y) SES J

where ¢; = max{—%(0),0} > 0 does notdependon y € X. Let y € X is fixed. For
s€S,d e A(y) let us set

@(s.d) = e / (d(r) + Ay(r), y(x))dr
0

a = sup 1nfq0(s d), Sq ={s€S|¢p(s,d) <a}.
deA(y) €S
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From the continuity of ¢(-,d) on S, it follows that S, is a nonempty closed set for
an arbitrary d € A(y). Indeed, for any fixed d € A(y), there exists s; € S such
that

¢(sg,d) = ming(s,d) <a.
ses
From the continuity of ¢(-,d) on S, it follows that Sy is closed.

Let us prove now that the system {S;}se4(y) is centered. For fixed {d;}/_, C
A(y), n > 1,let us set

Vi) = (di() + Ay(), y().

Ey =0,

Ey=lre s\ (VLE) 1v@=vo),

|
—_

for j ,n, and

d() = di()xe ().
j=1

Let us remark that £ is measurable for any j = 1,7, Ui Ej =S, EiNE; =0,
Vi # j,i,j =1,n. Also,d € X*. Moreover,

o(s,d;) = e A ¥ (t)dr < e Y(r)dr
/ /

=¢(s,d), se€S,i=1,n.
Therefore, in virtue of Lemma 7.3, we have d € A(y) and for some s; € S,
¢(sa.d;) < ¢(sq.d) =ming($.d) <a, i=1n.
SeS

So, sq € N/, Sq, # 9.
Since S is compact, and the system of closed sets {Sq}aca(y) is centered, we
obtain the existence of sy € S such that sy € Nyea(y)Sq. This implies that

s

sup infe /(d(r) + Ay(v), y(1))dr

deA(y)s€S d

50

> sup e M0 /(d(t) + Ay(v), y(1))dr
deA(y)
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S0

= ™% sup ga(D)dt > e_z)”‘)h(so)
deA(y) 5

> e~ min{p(0), 0}y x

> —max{—y(0),0}||yllx = —cillylx.
So, forall y € X,

T

sup /e_m(d(f) +2y(@), y(@)de = (e 7(yllx) = 24eiT) 1y llx-

d€A(y) 5

If we set y(r) = e TP (r) — 2A¢, T, then we will obtain (7.30).

From (7.30), the properties of the real function y and the conditions of the
theorem, it follows the existence of ro > 0 such that y(rg) > || fallx* > 0 and
also that forany y € X,

[Ax (), yal+ =z vy o)yl = yAyallolyalx.

Therefore, for all y € X satisfying ||y |lx = ro, we have

[A2(y2) = fa, val+ = (v(ro) = || fallx=)ro = 0,
that is,
[Ax(y2) = fa, i)+ = 0,. (7.33)

Step 2: Finite-Dimensional Approximations

We shall consider now a sequence of finite-dimensional approximative problems
by the Faedo—Galerkin method.

Forany m > 1, let I,, € Z(X,,; X) be the canonical embedding of X,, into X,
and /,; be the adjoint operator to /,,. Then

[l xs =1, Vm = 1. (7.34)
Let us consider the following maps [17]:
Ap:=1Iy0Ao0l,: X, — C(X7),
Aymi=150A301,: X, - Cy(X¥),
Am,)k = (Am)A . Xm — CV(X*)v
fm = Ir:f’ f)».,m = I;:f)w fm,)» = (fm)k-

Let us remark that
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A)k,m = Am,)ka fk,m = fm,k- (7.35)

Indeed, in virtue of Lemma 7.4 for any y,w € X,,,

[Axm ), wlg = [(Ly 0 A2)(02), wl = [Ax(n), wl+
=[A(y) + Ay.waly = [I o (A+ A1) (y). wal+
= [(An)r(y2), wl+ = [Ama(¥2), w+.

So, from (7.33), (7.35), Lemma 7.5, Corollary 7.4, and the conditions of the
theorem, applying similar arguments as in [17, pp. 115-117], [20, pp. 197-198],
we will obtain the following properties:

(1) Ay is Ap-pseudo-monotone on W,,.
(j2) Aj m 1s bounded.
(G3) [Axm(¥2) = fam.yal+ = 0. forall y, € X,, such that ||y, |lx = ro.

We note that (j3) is a consequence of (7.33) and the definition of Ay, fim,
whereas (j2) follows from Lemma 7.5 and the boundednesss of 7,,, 1. Finally, (j1)
is obtained in the following way: since A satisfies the property Si in W, for A4,,, the
same property holds on W,,; hence, by Corollary 7.4, the operator A,, » = (An); is
Ao-pseudomonotone in W,,,, and then, (7.35) implies (j1).

Let us consider the operator L,, : D(L,,) C X, — X, with domain

D(Ly) ={y € W, | y(0) =0} = W2,

which is defined by the rule: L,y = y/, Vy € W0, where the derivative y’ we
consider in the sense of the space of distributions 2*(S; H,,). From [17, Lemma 5,
p.117] for the operator L,,, the next properties are true:

(G4) L,y is linear.
(G5 (Lmy,y) =0,¥y € W,.
(j6) L,, is maximal monotone.

Therefore, conditions (j;)—(js) and Theorem 3.1 from [18] guarantee the
existence of at least one solution z,, € D(L,,) of the problem:

Lm(Zm) + A/Lm(zm) > fl,ms ”Zm”X = ro,

which can be obtained by the method of singular perturbations. This means (see
(7.35)) that y,, := (zm)—2 € W,y is the solution of the problem

y:n + Am@’m) > fm (7.36)
Ym(0) =0, yu € W, [lymllx < R, .

where R = rge?”.
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Step 3: Passing to the Limit
From (7.36), it follows that for any m > 1, there exists d,, € A(y,,) such that

I;nkdm = fm— y;/n € Ap(ym) = I;A(Ym)- (7.37)

Let us prove now that (up to a subsequence) the sequence of solutions of (7.36)
converges to a solution of (7.29). Again, we divide this proof in some substeps.
Step 1a.

The boundedness of A and (7.36) implies that {d,,}n>1 is bounded in X*.
Therefore, there exists ¢; > 0 such that

ldnllx* < c1, ¥Vm > 1. (7.38)

Step 3b.

Let us prove the boundedness of {y, },,>1 in X*. From (7.37), it follows that
vy, = LX(f —dn), Ym > 1, and taking into account (7.34), (7.36) and (7.38), we
have

[ymllxs < lymllw < R+ 11 fllxs +c1 =t ca. (7.39)

In virtue of the continuous embedding W C C(S; H), we obtain the existence of
¢3 > 0 such that
lymO g <c3, Vm =1, Vt € S. (7.40)

Step 3c.

In virtue of estimates (7.38)—(7.40), due to the Banach—Alaoglu theorem, and
taking into account the continuous embedding W C C(S; H) and the compact
embedding W C 7, it follows the existence of subsequences

{Ymk}kzl C {J’m}mzlv {dmk}kzl C {dm}mzl

and elements y € W, d € X*, for which the next convergences take place:
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Ymy =~ yinW, dy, —din X*,
Ym, (t) — y(¢)in H foreacht € S, (7.41)
Ym () = y(t)in H forae.t € S, ask — oo.

From here, as y,,, (0) = 0, Vk > 1, we have y(0) = 0 (Fig.7.10).
Step 3d.
Let us prove that
y =f—d. (7.42)

Letgp € D(S), n € Nand h € H,. Then for all k > 1 such that m; > n, we have

[ 6001 + duconde | = i + d ¥,

S

where ¥(t) = h-¢(tr) € X, C X. Let us remark that here we use the properties of
Bochner integral (see [11], Theorem IV.1.8). Since H,,, D H,, for m; > n, we get
(Vmp + dmes ¥) = (fuy» ¥)- Therefore, for all k > 1 such that my > n,

(fop V) = /(p(t)f(r)dt,h

S

Hence, for all k > 1 such that m; > n,

/ 0@y, (Odeh | = (f = e )

N

— /go(r)(f(r) —d(t))dt,h | ask — oco. (7.43)

S

The last convergence follows from the weak convergence d,, to d in X*. From
(7.41), we have

/(p(t)y,’nk (v)de,h | — (V' (@). h) as k — +o0, (7.44)
s

where

V() = —y(g) = - / YO (D)dr. Yo € X(S).
S

Therefore, from (7.43) and (7.44), it follows that for all ¢ € 2(S), h € | H,,

m>1
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(V' (9).h) = / 0@ (f(0) — d(D)dr.

N

Since | J H,, is dense in V, we have that
m>1

Y(p) = /(ﬂ(f)(f(f) —d(r))dr, Vo € Z(S).

N

Therefore, y' = f —d € X*.
Step 3e.

In order to prove that y is a solution of problem (7.29), it remains to show that y
satisfies the inclusion y’ + A(y) 2 f, and in virtue of (7.42), it is enough to prove
thatd € A(y).

From (7.41), it follows the existence of {t;};>; C S suchthatt; / T asl —
+o00 and

Ym () > y(u)in H, V]l > 1, ask — +o0. (7.45)

Let us show that
(d,w) < [A(y), W]+, (7.46)

forany / > 1 and w € X such that w(t) = 0 fora.e. t € [7;, T].
Let us fix an arbitrary v € {7;};>;. Let us set

X(r) = Lo(r. T: V), X*(v) = Lo(v. T: V),
T

(1, V) o) = / (u(s). v(5)) . ds.

T

foru € X(t), ve X*(z), and
WEr)={ue X |u e X*(1)},
apo=y(r), ax =ym(r), k=1
From (7.45), it follows that
ar — apin H as k — +o0. (7.47)

For any k > 1, let zz € W(t) be such that

7+ J(z%) =0,

7.48
7 (7) = ax, (7.48)
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where J : X(t) — X™*(7) is the duality mapping (which is single-valued, as X ()
is a Hilbert space), that is,

(J@). u)xw) = lulfey = 1T@ 5y, 1€ X(D).

We remark that problem (7.48) has a solution zz € W(r) because J : X(r) —
X *(1) is monotone, coercive, bounded, and demicontinuous (see [1,2, 11, 18]). Let
us also note that for any k > 1,

2 2 2
2 (T 7 = Naells = 2(zk- 26) xo) = =22kl -

Hence,

1
I lx ) = llzx lx) < E”ak”H <c3, Vk > 1.

Due to (7.47), similarly to [11, 18], zx converges weakly in W, as k — 400, to
the unique solution zo € W of problem (7.48) with initial condition z(z) = ao.
Moreover,

Zk — 20 in X(t) as k — 400, (7.49)

because lim sup ||zx ||§((r) < ||zO||§((T), Zt — zo in X(7), and X (7) is a Hilbert space.
k—-+o00
For any k > 1, let us set

Y, (@), if t € [0, 7],
) =
(1) % 7k (1), elsewhere,
dm, (t), ift €0, 7],
di(t), elsewhere,

gr(t) = §

where Cik € A(ui) be an arbitrary. As {uy}r>; is bounded and A : XZX* is

bounded, we obtain that {cfk }k>1 is bounded in X *. In virtue of (7.49), (7.41), and
(7.45), we have

tim (gr.n =) = i [ (doy (0.3, 1) = y(0)
0

k—4o00

= tim [ (F0 =5, @030 = ) di
0

T

= dim [ (3, (0. 70 =y (0) dt
0
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1
= lim = 0)[13 — )|
im 2 (1 O = 1w 1)

+, dim / (3 (), y(0)) dt
0

=5 (6O - @) + [ (O.50) di =0
0

So,
lim (gk, Up — u) =0. (7.50)

k—4o00

Let us show that g, € A(uy), Yk > 1. For any w € X, let us set

w(t), ift € [0, 7],
(1) = —
we(t) { 0, elsewhere,
0, ifre]o0,1],
(1) =
W o) % w(t), elsewhere.

Since A is an operator of the Volterra type, we obtain that
(g w) = (oo we) + (dico W) < [AQm,) Wil + (diw)
= (A wels + (diew") < [AGm), wel + (A w

Since A(uy) € (X ™), similarly to the proof of (7.32), we obtain that

[A(ur), wel4+ + [AQug), w4 = [Aug), w4
As w € X be an arbitrary, we get gx € A(u), for all k > 1. Since
{ur}r>1 is bounded in X, {gx}x>1 is bounded in X *. Thus, up to a subsequence
{uk;, gk; ¥ j=1 C {uk, gk jk=1, for some u € W, g € X*, the next convergence holds

wp, ~uin W, gy, — gin X*as j — oo. (7.51)
We remark that

u(t) = y(t), gt) = d(t) forae.t € [0, 1]. (7.52)
In virtue of (7.50), (7.51), as A satisfies the property Sy on W, we obtain that g €

A(u). Hence, due to (7.52), as A is the Volterra type operator, for any w € X such
that w(t) = 0 fora.e. ¢ € [t, T'] we get
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Fig. 7.11 The pattern of
flow lines with forming of the
standing vortex in front of the
long body with the control
plates on the windward side
(see Sect. 6.4 and [41,
Appendix A])

-05 -0.25 0 0.25 0.5 X

(d.w) = (g.w) = [Aw), wl+ = [A(y). w]+.

As T € {17};> is an arbitrary, we obtain (7.46).

From (7.46), as the functional w — [A(y), w]4+ is convex and lower semicontin-
uous on X (hence, it is continuous on X ), we obtain that (d,w) < [A(y), w]4+, for
anyw € X.So,d € A(y) (Fig.7.11).

The theorem is proved. O

In a standard way (see [26]), by using the results of Theorem 7.2, we can obtain
the following proposition.

Proposition 7.2. Let A : X — C,(X™) N S(X™) be bounded map of the Volterra
type which satisfies the property Sy on W. Moreover, let for some A4 > 0 and ¢ > 0,

[AG) ¥l =l AW+ + Aallylf
Iyllx

+00 (7.53)

as ||yllx — +oo. Thenforanya € H, f € X* there exists at least one solution of
problem (7.29), which can be obtained by the Faedo—Galerkin method.

2
llall s

Sc2-- We consider w € W such that

Proof. Letussete =

{ w 4+ eJ(w) =0
w(0) = a,

where J : X — X* is the duality map. Hence, |w|x < c. We define A X >
C,(X*)N A (X*)by therule: A(z) = A(z+w),z € X.Letusset [ = f —w'™.
If z € W is a solution of the problem

4+ A@)> f
z(0) = 0,

then y = z 4+ w is a solution of problem (7.29). It is clear that A is a bounded map
of the Volterra type which satisfies the property Sx on W. So, due to Theorem 7.2,
it is enough to prove the +-coercivity for the map A + A4I. This property follows
from the estimates:
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[AG). 2]+ > [Az+w). 2+ wly — [Az + w). ]y
> [Az+w), 2+ wly —cl|Alz + W)+,
Iz} = Iz + wl} —? = 2[wlix= Izl x-

lzllx = llz+wllx —c.

The proposition is proved. O
Analyzing the proof of Theorem 7.2, we can obtain the following result.

Corollary 7.5. Let A : X — C,(X™*) N I (X™) be a bounded map of the Volterra
type which satisfies the property Sy on W. We consider a sequence {a,},>0 C H
such that a, — ao in H,asn — +oo. Let y, € W, n > 1, be solutions of
problem (7.29) corresponding to the initial data a,. If y, — yo in X, asn — 400,
then yo € W is solution of problem (7.29) with initial data ay. Moreover, up to a
subsequence, y, — yoin W C C(S; H).

7.2.4 Applications

Let us consider the bounded domain £2 C R” with smooth boundary 02, § =
[0,T], Q0 = 2 x(0;T), I'r = 952 x (0;T). Fora,b € R we set [a,b] = {aa +
(1—a)b|a €]0,1]}. Let 6,6 : R — R be real functions such that

—C(1+|s]) <8(s) <O(s) <C +s]), Vs €R,

for some C > 0. We assume that 6 is upper semicontinuous and @ is lower
semicontinuous (Figs. 7.12-7.14).

Let V = HJ(2), V* = H'(£2) be its dual space, and H = Ly(2),a € H,
f € X*. We consider the problem:

W + [—Ay_(x,t), Ay(x, )]+
+H[O(y(x.1)).0(y(x,0)] > f(x,1)in Q,
y(x,0) = a(x), in £2,

y(x,t) =0, in I7.

(7.54)

We define the maps Ag : X — C,(X*)NIA(X*),A1:Y - C,(Y*)NH(Y™)
by

Ao(y) ={Ay-plp € Loo(S), [p(t)] < lae.in S},
Aj(y) ={d e Y*|d(x,1) € [0(y(x,1)),0(y(x,1))] ae.in S},
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Fig. 7.12 Vorticity distribution in the wake of the square cylinder with control plates in the optimal
regime (/ = 0.2, r = 0.16) at Re = 500, t = 25 (see Sect. 6.4 and [41, Appendix A])
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Fig. 7.13 Time dependencies of drag coefficient C, —a and lifting force coefficient C, — b for the
square cylinder at Re = 500: I — with control, 2 — with optimal control (/ = 0.2, r = 0.16)
(see Sect. 6.4 and [41, Appendix A])

where A means the energetic extension in X of the Laplacian (see [11] for details)
and (Ay - p)(x,t) = Ay(x,t) - p(t) forae. (x,1) € Q.
‘We note that there exists C; > 0 such that

[40) I+ = Iy llx, [Ao(y), ¥+ = Iy I% (7.55)
A1)+ = Ci(1 + |lylly), Vy €Y. (7.56)

Also, the operator A1 : Y — C,(Y*) is demiclosed.
We rewrite problem (7.54) in the following way (see [11] for details):

y' +A() > f. y(0) =a, (7.57)

where A : X — C,(X*) N (X*) is defined by A(y) = Ao(y) + A1(y), ¥y € X.
A solution of problem (7.57) is called a generalized solution of (7.54).
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Fig. 7.14 Time dependencies of drag coefficient C, —a and lifting force coefficient C, — b for the
square cylinder at different parameters of control plates: 1-1=0.2, r = 0.16,2 -1 =0.2, r =
0.4 3-1=0.2, r =0.075, Re = 500 (see Sect. 6.4 and [41, Appendix A])

Due to Proposition 7.2, (7.55), (7.56), and the compact embedding W C Y, itis
enough to check that A satisfies the property Sy on W.

Indeed, let y, — y in W, d, — d in X*, where d,, = Ay, pu, Pn € Loo(S),
|pn(t)] < 1 for a.e. t € S. Then y, — y in Y and up to a subsequence
Pn — p weakly star in Lo (S), where |p(t)| < 1 forae.t € S. As [|[Ayy-pn —
Ay-pullLys;m—2@2) = llya — ylly — 0, we obtain p, Ay, — pAy weakly in
L>(S; H72(£2)). Due to the continuous embedding X* C L,(S; H 2(£2)), we
obtainthatd = Ay-p € Ao(y).

We have:

Proposition 7.3. Under the above conditions, problem (7.54) has at least one
generalized solution’y € W.

7.3 Functional-Topological Properties of the Resolving
Operator for the Evolution Inclusion

For analysis and control for mathematical models of nonlinear geophysical pro-
cesses and fields, in particular, piezoelectricity processes, unilateral contact prob-
lems in nonlinear elasticity and viscoelasticity, problems describing nonlinear
frictional and adhesive effects, problems of delamination of plates, and loading
and unloading problems in engineering structures (cf. Panagiotopoulos [34, 35],
Naniewicz, Panagiotopoulos [32]), there is a necessity to develop corresponding
noncoercive theory and high-precision algorithm for search of solutions (cf. [27]
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and the references therein) as well as to study functional-topological properties of
the resolving operator. We consider a series of results connected with properties of
solutions of evolution inclusions with W) -quasimonotone maps and maps of Si

type.

7.3.1 The Setting of the Problem

Let (V;; H; V;*) be evolution triples such that for some counting set @ C V =
Vinvy,

@ is dense in spaces V, Vi, V, and in H,
X=L(S;H)NL,(S;H)N L, (S;:Vi)NLy(S:Va),
X* =Ly, (S;V")+ Ly, (S: V) + L (S;H)+ L (S:H),
Xi = L (StH)N Ly (S:Vi). X7 = Ly (S: Vi) + L/(S: H).
W={yeX|yeX", Wi={yeXi|yeX* i=12

with corresponding norms as py := max{ry,r,} < 400 (see Corollary A.2), S =
[0, T']. Note that (-, -) is the pairing on X * x X, that coincides with the inner product
in 7 = L,(S; H) on 57 x X. Let further Y be a reflexive or separable normalized
space; Y * be its dual space; U be a nonempty, convex, weakly star closed set in Y *;
and A : X x UZ X™ be a multivalued (in the general case) map. For fixed f € X*,
u e U,a € H, the totality of solutions of such problem:

V' +A(y,u) > f.

y(0)=a, ye W C C(S; H) (7.58)

we denote by K(f,a,u).

7.3.2 Main Results

We present results connected with properties of the resolving operator for the
differential-operator inclusion (Fig.7.15).

Theorem 7.3. Let A : X x U — C,(X™) be a bounded Ay-quasimonotone [3] on
W x U map. Suppose that { fu, am, Um, Ymm>1 C X* x H x U x W:
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Fig. 7.15 Vorticity distribution in the wake of the square cylinder with control plates in
nonoptimal regime (/! = 0.2, r = 0.075) at Re = 500, T = 25 (see Sect.6.4 and [41,
Appendix A])

fn — f stronglyin X* as m — +00, (7.59)
am — a strongly in H as m — +o0, (7.60)
Uy — u weakly starin Y™ as m — +o0, (7.61)
Ym — Yy weakly in X as m — 400, (7.62)
and

VYm>1 vy, € K(fo,am, ). (7.63)

Then
y € K(f.a,u). (7.64)

Proof. Let conditions of the theorem are fulfilled, { f,, dm, Um, Yimtm>1 C X* %
H x U x W be such sequences, that (7.59)—(7.63) hold true. Let us prove (7.64).
From (7.59) to (7.62), it follows that

AR>0: Vm=1 | fullxs + lamla + lymlx + lumly~ < R (7.65)
From the inclusion from (7.63), it follows that Vim > 1 3d,,, € A(y, ) -

dn = f— Y € AYm, ttm)- (7.66)

The boundedness of {d,,},;>1 in X™* follows from the boundedness of A and from

(7.65). Therefore,
de;>0: Vm>1 |dulx* <ci1. (7.67)

The boundedness of {y,, },>1 in X* follows from (7.65)-(7.67). Hence,
e >0: Vm=1 |y,llxs <llymlw < ca. (7.68)

Since the embedding W C C(S; H) is continuous one (see Corollary A.1), in
consequence of (7.68), we have that
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Je3>0: Vm=>1,VieS |ym@®lu < ca (7.69)

In view of estimates (7.65), (7.67)—(7.69), Banach—Alaoglu theorem, taking into
account the reflexivity of X, there exist subsequences

mtk=1 Cmim=1, Admy bi=1 C dm}m=1
and an element d € X ™, for which the convergences
Y, =~ yinW, dy, =~din X*, YVt € § y,,, (1) = y(t) in H as k — oo (7.70)

take place.
From here and from (7.60), (7.63), in particular, it follows that

y € Wandy(0) =a. (7.71)

Let us prove that
y = f—d. (7.72)

Letgp € D(S)and h € V. Then Yk > 1, we have

( [ 0050+ dns o0 h) -/ (w(r)(y:nk (0) + dmk(r)),h)dr
S S

-/ (y:nk(r) (0, @(r)h) dr
S

= (y)/nk + dmkv 1//>9

where ¥ (t) = h-¢(t) € X. We remark that we use the property of Bochner integral
here [11, Chap.IV]. Since for an arbitrary k > 1

Vo + dms V) = (fos V).

we have Vk > 1

/ o(@)yl (D)dr. / (@) ng () — dy (D)) 1 | = / (s (©)
S

N S

- dmk(t))s (p(‘l,')h)d‘[ = (fmk - dmk, ’W) - (f - dv W)

/ o) —dndeh | ask oo, (173)

N
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The last follows from the weak convergence of d;,, to d in X* and from (7.59).
From (7.70), we have

/(p(t)y,’nk (t)dr,h | — /(p(t)y’(r)dt,h = (y'(¢),h) as k — +o0,
s s
(7.74)

where

Yo e 2(S) ¥ =) =- [ yow e
S
Hence, from (7.73) and (7.74), it follows that

Vo e 2(S)YheV (v (p).h)= /@(f)(f(f) —d(v))dr. h |,

S

or
Yo e 2(S) y(p)= /fp(f)(f(f) —d(1))dr.
S

Therefore, y = f —d € X*.
In order to prove (7.64), it remains to show that y satisfies the inclusion y’ +
A(y,u) > f.In view of the identity (7.72), it sufficiently prove that d € A(y, u).
Firstly, we ensure that

(dums Ym = y) 0. (7.75)

im
k—o00

Indeed, in view of (7.72), Vk > 1, we have
(dmkv Ymy — y) = (fmks Ymk) - (y)/nk’ ymk> - (dmkv y)

1
= (fones Yme) = iy ¥) + 5 (1yme O7r = 1y (T3
(7.76)

Further, for the left and right parts of the equality (7.76), we pass the upper limit as
k — oo. From here, we have
km (dmk’ymk - y) = m (fmk’ymk) + m (dmkv _y)
—00 k—00 k—o00

+ lim

—>00

(Iy @17 = Iy (D) = (f —d.y) = {".y) =0.

(1 Oz = 1y (D1F) < (f3)x = (d.y)

~
=

+

N =
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Fig. 7.16 Discrete-vortex
model of the flow in front of
the body of non-streamline
form with control plates on
the windward side: optimal

X
(a) and nonoptimal (b, ¢) 4
plate parameters (see Sect. 6.4
and [41, Appendix A])
&%
0 2 4 X
c
B
U, A;e:,;
1 i L
0 2 4 X

The last holds true in consequence of (7.72), [11, Chap.I], (7.59) and (7.70). The
inequality (7.75) is checked.

From conditions (7.70), (7.75), and Ag-quasimonotony of A on W x U, it follows
that there exist such {d;} C {dm, }k>1, {¥i1} C {Vm, }k>1, that

Vo eX lim (d,y—w) = [A(y.u),y —o]_, (7.77)

[—+o0

in particular, taking into account (7.75), we obtain that

lim (d;, y1 —y) = 0. (7.78)
[—+o0

From here, from (7.77) and (7.70), we have
VC()GX [A(yvu)vw_y]-‘,-z(de_y)

that is equivalent to d € A(y, u). Therefore, y € K(f, a, u).
The theorem is proved (Fig.7.16). O

Theorem 7.4. Let the space V;, i = 1,2 be uniformly convex one (cf. [11, p. 21]),
the embedding V. C H is compact one, A : X x U — C,(X*) N A (X*) be
a bounded map that satisfies Property S on W x U [3]. Moreover, let for each
u € U the A(-, u) be the Volterra type operator. Suppose that { fu, Gm, Uy Yim ym>1 C
X*xHxUxW:
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fn — f strongly in X* as m — 00, (7.79)
am — a strongly in H as m — +o00, (7.80)
Uy, — uweakly starin Y™ as m — +oo, (7.81)
Ym — Yy weakly in X as m — 400, (7.82)
and

VYm=>1 vy, € K(fi,am, ). (7.83)

Then
y € K(f.a,u). (7.84)

Proof. Let conditions of the theorem are fulfilled, { f,, dm, Um, Yin}m>1 C X* %
H x U x W be such sequences that (7.79)—(7.83) hold true. Let us prove (7.84).
From (7.79) to (7.82), it follows that

AR>0: Vm=1 | fullx* +llanlla + |ymllx + llumly+ < R (7.85)
From the inclusion from (7.58), it follows that Vim > 1 3d,, € A(yn, um) :

dn = fimn = Y € AVm, ). (7.86)

The boundedness of {d, },»>1 in X * follows from the boundedness of A and from
(7.85). Hence,
de;>0: Vm>1 |dulx* <ci1. (7.87)

The boundedness of {y;, },,>1 in X* follows from (7.85), (7.86). Hence,
Je2>0: Vm=1 |y llxs < llymlw < ca. (7.88)

In view of the continuity of the embedding W C C(S; H) (see Corollary A.1) we
obtain that
dez;>0: Vm=>1,VeeS |yu®)|g <cs. (7.89)

From (7.82), (7.85), and (7.87)—(7.89), in view of Banach—Alaoglu theorem, taking
into account the compactness of the embedding W C 7 (see [44], Corollary A.1),
it follows the existence of subsequences

Wmitk=1 Cmbm=1, Adm k=1 C {dmtm=1
and an element d € X ™, for which the convergences
Ymp —~yinW, d, —dinX*,

Ym, (t) = y(t) in H foreacht € §, (7.90)
Ym, () = y()in H forae.t € S, ask — oo,
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take place, in particular, y € W. From here, since Yk > 1 y,,, (0) = a,,,, we have

y(0) = a.
Let us prove that

y =f—d. (7.91)
Letgp € D(S) and i € V. Then Yk > 1, we have

(/(p(r)(y,’nk(t) + dmk(f))dt,h) = (Vi + dm V),
5

where ¥/ (7) = h-¢(t) € X. We remark that we use the property of Bochner integral
here [11, Chap. IV]. Since for k > 1 (y;,. + dm,, ¥) = (fi,, V), we obtain

o ) = ( / () fns (D)

S

and

/ 0@l Tl | = (fone = dy )

S

R / o) —d@)deh | ask = 0o, (7.92)
S

The last follows from the weak convergence of d,,, to d in X* and from (7.79).
From (7.90), we have

/(p(t)y,/nk (t)ydr.h | — (' (¢).h) as k — +o0, (7.93)
S

where

Yo e IS) ¥ =-3@) =~ [y
S
Therefore, from (7.92) and (7.93), it follows that

Yo e 2S)VheV (V(p)h) = / o(O)(f(2) — d(x)dr.h | .
S
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that is,

Yo e 2(S) y(p) = /fp(f)(f(f) —d(7))dr.
S
Hence,y' = f —d € X*.

In order to prove (7.84), it remains to show that y satisfies the inclusion y’ +
A(y,u) > f.In consequence of the identity (7.91), it sufficiently show that d €
Ay, u).

From (7.90), it follows the existence of {t;};>; C S suchthatt; /' T asl —
~+00 and

VI>1 yu(u)— y(u)in H ask — +oo. (7.94)

Show that for an arbitrary / > 1,
(d,w) <[A(y,u),w]+ Vwe X : w()=0forae.t €[r,T]. (7.95)
Let us fix an arbitrary t € {r;};>;. Fori = 1,2, we set

X(1) =L, (x.T:H)N L, (x.T:V}) N Ly, (v.T: H) 0 L, (v. T: V3),
X*(1) = Ly (0. T: H) + Loy (2. T: Vi) + Lyy(v. TTH) + L, (v, T2 V5),
W(r)=1{y e X(t) |y € X*(1)},

T
(. v)x@) = /(u(s), v(s))ds, ue X*(r),ve X(r),

bo = y(t), bk = ym(r), k>1,

where y’ is the derivative of y € X(7) in the sense of 2(z, T; V*) (Fig.7.17).
From (7.94), it follows that

b — boin H as k — +o0. (7.96)
For an arbitrary k > 1, we show that there exists such z;x € W(r) that

{Z;C + J(zx) > 0,

7.97
7 (t) = by, 757

where z;( is the derivative of 7z € X(t) in the sense of Z(z, T; V*),

. 2
J=9 (””TX“)  X(2) > Co(X* (D))

is dual (multivalued in the general case) map, that is (cf. [1, 18]), Vu € X(7)
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Fig. 7.17 Diagram of the Yy
flow past the square prism B C
with the separating plate (see u, E
Sect. 6.4 and [41, — > |f———— 7 . =
Appendix A])
A D
o ] —=
J@ ={p e X* @ p.u)x = luldry = Il |- 798)

The solvability of problem (7.97) in the class W(z) follows from such sugges-
tions. From [19, Theorem 2, Theorem 3] and (7.98), it follows that such conditions
hold true:

(i) J : X(r) = C,(X*(7)) is a monotone map.
(i) J : X(r) = C,(X*(7)) is an upper hemicontinuous map.
(i3) J : X(r) = C,(X*(7)) is a bounded map.

From (7.98), we also have that

VyeX@ ).yl = 1D+ = 1¥1%e0 — IVllxo-

Hence, the condition
(is) J : X(r) = C,(X*(7)) satisfies such coercivity condition:

(). y]- = IV ll+
Iy lxe)

— 400 as |yllxq — o0

holds true.

So, from conditions i1—i4, problem (7.97) has at least one solution in the class W ()
(cf. [49]). Note that in view of (7.98) and (A.11), for any k > 1,

Iz (MG = 1Bl = 2(Z 26) x (o)

(2 2k ) x(o) + ||Zk||§((r) =0.
Therefore,

1
V=1 zlx@ = lallxo < E”bk“H <cs. (7.99)

Moreover, in consequence of the continuity of the embedding W(z) C C(z,T; H)
(see Theorem A.6), we obtain that 3¢5 > 0 such that

Vk>1,Vse[t,T] |lz(s)u < ca. (7.100)

Show that in view of (7.96), as k — +o00, up to a subsequence, 7z weakly
converges in W(t) to some solution z € W(z) of problem (7.97) with initial
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condition z(t) = by. In view of estimates (7.99) and Banach—Alaoglu theorem
(Theorem A.2), taking into account the reflexivity X (), it follows the existence
of a subsequence {zx,};>1 C {zk}x>1 and an element z € W(r), for which the
convergence

2, —~zinW()C C(r,T;H)as ] — oo (7.101)

takes place.
From here and from (7.96), (7.97), it, in particular, follows that z(t) = by.
We ensure that
lim (~2,» 2 — Dx@) < 0. (7.102)
=00

Indeed, in view of (7.97), VI > 1, we have

1
(~2» 2 = 2 x@) = (G Dx) + 3 (e, 17 = llzi (D7) (7.103)

The last we obtain in view of (A.11). Further, for the left and right parts of the
equality (7.103), we pass to the upper limit as / — +o00. From here, we have

im (—z,. 26, — 2)x(r) < lim (g},.2)x(r) + lim
[—00 [—00 [—00

(2, 13 = Iz, (T)117)

N =

1
= (€.2xe + 5 (IO = (D))
= (-7, 2)x@ = 0.
The last is fulfilled in view of (7.101), the formula (A.11), and the inequality

Jim (—llzi, (T3 < =l

(cf. [11, Chap.I]). The inequality (7.102) is proved.

From conditions (7.101), (7.97), (7.102), and A¢-pseudomonotony J on W(t)
(see i1—i3 and [44]), it follows that there exists such subsequence {z;}; C {z, }i>1
that

Vo € X(r) lim (~Z},z; —0)x@) > [J(@),z—o]_. (7.104)

j—o0
In particular, taking into account (7.102), we obtain that
. / _
Jim (=2j.2j = x@ = 0.

From here, from (7.104), and from the convergence (7.101), we have

Vo € X(t) (—Z,z2—0)x@ > [J@),z—o]_
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that is equivalent to —7' € J(z). Hence, z € W(x) is the solution of (7.97) with
initial data z(t) = by.
Show that
2k, — zin X(t) as [ — +o0. (7.105)

Firstly, we remark that
X(t)=Z NZyNZ3N Zy,

where
Zi=L,(t,T;H), Ziyo=Ly,(t,T;V;), i=12.

Since the space H is Hilbert one, it is uniformly convex one. The space Z;,i = 1,4
is also uniformly convex one. Suppose that (7.105) is not fulfilled. Then there exists
such ip = 1, 4 that

2k, 7> zin Z;, as | — +o0.

It means that
”Z”Zio < lim ”Zkz ”Zio‘ (7.106)

|—+o00

On the other hand, in consequence of (7.97)—(7.99) and (7.102), we have that
Tin 2 N T / / _ 2
1_1}?00 ll 2, ”X(t) = /—1>1+moo(_zk”zk’)X(T) <({-Z.2xe = ”Z”X(t)‘
Therefore, o
lim lzg, [lx) < llzllxo)-
—+00

From here and from (7.106),

||z||x<f>=2||z||z, <Z lim ||z, |z < lim ankluzl

i=1 i=l1 I=>+o00 I=>+ =]

= lim ||Zk1||X(r)< llm lze, I x0) < lzllxco)-
l—>+oo

We have the contradiction. Hence, (7.105) is fulfilled.
For an arbitrary / > 1, we set

Yy, (1), if t € [0, 7], dm, (1), if t €0, 7],
) = ! ) = ~ 1
vi(t) § 7k, (1), else, 81(0) di(t), else,

y(t),if t € [0, 7],
z(1), else,

v(t) = %

where c?; e A(vy, ”mkl) is an arbitrary one. Since {v;, Uy, }1>1 is bounded sequence
in X x Y* (cf. (7.90), (7.105), (7.85)), and the map A : X x UZ X™ is bounded
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one, we have {c?; }1>1 1s bounded sequence in X *. In consequence of (7.105), (7.90),
(7.94)

T

Jdim (g =v)x = tim [ (du, ()3, (0 = y(0) dt
0

T

= tim [ (£ =¥}, Oy, ) = y(©) dr
0

= dim (yink, ®). y(t) = Y, (t)) dt
0

. 1 ) 5
= tim > (I, O = g, (®)1y)

+ lim (31, . () dt

[—>+o00
0
1 ‘o
=5 (DO - @) + [ (0.50) dr =0
0
Therefore,
lim (g1, v; —v) = 0. (7.107)

[—+00

Show that g; € A(v;, umk[) VI > 1. For an arbitrary w € X, we set

w(t), ift € [0, ],
0, else,

0, iftel0,1],

wi(t) = w(t), else.

wi(t) =

In consequence of A(-, u,, ,q) is the Volterra type operator, we obtain that
(1. W) = (dmy, o) + (dr. ") < (AW, - tmy, ) wel 4 + (dr.w?)
= [A1 ). wel 4 + (dy.w")
< [AG1, ), wel 4 + [AQE g, ) W)+

In consequence of A(v;, umk[) € J(X™), we obtain that

(A1t ) wels + AL g ) Wi = [AGVL g ). W]+

Since w € X is an arbitrary one, we have g; € A(v;, ”mk,) VI > 1. In consequence
of {v;};> is bounded one in W and {”mk, }1>1 is bounded one in Y*, we have that
{81}1>1 is bounded sequence in X *. Therefore, up to a subsequence {v;;, g/, }j>1 C
{vi, g1}i1>1, forsome v € W, g € X* such convergences (see (7.90), (7.99), (7.100))
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Fig. 7.18 Pattern of vorticity y
isolines at the flow past the
square prism with the 2+

separating plate (see Sect. 6.4
and [41, Appendix A])

2t
0 2 4 6 8 10 12 x
v, ~vinW, g, —=ginX"asj — oo (7.108)
take place (Fig.7.18).
We remark that
v(t) = y(t), g(t) =d(t) forae.t € [0, ]. (7.109)

In consequence of (7.81), (7.107), and (7.108), since A satisfies Property Sk on
W x U, we obtain that g € A(v, u). Hence, in view of (7.109), since A(-, u) is the
Volterra type operator, for an arbitrary w € X such that w(¢) = 0 fora.e. t € [z, T],
we have

(dv W) = (gv W) =< [A(V, M)v W]+ = [A(ys V), W]+-

Since 7 € {1;},> is an arbitrary one, we obtain (7.95).

From (7.95), in view of that the functional w — [A(y, u),w]+ is convex and
lower semicontinuous on X (and, therefore, it is continuous on X [2]), we obtain
that for an arbitrary w € X (d,w) < [A(y,u),w]+. Hence, d € A(y, u).

The theorem is proved. O

Remark 7.1. Statements of represented in this subsection theorems are fulfilled,
in particular, in that case, when we consider strong topology instead weakly star
topology in the space Y *.

7.4 Auxiliary Properties of Solutions for the Nonautonomous
First-Order Evolution Inclusions with Uniformly
Coercive Mappings, Long-Time Behavior, and Pullback
Attractors

In this section, we consider Nemytskii operator properties for classes of pointwise
pseudomonotone multivalued maps, considered in [25] (see paper and references
therein). We obtain these properties, analyzing theorem proofs from [25] and
Sect.2.2. At that, we consider weaker properties for operators connected with
measurability and obtain stronger results that we use in further sections.
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For evolution triple (V, H, V*),! p > 1, multivalued (in the general case) map
A:SxVZV* S =[r,T, +00] and exciting force f € V* we consider a problem
of investigation of dynamics for all weak solutions defined for # > 0 of nonlinear
autonomous differential-operator inclusion

YO + At y(0) > f. (7.110)

as t — -4oo in the phase space H. Parameters of this problem satisfy the next
properties: We suppose

(A1) Forae.t € S v — A(t,v) is a pseudomonotone map such that:

(a) A(t,u) € C,(V*) forae.t € S and Yu € V, i.e., the set A(t,u) is a
nonempty, closed, and convex one forall u € V.
(b) Ifu; — uweaklyin V and d; € A(¢,u;) is such that

Tim . R <
jBToo(d]’M’ u)y <0,

then
lim (dj,u; —w)y > [A(F,u),u —w]- Yo € V.

Jj—>+o0
(A2) dc; >0
JA( W+ < (1 + ull?™") Yu eV, forae.t € S.
(A3) dcr, e3> 0

[A(t,u),u]— > co||ulll, —c3 Yu e V, forae.t € S.

(A44) A:S xV — C,(V*) is measurable [25].

As a weak solution of evolution inclusion (7.110) on the interval [z, T'], we consider
an element u of the space L,(t, T; V') such that for some d € L,(t,T; V™)

d(t) € A(t, y(t)) foralmosteach (a.e.)t € (z,T), (7.111)
T T T
- / (). ult))dr + / (d(0). £(@O)) vt = / (fEW)d V& e CR(L.TLV).
' ' ' (7.112)

where ¢ > lzé—i-é: 1.
We consider a reflexive separable Banach space V;; such that V,, C V' with dense
and continuous embedding. Therefore, we have the chain of continuous and dense

IThat is, V is a real reflexive separable Banach space embedded into a real Hilbert space H
continuously and densely, H is identified with its conjugated space H™ and V* is a dual space
to V. So, we have such chain of continuous and dense embeddings: V C H = H* C V* (see,
e.g., [49]).
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embeddings:
Ve CVCH=H"CV*CV},

where V.* is dual space to V. Letus set: S = [t,T], —co <t < T < 400,9 > 1 :
Lyl
p g
X=L,(S:V), X*=LyS:V"), Xo = L,(S:V,), X7 =Ly(S:V,)),
W={yeX|yeX*, Wo={yeX|y eX}}

Analyzing the proof of lemmas from Sect. 2.2, we get:

Lemma 7.8. Under above conditions for any y € X,

Ay) ={g € X*| g(t) € A(t. y(1)) fora.e. 1 € S} # 0.

Moreover, Ais pseudomonotone on Wy,
3C, > 00 AW+ < a1+ I Vy € X; (7.113)
3C2.C3> 0 [A(y).y]- = Glylk — Cs Vy € X. (7.114)

Previous results of this chapter and [49] provide the existence of a weak solution
of Cauchy problem (7.110) with initial data

y(r) = y; (7.115)

on the interval [z, T'] for an arbitrary y, € H. Therefore, the next result takes place

Lemma 7.9. V¢ <T,y, € H Cauchyproblem (7.110), (7.115) has a weak solution
on the interval [t, T]. Moreover, each weak solution u € X, of Cauchy problem
(7.110), (7.115) on the interval [t, T| belongs to W, v C C([t, T]; H).

Remark 7.2. Since W, C C([r,T]; H), for each weak solution of problem
(7.110), in view of Lemma 7.9, initial data (7.115) has sense.

For fixed t < T, we denote
Der(ur) = {u(-) | uis a weak solution of (7.110) on [z, T], u(t) = u.}, u, € H.

From Lemma 7.9, it follows that 2, r(u,) # @ and Z,7(u,) C Wyr Vtr <
T, u, € H.

From conditions for the parameters of problem (7.110) and Gronwall’s lemma,
it naturally follows the next result:

Lemma 7.10. There exist cq4, cs, C6, C7, Ro > 0 such that for any finite interval of
time [t, T], every weak solution u of problem (7.110) on [t, T] satisfies estimates:
vVt >s,t,s €t,T]



316 7 Properties of Resolving Operator for Nonautonomous Evolution Inclusions:

()13 +c4/ @5 de < u@)l|3 +es (L+ [ f15+) @ —s),  (7.116)

lu@l7 < lu@)l7e ™ + e L+ 1 f13+).  (7.117)
lu@)l3; — R2 < (llu(s)|I3; — R3) e~ (7.118)

Analyzing the proof of Theorem 2.1 and Corollary 2.1, we get the next result.
The similar results can be obtained for the second-order evolution inclusions.

Theorem 7.5. Let v < T, {u,}u>1 be an arbitrary sequence of weak solutions of
(7.110) on [v, T] such that u,(t) — n weakly in H. Then, there exist {u,, }r>1 C
{uptns1 and u(-) € P..r(n) such that

Vee (0,T — 1) max_|u, (1) —u(®)||g = 0, k — 4oo. (7.119)
t€[t+e,T]

Moreover, if u,(t) — n strongly in H, n — +00, then up to a subsequence
uy, >uinC([t,T]; H), k — +o0.

Foreveryu, € H,t € R,and ¢ > 7, we put

u(-) is a weak solution of the

problem (7.110) on [z, T], (1) = u, (7.120)

Ut,t,u;) = { u(t)

Now let us examine long-time behavior for the first-order evolution inclusions.

Theorem 7.6. For the multivalued process U, given by (7.120), there exists a
strictly invariant pullback attractor {©(t)},er such that ©(t) C Bg,, forallt € R.

Proof. First of all, from (7.118), for every R > Ry, u, € H such that ||u. ||z < R,
it holds

luts + D)7 — Ry < e ST (Jue|[7; — RY)e ",
lu(s + T3 < e~ (R* = R}) + Rj.
So,
sup dist(U(s + 1,1, BRr), BRO)) — 0, as s — +o0. (7.121)

T€R
In virtue of Theorem 6.1 and

U(t,s,Bg) CU(t,t —1,U(t —1,s,Bg)) C U(t,t — 17BR()+1)5

where the last inclusion follows from (7.121) by taking a sufficiently small s, we
only need to prove that the set K(t) := U(¢,t — 1, Bg,+1) is compact and that
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the map x — U(t, t,x) has closed graph. These two properties are true, if the
following statements holds for all # > t:

e (Ul)Ifn, — n weakly in H and &, € U(¢, 7,7,), then the sequence {§,} is
precompactin H.

* (U2)Ifn, — nstronglyin H and &, € U(t, 7, n,), then up to subsequence &, —
Ee Ut 1,n).

These properties are fulfilled due to Theorem 7.5.
The theorem is proved. O

7.5 Applications

As applications, we can consider all previous examples both in autonomous and
nonautonomous cases for the first-order evolution inclusions. Obtained results allow
us to study the dynamics of solutions of new classes of evolution equations of non-
linear nonautonomous mathematical models of geophysical and socioeconomical
processes and fields with interaction function of pseudomonotone type satisfying
the condition of “no more than polynomial growth” and standard sign condition.
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Appendix A
Functional Spaces: The Embedding
and Approximation Theorems

If it is necessary to describe a nonstationary process, which evolve in some domain
£2 from some finite dimensional space R" during the time interval S, we may deal
with state and time functions, that is, with functions that put in correspondence for
the each pair {f,x} € S x £ the real number or vector u(z, x). In virtue of this
approach, the time and the space variables are equivalent. But there is one more
convenient approach to the mathematical description for nonstationary processes
[2,3]: for each point in time ¢, it is mapped the state function u(z, -). (For example,
for each point of time, we put the temperature distribution or velocity distribution
in the domain £2.)

differential-operator

mathematical model . .
inclusion

. (partial differential equation)

geophysical N

process or field y:[t,T] = (2 - R™)
y(.1) € (£ - R"),

telr,T]

y:2x[t,T] - R"

Thus, we consider some functions, well-defined at the time interval .S, with values
from the state functions space (e.g., in the space HOl (£2)). Therefore, at studying
some problems that depend on time, it is rather natural to consider some function
spaces that acts from S into some infinite dimensional space X, in particular, it is
natural to consider the spaces of integrable and differentiable functions. Further, we
will consider only real linear spaces.

In this section, we introduce function spaces that will be used under investigation
of differential-operator inclusions of such type in infinite-dimensional spaces:

Lu+ A(u) + B(u) > f, ue D(L), (A.1)

where 4 : X, — 2%, B : X, — 2% are strict multivalued maps of D(L),,-
pseudomonotone type with nonempty, convex, closed, bounded values, X, X, are
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Banach spaces continuously embedded in some Hausdorff linear topological space,
X = XiNnX,, L : D(L) C X — X* is linear, monotone, closed, densely
defined operator with a linear definitional domain D(L). Moreover, we prove the
important properties for this spaces. We consider constructions that guarantee the
convergence of Faedo—Galerkin method for differential-operator inclusions with
w),-pseudomonotone maps. The outcomes reduced with detailed proofs, because
the given classes of spaces, in most cases, were not considered yet. Let us consider
some results from [2, 3].
In the following referring to Banach spaces X, Y, when we write

XcCY

we mean the embedding in the set-theory sense and in the topological sense.

For the very beginning, let us consider ideas of the sum and intersection of
Banach spaces required for studying of anisotropic problems.

Forn > 2, let {X;}_, be some family of Banach spaces.

Definition A.1. The interpolation family refers a family of Banach spaces {X;}/_,
such that for some linear topological space (LTS) Y, we have

X;CcY forall i=1,n.

As n = 2, the interpolation family is called the interpolation pair.

Further, let {X;}7_, be some interpolation family. On the analogy of ([1, p.23]),
in the linear variety X = N7_, X;, we consider the norm

n
Ixllx == llxll,  VxeX, (A2)
i=l1

where || - || x, is the norm in X;.

Proposition A.1. Let {X,Y, Z} be an interpolation family. Then,
XNn¥YnzZ)y=XnyY)ynZz=Xn¥YnzZ, Xn*Y=YnX

both in the sense of equality of sets and in the sense of equality of norms.

We also consider the linear space

ZZZXH:XZ‘Z

i=1

n
2w

i=1

x,-eXi,izl,_n§

with the norm
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n
X € X;, Zx,- =z§ Vze Z. (A.3)

llzllz = inf{ max [|x; || x,
i=1

i=ln

Proposition A.2. Let {X;}!_, be an interpolation family. Then X = N!_,X; and
Z =Y "!'_, X; are Banach spaces and it results in

XcX,CZ forall i=1,n. (A4)

Remark A.1. Let Banach spaces X and Y satisfy the following conditions:

XCY, X isdensein Y,
[xlly < ylxllx VxeX, y = const.

Then,
Y*cXx*, Ifllxs <ylflly= YfeY™
Moreover, if X is reflexive, then Y * is dense in X *.

Let {X;}/_, be an interpolation family such that the space X := N7_, X; with

the norm (A.2) is dense in X; for all i = 1, n. Due to Remark A.1, the space X
may be considered as subspace of X *. Thus, we can construct ) ;_, X;* and

XH:X,-* c (ﬂ Xi) : (A.5)

i=1 i=1

n
Under the given assumptions X is dense in Z := Y X; foreveryi = 1,n. So X;
i=1
is dense in Z too. Thanks to Remark A.1, we can consider space Z* as a subspace

of X*foralli = 1, n, and also as a subspace of N?_, X", that s,

(Z X,-) c(x:*. (A.6)
i=1 i=l1

Proposition A.3. Let {X;}]_, be an interpolation family such that the space X :=
N?_, X; with the norm (A.2) is dense in X; for alli = 1,n. Then

n n *
> = ()
i=1 i=1
and
n * n
() =N
i=1 i=1

both in the sense of sets equality and in the sense of the equality of norms.
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Theorem A.1. (The reflexivity criterium) Banach space E is reflexive if and only if
each bounded in E sequence contains the weakly convergent in E subsequence.

Theorem A.2. (Banach-Alaoglu) In reflexive Banach space, each bounded
sequence contains the weakly convergent subsequence.

Now, let us consider classes of integrable by Bochner distributions with values
in Banach space. Such extended phase spaces generally appear when studying
evolutional geophysical processes and fields.

Now, let Y be some Banach space, Y * its topological adjoint space, S be some
compact time interval. We consider the classes of functions defined on S and
imagines in Y (orin Y'*).

The set L ,(S; Y') of all measured by Bochner functions (see [1])as 1 < p < 400
with the natural linear operations with the norm

1/p

Il cser) = [ @)1 ds
S

is a Banach space. As p = +00 Lo (S;Y) with the norm
1920537y = vraimax ||y (£)ly
tes

is a Banach space.

The next theorem shows that under the assumption of reflexivity and separability
of Y the adjoint with L,(S;Y), 1 < p < 400, space (L,(S;Y))* may be
identified with L,(S;Y*), where ¢ is such that p~!' + ¢~ = 1.

Theorem A.3. If the space Y is reflexive and separable and 1 < p < +o00, then
each element € (L,(S;Y))* has the unique representation

f) = / (E). y(O))ydt foreveryy € Ly(S:Y)

S

with the function§ € Ly(S;Y™), p~ ' 4+q7" = 1. The correspondence f — &, with
S e (L,(S;Y))* is linear and

I/ Nwpesirns = NENLycsiv)-

Now, let us consider the reflexive separable Banach space V' with the norm || - ||y
and the Hilbert space (H, (-, -) i) with the norm || - || i, and for the given spaces, let
the next conditions be satisfied

V Cc H, Visdensein H,

A7
B >0 vl <ylvly VveV (A7)
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Due to Remark A.1 under the given assumptions, we may consider the adjoint with
H space H* as a subspace of V* that is adjoint with V. As V is reflexive, then H*
is dense in V* and

Ifllve =yl fllux VYfeH
where || - ||y and || - || 7+ are the norm in V* and in H *, respectively.
Further, we identify the spaces H and H*. Then we obtain

VcCHCV*®

with continuous and dense embedding.

Definition A.2. The triple of spaces (V; H; V*) that satisfy the latter conditions
will be called the evolution triple.

Let us point out that under identification H with H* and H* with some subspace
of V*, anelement y € H is identified with some f, € V* and

(ys-x) = (fys-x)V Vx € Vs

where (-, -}y is the canonical pairing between V* and V. Since the element y and
[y are identified, then under condition (A.7), the pairing (-, -)y will denote the inner
producton H (-,-).

We consider p;, r;i, i = 1,2 such that 1 <p; <r; < 400, p; < 4+ oo. Let
g; > r! > 1 well defined by

g = T =1 Vi=1,2

Remark that 1/c0 = 0.

Now, we consider some Banach spaces that play an important role in the inves-
tigation of the differential-operator equations and evolution variation inequalities in
nonreflexive Banach spaces.

Referring to evolution triples (V;; H; V;*) (i = 1,2) such that

the set 1/} N V, is dense in the spaces V;, V,, and H, (A.8)
we consider the functional Banach spaces (Proposition A.2)
Xi =Xi(S) =Ly, (S: V") + L.,(S:H), i=12

with norms

Iyllx, = inf {max { 71, a0 192050 |

‘YI €Ly (S: V7). y2€ Ly(S:H), y =n +yz},
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forall y € X;, and
X =X(S)=L,(S; )+ Ly, (S V') + L,;(S; H) + Lrlf(S;H)
with

Iyllx = inf{,-nff)%{ 1 llz,, (s;v4); ”J’Zi”Lrl_/(S;H)} | y1i € Ly, (S: V%),
yai € Ly(SyH), i = 1,23 y = yii + yio + ya1 + v},

foreach y € X. Asr; < 400, due to Theorem A.3 and to Theorem A.3, the space
X; is reflexive. Analogously, if max {ry, r,} < 400, the space X is reflexive.

Under the latter theorems, we identify the adjoint with X;(S), X* = X*(9),
with L, (S; H) N L,,(S;V;), where

Ivlxx = Iyle, ;o + 1vle, s Yy e X[,
and, respectively, the adjoint with X(S) space X* = X*(S) we identify with
Lo (S;H)YNL,(S; HYN L, (S: V1) N Ly, (S; Va),
where

IVIx*s) = Iy lle,, sy + 19 Iey sy + 1012, 590 + 192,05 Yy € X

On X(S) x X*(S), we denote by

oy) = () = / S0y (@) d + / (o). y(D)a d
S S

4 / (D) y @)y dt + / (D), y (0, d e

S S

— [F@.@de viex yex
N

where f = f11 + f12 + f21 + fzz, fli € L,.I((S;H), fz,' € qu.(S; Vt*)’l =1,2.

In that case when max {r|,r,} < 400, with corresponding to the “standard”
denotations [1, p. 171], the spaces X *, X" and X further will denote as X, X, and
X, respectively, and vice verse, X, X1, and X, as X*, X", and X}, respectively.
The given renotation is correct in virtue of the next proposition, that is the direct
corollary of Proposition A.3 and of Theorem A.3.
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Proposition A.4. As max {r,r} < 400, the spaces X, X| and X, are reflexive.

Let 2(S) be the space of the principal functions on S. For a Banach space X
as 2*(S; X), we will denote the family of all linear continuous maps from Z(S)
into X, with the weak topology. The elements of the given space are called the
distributions on S with values in X. For each f € 2%(S;X), the generalized
derivative is well defined by the rule

fp)=—f@") Yoe2(S).

We remark that each locally integrable in Bochner sense function u, we can identify
with corresponding distribution f, € 2*(S; X) in such way:

fulg) = ulg) = / W(e)dt Vo € D(S). (A9)

N

where the integral is regard in the Bochner sense. We will interpret the family of
all locally Bochner integrable functions from (S — X) as subspace in 2*(S; X).
Thus, the distributions, that allow the representation (A.9), we will consider as
functions from (S — X). We are also remark that the correspondence 2*(S; X) 3
f — f' € 2*(S; X) is continuous [1, p.169].

Definition A.3. As C"(S;X), m > 0, we refer the family of all functions from
(S — X) that have the continuous derivatives by the order m inclusively. In that
case, when S is a compact interval, C"(S; X) is a Banach space with the norm

m
Iy llencsixy =Y sup [y P @) ],
= res

where y()(¢) is the strong derivative from y at the point # € S by the orderi > I;
0) =
yeU =y

Let V = Vi N V,. Then V* = V;* + V5. At studying the differential-operator
inclusions and evolution variation inequalities together with the spaces X and X*,
one more space, which we will denote as W* = W*(S), plays the important role.
Let us set

W*(S) ={y € X*($)] ¥ € X(S)},

where the derivative y’ from y € X™* is considered in the sense of scalar
distributions space 2*(S; V'*).

The class W* generally contains the generalized solutions of the first-order
differential-operator equations and inclusions with maps of pseudomonotone type.
By analogy with Sobolev spaces, it is required to study some structured properties,
embedding and approximations theorems, as well as some “rules of work” with
elements of such spaces.
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Theorem A.4. The set W* with the natural operations and graph norm for y':

Iyllws = Iylx=+1y1lx Yy eWw"

is Banach space.
Theorem A.5. The set C'(S; V) N W is dense in W'

Theorem A.6. W, C C(S; H) with continuous embedding. Moreover, for every
v.§E e Wy and s,t € S the next formula of integration by parts takes place

t

(0.£0) - (66).60) = [{0/©O.6@) + 0E.E@)dr. @10

s

In particular, when y = & we have

S (@8 = boI) = [0'@.r@0r (A1)

Corollary A.1. W* C C(S; H) with continuous embedding. Moreover, for every
v, £ € W*ands,t € S formula (A.10) takes place.

Remark A.2. When max {r;, r,} < +00, due to the standard denotations [1, p. 173],
we will denote the space W* as W; “*” will direct on nonreflexivity of the spaces
X and W.
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